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Abstract

This paper develops two instrumental variable (IV) estimators for dynamic panel data
models with exogenous covariates and a multifactor error structure when both the cross-
sectional and time series dimensions, N and T respectively, are large. The main idea is
to project out the common factors from the exogenous covariates of the model, and to
construct instruments based on defactored covariates. For models with homogeneous slope
coefficients, we propose a two-step IV estimator. In the first step, the model is estimated
consistently by employing defactored covariates as instruments. In the second step, the entire
model is defactored based on estimated factors extracted from the residuals of the first-step
estimation, after which an IV regression is implemented using the same instruments as in
step one. For models with heterogeneous slope coefficients, we propose a mean-group-type
estimator, which involves the averaging of first-step IV estimates of cross-section-specific
slopes. The proposed estimators do not need to seek for instrumental variables outside the
model. Furthermore, these estimators are linear, and therefore computationally robust and
inexpensive. Notably, they require no bias correction. We investigate the finite sample
performances of the proposed estimators and associated statistical tests, and the results
show that the estimators and the tests perform well even for small N and T
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1 Introduction

The rapid increase in the availability of panel data over the last few decades has inspired con-
siderable interest in the development of effective ways of modelling and analysing these data.
In particular, the issue of characterising cross-sectional dependence, and subsequently developing
estimation methods that are consistent and yield asymptotically-valid inferences, has proven both
popular and challenging. The factor structure approach has been used widely for modelling cross-
sectional dependence. It escapes from the curse of dimensionality by asserting that there exists
a common component that is a linear combination of a finite number of time-varying common
factors with individual-specific factor loadings. Different interpretations of this approach can be
provided, depending on the application considered. In macroeconomic panels, the unobserved
factors are frequently viewed as economy-wide shocks that affect all individuals, albeit with dif-
ferent intensities; see e.g. Favero et al. (2005). In microeconomic panels, the factor error structure
may reflect distinct sources of unobserved individual-specific heterogeneity, the impact of which
varies over time. For instance, in a model of wage determination the factor loadings may represent
several unmeasured skills that are specific to each individual, while the factors may capture the
price of these skills, which changes intertemporally in an arbitrary way; see e.g. Carneiro et al.
(2003) and Heckman et al. (2006).

A large body of literature has focused on the development of statistical inferential methods
for models with an error factor structure. Two estimation approaches have been popular for
large panels: Pesaran (2006) proposed the Common Correlated Effects (CCE) estimator, which
approximates the unobserved factors using linear combinations of cross-sectional averages of the
dependent and explanatory variables, while Bai (2009a) proposed an iterative least squares estima-
tor with bias corrections, which approximates the unobserved factors using a principal component
(PC) estimator.! For both estimators it is assumed that the regressors are strictly exogenous with
respect to the idiosyncratic error component, whereas possible correlation between the regressors
and the error factor component is permitted. Under somewhat weaker assumptions, Moon and
Weidner (2015) show that the estimator of Bai (2009a) can be interpreted as a quasi maximum
likelihood estimator (QMLE), the consistency of which is maintained even when the number of
factors is not specified correctly, as long as it is larger than or equal to the true number of factors.

This paper considers the estimation of linear dynamic panel data models with an error factor
structure in large panels.? Recently, the CCE and PC estimators have been extended to accom-
modate this case as well. In particular, Chudik and Pesaran (2015a) propose mean group CCE
(CCEMG) estimation for panel autoregressive distributed lag models. The dynamic structure that
they consider is very general for two reasons. Firstly, it permits cross-sectionally heterogeneous
slope coefficients. Secondly, their model can be seen as a structural transformation of a mul-
tivariate dynamic process, such as a vector autoregressive model. Chudik and Pesaran (2015a)
employ a mean-group-type estimator and propose that the regression be augmented with the
cross-sectional averages of dependent variables and covariates and their lags, in order to control
for the common components.

On the other hand, Moon and Weidner (2017) propose a bias-corrected QMLE (BC-QMLE)
estimator for dynamic panel data models with homogeneous slopes, and put forward bias-corrected
likelihood-based tests. Unlike CCEMG and the approach proposed in the present paper, they
allow covariates to be correlated with the common component in disturbances without imposing
a linear factor structure. Furthermore, the precision of the estimator is expected to be higher
than those of existing estimators in large samples under certain regularity conditions.

1See Westerlund and Urbain (2015) for a comparison analysis of the CCE and PC estimation methods. Chudik
and Pesaran (2015b), Sarafidis and Wansbeek (2012) and Bai and Wang (2016) also provide excellent surveys on
the related literature.

2The estimation of such models for short panel data is considered by Ahn et al. (2013), Robertson and Sarafidis
(2015), and Juodis and Sarafidis (2018, 2020).



This paper develops two instrumental variable (IV) estimators for dynamic panel data models
with exogenous covariates and a multifactor error structure when both the cross-sectional and
time series dimensions, N and T respectively, are large. We consider models with homogeneous
and heterogeneous slope coefficients. In both cases, the main idea of the proposed approach is
to project out the common factors from the exogenous covariates of the model, and to construct
instruments based on defactored covariates.®> The assumption underlying our IV approach is that
any sources of endogeneity of the covariates arise due solely to the non-zero correlation between the
common components in the covariates and in the model disturbances. Notably, this assumption
can be tested using an overidentifying restrictions test.

In particular, we propose a two-step IV estimator for models with homogeneous slope co-
efficients. The first-step IV estimator is obtained simply by employing the aforementioned in-
struments based on the defactored covariates. In the second step, the entire morel based is
defactored based on the factors extracted from the residuals of the first-step estimation. Subse-
quently, an IV regression is implemented using the same instruments as in step one. We derive
the v/ NT-consistency of the two-step estimator and establish its asymptotic normality. Although
the proposed IV approach and the BC-QMLE approach of Moon and Weidner (2017) are both
based on the PC estimator, there are important differences between them in practice. Firstly,
since our estimator is an instrumental variable estimator, it is not subject to the “Nickell bias”
that arises with least squares type estimators in dynamic panel data models when T’ is relatively
small. Secondly, our estimator is linear, and therefore robust and computationally inexpensive. In
comparison, the BC-QMLE estimator requires nonlinear optimisation, which can be more costly
and could fail to reach the global minimum.* Thirdly, unlike the QMLE estimator, which requires
bias-correction to re-centre the limiting distribution of the original estimator, the proposed IV
estimator does not have an asymptotic bias.

For models with heterogeneous slope coefficients, we propose a mean group-type estimator,
which is the cross-sectional average of first-step IV estimates of individual-specific slopes. We
establish the v/N-consistency of our estimator to the population average of the slopes and its
asymptotic normality. Our estimator has some advantages over the CCEMG estimator of Chudik
and Pesaran (2015a). Firstly, since we employ the PC approach for defactoring the exogenous
covariates, there is no need to seek external variables for approximating the factors when the
number of unobserved factors is larger than the number of covariates plus one. In contrast, the
CCE estimation requires additional sets of variables in this situation that are not in the original
model of interest but are expected to form a part of the dynamic system. In practice, this might
not be a trivial exercise. Secondly, CCE is subject to “Nickell bias”. Chudik and Pesaran (2015a)
propose that the bias be adjusted using the jackknife method, which might not be very effective
for small or moderate values of T, especially with persistent data. Simulation results reported in
this paper tend to confirm this observation.

Using simulated data, it is shown that the proposed approach performs satisfactorily under all
circumstances examined. In particular, unlike the aforementioned alternative methods, the two
IV estimators proposed here appear to have little or negligible bias in most circumstances, and a
correct size of the t-test even for small sample sizes. Furthermore, the overidentifying restrictions
test appears to have high power when the key assumption of the model is violated, namely the
exogeneity of the covariates with respect to the purely idiosyncratic disturbance. In addition, the
test tends to have good power under slope parameter heterogeneity, unless the number of degrees
of freedom of the test statistic is very small. In contrast, the CCEMG estimator can suffer from
a non-negligible bias and large size distortions of the associated ¢-test. Similarly, although BC-
QMLE tends to exhibit the smallest dispersion in most cases under slope homogeneity, it suffers
from a large bias and substantial size distortions of the associated bias-corrected test, unless both
N and T are large.

3This idea can be regarded as an extension of the approach taken by Sarafidis et al. (2009).
4See Moon and Weidner (2019) for more details.



It is worth mentioning that our approach can be regarded as being opposite to those employed
by Bai and Ng (2010) and Kapetanios and Marcellino (2010). Specifically, in their model the
idiosyncratic errors of the reduced form regression of the covariates cause endogeneity, and there-
fore no error factor structure is considered in the structural model of interest. They propose that
instruments be constructed by extracting the common components from external variables and
the endogenous covariates in the model. Our approach essentially complements theirs.?

The remainder of the paper is organised as follows. Section 2 focuses on the model with homo-
geneous slopes, and develops a consistent and asymptotically normal two-step IV estimator. Sec-
tion 3 focuses on heterogeneous panels and puts forward consistent estimators of cross-sectionally
heterogeneous slope coefficients and their averages. It also establishes the asymptotic normality
of the mean group estimator. Section 4 studies the finite sample performance of the proposed
estimators along with the CCE estimator of Chudik and Pesaran (2015a) and the BC-QMLE
estimator of Moon and Weidner (2017). Section 5 contains concluding remarks. Proofs of propo-
sitions, theorems and corollaries, together with the lemmas used, are contained in Appendix A.
Appendix B gives proofs of all of the lemmas, and Appendix C provides extra simulation results.
Both these appendices are available as Supplemental Material to this paper.

2 Model and Estimation Method

Consider the following autoregressive distributed lag, ARDL(1,0), panel data model with homo-
geneous slopes and a multifactor error structure:°

yit:pyi,t—l +ﬁ/Xit+uit; L= 1727-'-7N; t= 1727"'7T7 (1)

with
Ui = ’YZIZ’f??,t + Eits (2)

where |p| < 1; B = (B1, B2, ..., Bi) such that at least one of {515}];:1 is non-zero; Xy = (14, T2ity -y Thit)'
is a k x 1 vector of regressors, and £, = (f} 11, fy o0, s fym,) denotes an m, x 1 vector of true
unobservable factors. The m, x 1 vector +}; contains the true factor loadings associated with f),

and ¢; is an idiosyncratic error. x;; is subject to the following process:
Xit = Fg;fg,t + Vi, (3)

0 _ (~0 A0 0 : ‘o £0 _ (10 0 0 /

where I'y; = (71,72, -+, Vi) denotes the true m, Xk factor loading matrix, £, = (f3 14, 2ot s fomat)
! . . . .

denotes an m, x 1 vector of true factors, and v;; = (v, V2ir, -, Ugie) 1S an idiosyncratic error term

that is independent of €.

Remark 1 Our approach permits correlations between and within 721‘ and T?. Moreover,
(non)overlapping elements in fg’t and fgt may be correlated to each other. Importantly, our
approach controls for endogeneity of x;; that stems from the common components, but assumes
that x;; is strongly exogenous with respect to .

Remark 2 The results presented in this paper remain valid when individual-specific and common
time effects are present, provided that {y;, X}, } is replaced with the transformed variables {9;;, X}, },
where §i; = yir — 9 — ¢ + 5 and Xy = Xz — X — K + X with 7, = T S0 gy, 5 = NV 5N i
and § = N~} Zf\il Ui, and X;, X; and X are defined analogously. Indeed, the experiments for
our proposed estimators and the tests implemented in Section 4 are based on the transformed
variables.

®Another important related work is that by Harding and Lamarche (2011), which proposes an instrumental
variable estimator for a model with an error factor structure.

6The main results of this paper extend naturally to models with higher-order lags, i.e. ARDL(p, q) for p > 0
and ¢ > 0. Models with heterogeneous slopes are considered in Section 3.



Stacking the T" observations for each 7 yields

Yi = p¥i—1 + XiB +u; with u; = F)v), + ¢, (4)
where y; = (yi1, %2, - vir) and y; 1 = L'y = (Yio, %1, -, Yir—1)', with L7 being the j*
lag operator, X; = (Xi1, X2, ..., Xir)', Wy = (i1, Uiz, ..., wir)', Fy = (£, £),, ... £) 1) and g; =
(81'1, Ei2y onny EiT),- Slmllarly,

X; =FTY, +V,, (5)
where Fg = (frg,h f£72, ey ng)/ and Vz = (Vﬂ,VZ‘Q, ...,ViT)/.

Let W; = (yi -1, X;) and 8 = (p, 3')". The model in Eq. (4) can be written more concisely as

Our estimation approach involves two steps. In the first step, we asymptotically eliminate the
common factors in X; by projecting them out. Subsequently, we use the defactored regressors
as instruments for estimating the structural parameters of the model. To illustrate the first-step
estimator, consider the following projection matrices:

FO

x,—1

Mpo = Ir — FO (FYF0) ' FY; Mpo =1y — F?

x,—1

(FY A FY ) Fy (7)
where F) | = L'F). Suppose for the moment that FY, is observed. Premultiplying X; by Mpo
would yield MpoX; = MpoV;. Assuming that V; is independent of &;, F), F}) and ;,, it is easy to
see that F(X;Mpou;) = F(V,Mpou;) = 0. Furthermore, let X; _; = L’X;. So long as {yu, X/},
t=0,1,...,T is observed, and the 7" x k£ matrix X; _; is also observed. Using similar assumptions,
one can show that E(XgﬁlMFgﬁlui) = E(V§,71MF§771111‘) = 0. Collect the set of instruments:

Z: = (MFQXZ»,MFQHX@_l) (T x 2k). 8)

Given the model in Eq. (6), it is clear that Z; satisfies E(Z/u;) = 0, and also E(Z/W,;) # 0.
Thus, Z; is a valid instrument set.”

Having obtained a consistent first-step estimator, the second step of our approach involves
estimating the factors in the error term, Fg, using the residuals in the first-step IV regression.
Then, we asymptotically eliminate Fg from the entire model by projecting them out from {y;, W},
and use the instruments Z,; to obtain the second-step estimator. To portray the second-step
estimator, suppose for the moment that Fg is observable and define the projection matrix

My = Iy — F) (FYFS) ' FY. 9)
Premultiplying the model in Eq. (6) by M Fo, we obtain

Mpoy; = MFgWie + Mpoe;, (10)

where the factor component Fg'ygi in the error term is swept away. Based on similar reasoning as
in the earlier discussion, we can see easily that E(ZMgoe;) = 0 and E(Z;MgroW;) # 0. Thus,
it is straightforward to apply instrumental variable (IV) estimation using Z; to the transformed

model in Eq. (10).®

"In general, for ARDL(p,q) models, the usual order condition for IV identification requires using (s + 1)k
instruments of the form {MFo - Xiy_r} , where s = ¢+ [p/k] and [.] is the ceiling function.

r=0

8This IV estimation is equivalent to that using the transformed instrument set, M Fo Z;, for the original model
in Eq. (6).



In practice, the factors F), Fy | and Fg usually are not observed. As will be discussed in
detail below, we replace these factors with the ones estimated based on the principal components
approach, as advanced by Bai (2003) and Bai (2009a), among many others.’

This section and the next treat the number of factors, m, and m,, as given. In practice,
though, these should be estimated. m, can be estimated from the raw data x;, t = 0,...,7T,
1 = 1,..., N, using methods that have been proposed in the literature, such as the information
criterion approach of Bai and Ng (2002) or the eigenvalue methods of Ahn and Horenstein (2013).
m, can be estimated from the residual covariance matrix using the methods mentioned above.'”
The Monte Carlo section below uses the various existing methods to determine the number of
factors, and show that these provide quite an accurate determination of the number of factors in
our experimental design.

Remark 3 Since our approach makes use of the transformed x’s as instruments, the identification
of p requires that at least one element of B is not equal to zero, given the model in Eq. (3).
We believe that this is a mild restriction, especially compared to the restriction that all of the
elements in (3 be non-zero. Specifically, the identification of the autoregressive parameter can
be achieved based on the covariate(s) and lagged value(s) that correspond to the non-zero slope
coefficient(s). Notably, it is not necessary to know which covariates have non-zero coefficients,
since by construction the IV estimation procedure does not require that all instruments be relevant
to all endogenous regressors.

Remark 4 More instruments may be available when further lags of x;; are observed. In par-
ticular, given the model in Eq. (3), (j + 1)k instruments can be used instead of Eq. (8) when
{xit}i_,_; for j > 1 are observable:

7. — (MFSXi,MFg_lx,,,l, ...,MFO;XI-,,J.) (T x (j + k). (11)

It is well documented in the literature that including larger numbers of instruments makes the
estimator more efficient but also more biased. This paper assumes a small finite number 7 > 1
that does not depend on T.*' Without loss of generality, we set j = 1 for the theoretical analysis
in Sections 2 and 3. Section 4 conducts a finite sample experiment with different values of ;.12

To obtain our results it is sufficient to make the following assumptions, where tr [A] and
||A|| = \/tr [A’A] denote the trace and Frobenius (Euclidean) norm of the matrix A, respectively,
and A is a finite positive constant.

Assumption 1 (idiosyncratic error in y): ¢; is distributed independently across ¢ and ¢, with
E(eq) =0, E(%) = 02, and E |ey|*"" < A < oo for a small positive constant 6.

g,
Assumption 2 (idiosyncratic error in x): (i) vy is distributed independently across ¢ and
group-wise independent from e;; (ii) E(vy) = 0 and E ]veit|8+5 < A < oo
4
(i) 771 20y Yoy B fvasvea| ™ < A < oo; (iv) B ’N 2 vasven — E (visven)]| <
A2 ~N T T T T
A <ooforevery f,tand s; (v) N1 25 S S > D>y 1oV (Veisveit, VeirVein)| <

A < oo; and (vi) the largest eigenvalue of E (v4;v),;) is bounded uniformly for every ¢, i and
T.

90me could also employ Pesaran’s (2006) approach for estimating the common factors in the regressors.

10Gee Bai (2009b, C.3) for a discussion on the estimation of the number of factors in disturbances.

1 The limit behaviour of the estimators when the number of instruments increases with 7 might be of theoretical
interest, but is beyond the scope of this paper. See Alvarez and Arellano (2003), among others, for a related analysis.

12The simulation results confirm that different values of j are subject to the well-known trade-off between bias
and efficiency. In principle, one could devise a lag selection procedure for optimising the bias-variance trade-off for
the GMM estimator, as per Okui (2009); however, we leave this avenue for future research.



Assumption 3 (stationary factors): f, = C.(L)eys,, and f), = C,(L)ey,;, where C,(L)
and C,(L) are absolutely summable, ey, ; ~ i.i.d.(0,Xy,) and ey, ; ~ i.i.d.(0,Xy,), with
Y, and Xy, being positive definite matrices. Each element of ey, ; and ey, ; has finite
fourth-order moments and all are group-wise independent from v;; and &;.

Assumption 4 (random factor loadings): T, ~ i.i.d.(0,3r;), vy; ~ @.i.d.(0,X,,), where
¥, and X, are positive definite matrices, and each element of I'?, and 'ygi has finite
fourth-order moments. T'); and +},; are independent groups from e, v, ey, , and ey, .

Assumption 5 (identification of 0): (1) Az = T7'ZIW,, By = T7'Z/Z;, Ay = T~ Z\MpyW;
and B, =T *1Z;MF19ZZ~ have full column rank for all ¢ for a sufficiently large value of
~2+28 2425
T, (ii) EHAZ»TH <A< oo E H
E|Bir|*™ < A < oo for all i for a sufﬁ(nently large value of T; and (iii) £ HgonTH
A < oo for all i for a sufficiently large value of T, where @p,; = TV/2Z/ Mpoe;, and

E(@pr$mr) is a positive definite matrix for all i for a sufficiently large value of T. In
addition, limy e N1 Zfil E (@pir@rr) = 2, which is a fixed positive definite matrix.

< A < oo, E|Air|”™ < A < o0 and
2+5

These assumptions merit some discussion. First of all, note that Assumption 1 allows non-
normality and (unconditional) time series and cross-sectional heteroskedasticity in the idiosyn-
cratic errors in the equation for y. Assumptions 2 and 3 allow for serial correlation in the idiosyn-
cratic errors in the equation for x and the factors. Assumption 2 is in line with Bai (2003), but
assumes independence across ¢, which can be relaxed such that the factors and (g4, v;) and/or €
and ¢;, are weakly dependent, provided that higher-order moments exist; see Assumptions D-F
of Bai (2003).!3 Assumptions 3 and 4 are standard in the principal components literature; see e.g.
Bai (2003), among others. Assumption 3 permits correlations between f, and fot, and within
each of them. Assumption 4 allows for possible non-zero correlations between 'yyz and TY,, and
within each of them. Since the variables y;; and x;; of the same individual unit ¢ can be affected
by the common shocks in a related manner, it is potentially important in practice to allow for
this possibility. Finally, Assumption 5(i)—(ii) is common in overidentified instrumental variable
(IV) estimation; for example, see Wooldridge (2002, Ch. 5). Assumption 5(iii) is required for the
identification of the estimator, the consistency property of the variance-covariance estimator and
the asymptotic normality of the estimator, as N and T tend to infinity jointly.

Let us begin with a discussion of our approach’s first-step IV estimator. Given m,, the
factors are extracted from {X;}¥, using principal components (PC). Define F, as \/_ T times the
elgenvectors that correspond to the m, largest eigenvalues of the T' x T" matrix Z X;X:/NT.
F, _1 is defined in the same way, but this time based on Z XX /NT.

Remark 5 Note that FO, I'y;, FO ;. (F) and ~J,) can be identified and estimated up to an
invertible m, x m, (and m, x m,) matrix transformation; see Bai and Ng (2013), among others.
For example, F, is a consistent estimator of F, = Fng, where G, is an invertible matrix such
that F/.F,/T = Ir, v, = G;'4Y%, with Z]Z:l SN Y4, being a diagonal matrix. We define

F._1, (F, and 7,,) in an analogous manner.

The empirical counterparts of the projection matrices that are defined in Eqgs. (7) and (9) are
given by

A

i fa A \—L R L 1
MFI = IT - Fx (F;Fx) FIx’ MFT . = IT — F%,l (F;771Fm,fl> F/ _1- (12)

T,
The associated transformed instrument matrix discussed above is

Z; = (M X0 My, X)) (13)

13This includes conditional heteroskedasticity, such as ARCH or GARCH processes.



The first-step instrumental variable (IV) estimator is given by 6:

o 2/ 2-1 = L o2
0y = (ANTBNTA ) AnrByr&nr, (14)
where
2 1 N 2 1 N, 1 N
Anr = — 7ZiW — 27, gy = — Zy; 15
NT — NT Z:: 7 NT 22:1: 7 » BNT NT p Zy < )

Firstly, we will derive consistency for the above estimator. To begin with, from Eqgs. (6) and
(14) we obtain

2/

~ -1 2 “Lar a1 1 ~
VNT (ew - 9) - (A B, ANT) A By (— ZZ;ui> . (16)

Since the asymptotic properties of the estimator are determined primarily by those of sz\il Z;uz /VNT,

we focus on this term. The formal analysis is provided as a proposition below, where (N, T) ENS
signifies that N and T tend to infinity jointly.

Proposition 1 Under Assumptions 1-5, as (N, T) Iy o such that N/T — c with 0 < ¢ < o0,

1 & - [T /N
T Z Zu,; = Z Ziu _blNT + Tb2NT +op(1),
i=1 i=1

where Z; is deﬁned by Eq. (13), Z; = (MFoXZ,MFo X)), X, = X;—~ Zﬁf:l X, 0% (0, )Tl
X; i1=Xi 1~ Zn 1 X —IFO/ (TgkzN> Fgw T?ckN = % 25:1 vazl 72{7% and bint = [blynr, Plont]'s

bont = [bY np, Bhong]’ s with

V/ F/ FO -1 FO/uZ
b = -y 23 Y (5

=1 j=1

N N 1
1 V;_ A FO RO\ VRV
by =~y 330 ST (1) () T
=1 ]:1
FO/FO -1 _
boint = ——= ZF Yn) ( IT x) FYSinrMpou;;
Fgl—lFa; —1 -
boonT = Z Iy (Youw) (T) F2/—12k:NT,—1MF£’_1ui;

V,=V,—+ 3N v, 1Y (Y0, T V =V =N VDY (Y)Y vy =

xi

k N = N
% > i Zj:l E (ijvzj) and XpNr—1 = R Zz:1 Zj:l E (ij,*lvéj,—l)'

Remark 6 The source of the bias term in Proposition 1 differs from those of the bias terms
reported by Bai (2009a) and Moon and Weidner (2017). In particular, the bias term of our
estimator arises primarily due to the correlation between the factor loadings associated with F,
in x and the error term in the equation of y, u;. On the other hand, the two bias terms in Bai
(2009a) and Moon and Weidner (2017) arise from error serial dependence and weak cross-sectional
dependence. In our case, error serial correlation in the idiosyncratic part of the x process, vy,
does not result in bias because vy; is not correlated with the error term in the y equation, e;.
Also note that Moon and Weidner (2017) report that an additional bias term that generalises the
small T" bias, called the “Nickell bias”, typically occurs in the least squares estimation of dynamic
panel models. Our estimator is not subject to such a bias, as it is based on instrumental variables.
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It can be shown from the result stated in Proposition 1 that ZZ]L Z'v;/vV/NT is O,(1) and
tends to a multivariate distribution. In addition, \/T/Nbiyr and /N/Tbonr are Oy(1) as
(N,T) % oo such that N/T — ¢ with 0 < ¢ < co. Therefore, the IV estimator is v/ NT-consistent

in such situations.
The above discussion is summarised formally in the following theorem:

Theorem 1 Consider the model in Eqs. (1)-(3) and suppose that Assumptions 1-5 hold true.
Then,

VNT (é,v - 0) —0,(1)
as (N, T) Iy 00 such that N/T — ¢ with 0 < ¢ < 0o, where 01y is defined in Eq. (14).

Even though the estimator Oy is VNT -consistent, under our assumptions the limiting dis-
tribution of vV NT (é v — 0) will contain asymptotic bias terms such as the limits of by and
bonr, which are defined in Proposition 1.'* Rather than bias-correcting this estimator, we put
forward a potentially more efficient second-step estimator, by projecting F, out from the model
asymptotically using 0.

We compute the second-step estimator by estimating the factors F, using principal components
from {&;}Y,, where &; = y; — W.0 v, with 0, being a first-step IV estimator defined in Eq.
(14). We define f‘y as VT times the eigenvectors that correspond to the m, largest eigenvalues
of the T x T matrix Y~ | @,{)/NT.

The second-step IV estimator is defined as

01 = (A /NTB]_VlTANT> Al Byrén, (17)
where
1 N
A M
Ayr=—- Z ZM, W, Byr = Zl ZM ., Zi, gvr = ~— ZZ sy (18)
with 1
My, = Ip - B, (B F,) F), (19)

In order to derive the consistency of 8y, we use again Eqs. (6) and (17) to obtain:

A" B ( Z 7 MFyuZ> . (20)

The asymptotic property of the key term \/% Zf\il Z;M £, Wi in Eq. (20) is stated in the following
proposition.

-1

VNT (élv _ 9) _ ( ’NTB;VlTANT>

Proposition 2 Under Assumptions 1-5, as (N, T) Iy o such that N/T — ¢ with 0 < ¢ < o0,

N N
1 - 1
=1 i=1

where Z; is defined by Eq. (13).

10f course, we could estimate these bias terms consistently.



We see from Proposition 2 that the estimation effect in \/% ZZN:1 Z;M 7, W can be ignored
asymptotically. Since €; is independent of Z; and FS with zero mean, the limiting distribution of
\/% Zf\il Z;M Wi 1 centred at zero. The following theorem provides asymptotic normality of
the distribution of ;y, based on Hansen’s (2007) law of large numbers and central limit theorem,

which are restated as Lemmas 1 and 2 in Appendix A.

Theorem 2 Suppose that Assumptions 1-5 hold true under the model in Eqs. (1)-(3). Then, as
(N, T) % oo such that N/T — ¢ with 0 < ¢ < oo,

N VNT @W - 0> 4 N(0,%),

where éIV is defined by Eq. (17) and
¥ = (AB'A)A'B'OB'A (A'B71A) T,

s a positive definite matriz, where A = plimy 7, ANT and B = plimy 7, BNT with ANT and
Byr defined in Eq. (18), and 2 is defined in Assumption 5.
(ii) ¥ np — ¥ 5 0, where

—~ N N N -1 . N N N N N N N —1
By = (A BrrAnr) A BrhwrBihAvr (A BirAnr) (21)
with
. 1 L. .
Qnr = 1 Y LM, M, 2, (22)

and ﬁl =Yy — Wié[\/.

Observe that the estimator above is asymptotically unbiased.
Finally, we propose the optimal second-step estimator, which we recommend be used:*?

2 ~ - ~ -1 . ~
Orve = (AEVTQ]_VlTANT) A/NTQX%rgNT, (23)

where A y7 and By are defined in Eq. (18) and Q¢ is given in Eq. (22). The following corollary
describes the asymptotic properties of the estimator:

Corollary 1 Suppose that Assumptions 1-5 hold true under the model in Eqs. (1)-(3). Then, as
(N, T) % oo such that N/T — ¢ with 0 < ¢ < oo,

VNT (61, - 6) 4 N (0, (a'07'4) )

and o
Ay Qe Anr — A'Q'A B0,

where éIVQ is defined by Eq. (23), A = plimy 7, ANT and €2 is defined in Assumption 5.

15The optimality of the two-step estimator is conditioned upon the chosen finite set of instruments. Our second-
step estimator can be seen as sub-optimal in that it does not exploit all available instruments. See Remark 4 for
a related discussion.



The associated overidentifying restrictions test statistic is given by

N N
1 N A A1 ~ 2

i=1

where 1; = yi— W.0 1v2, and Qv is defined by Eq. (22). The limit distribution of the overiden-
tifying restrictions test statistic is established in the following theorem:

Theorem 3 Suppose that Assumptions 1-5 hold true under the model in Eqs. (1)-(3). Then, as
(N,T) % oo such that N/T — ¢ with 0 < ¢ < 0o,

Snt 5 X34 (25)
for k > 1, where Syt is defined in Eq. (24).

Remark 7 The overidentifying restrictions test is particularly useful in our approach. Firstly, it
is expected to pick up a violation of the exogeneity of the defactored covariates with respect to the
idiosyncratic error in the equation for y. Secondly, the orthogonality condition of the instruments
is violated if the slope vector, @, is cross-sectionally heterogeneous, meaning that the estimators
proposed in this section may become inconsistent. In such cases, the test is expected to reject the
null hypothesis.

The next section discusses the estimation of models with heterogeneous slope coefficients.

3 The Model with Heterogeneous Coefficients

We now turn our focus to a model with heterogeneous coefficients. Let

where W; = (y;_1,X;), X; follows the factor structure defined in Eq. (5), 8; = (p;,3;)" with

(2
sup;<;<n |pi] < 1, and u; is defined by Eq. (4). It is known widely that the pooled estimator,
including 015, will be inconsistent for dynamic panel data models with, say, 8 = E (0,), if the
slopes are cross-sectionally heterogeneous.'® Henceforth, we introduce an estimator of 0; and
propose a mean group IV estimator of the population average of 6;. Thus, consistency and
asymptotic normality are both established.

To begin with, we employ the following additional assumptions about the heterogeneous slopes,
Oi:

Assumption 6 (random coefficients): (i) 8; =0 +n,, n;, ~i.i.d. (0,%,), where X, is a fixed
positive definite matrix; (i) n; is independent of T'Y;, vy;, i, Vit, €y, ¢ and ey, 4; and (iii) 7,
satisfies the tail bound:

Plna] > 2) < 2exp (— 1 x 2
il > 2) < 2exp | —=
& P 2 a4 bz

for all z (and all 7) and fixed a,b > 0, where 7, is the rth element of n, for 2 <r <k + 1.

Assumption 7 (moment condition): (i) E|n,||* < A; (ii) E||T-Y2V/F?||* < A; and
(iii) E|N-Y2T-12 3% S (Viveg — E(Vive)¥%|* < A In addition,
. _ kT
(iv) B(T2 520, 30 (v, — Evy))® < A

16See Pesaran and Smith (1995).
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Assumption 8 (identification of 6;): A; = plimy_ . A;r has full column rank, B; =

plimyr o Bir, and 3; = plimy_, T‘lz;MEguiugM poZ are positive definite, uniformly.

Assumptions 6(i)—(ii) are standard in the random coefficients literature; see for example Pe-
saran (2006). Assumptions 6(iii), 7 and 8 are required in order for the estimators of 8; to tend to
their limiting distributions, uniformly.

The first-step IV estimator of ; is defined as

o 2/ 2-1lz L 21
OIV,i = (Ai,TBi,TALT) Ai,TBi,Tgi,T7 (27)
where A ) A . )

We can see from Eq. (28) that the instrument set here is M, Z;. This is tantamount to making

use of Z; for the model in Eq. (26) premultiplied by M, , which is expected to lead to a more
efficient first-step IV estimator of @; if the span of F) includes a subset of FJ.'” Using Eqs. (26)
and (27), we have

A~ ~ —

-1 a

~ F A 2 PN 1 ~
ﬁ <01V,i - 91’) = (Ai,TBi,TAi,T) Ai,TBi,T (Tﬁl/?Z;Mﬁzui) . (29)
The limiting property of T-V/2Z/M .1, is given by the following proposition.

Proposition 3 Consider the model in Eq. (26). Under Assumptions 1-6, as (N, T) Iy 00 such
that N/T — ¢ with 0 < ¢ < oo, we have

T2ZMg v, = TV ZMpow; + VTO, (53%) |
where Z;, M, andZ; are defined by Eqs. (8), (12) and (13), respectively, and oy = min {\/T, \/N}

Using the result stated in Proposition 3 we see that Tfl/QZgMﬁxui is O,(1) and tends to a

random vector as (N, T) 2 o0, such that N/T — ¢ with 0 < ¢ < oo. The formal result is
summarised in Theorem 4.

Theorem 4 Consider the model in Eq. (26) and suppose that Assumptions 1-8 hold true. Then,
as (N, T) % oo such that N/T — ¢ with 0 < ¢ < oo, for each i,

VT (ém - ei) 4 N (0, (A/B7'A,)'A/BIIS B A (AIBTTA) ) (30)
where OAIW is defined in Eq. (27), and A;, B; and X; are defined in Assumption 8.

Therefore, the estimator ] rv,i is vV T-consistent with 6;.

Using a similar line of argument as in the discussion of the IV estimator in Section 2, we could
consider a mean group IV estimator using the second-step estimator in an attempt to project FS
out from the model asymptotically, i.e. M FOYi = M FSWiOi—i—M RO, and then use our IV method
to estimate €,. However, the need to deal with heterogeneous slopes means that F, should be
estimated using the residuals from the time series IV regression, G; = y; — Wzé v, oince ] Vi

"We could construct the first-step IV estimator of 8 in Section 2 using M 7 7, instead of Zi, but the second-step
estimator would be asymptotically equivalent to the proposed one that is based on M 7, 7; when the span of Fg

includes a subset of FO.
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is v/T-consistent rather than v/ NT-consistent, the estimation of F, may become very inefficient.
As a result, we will not pursue such an estimator here. Note that the estimation of F, for the
first-step IV estimator does not suffer from a similar problem, because it can be estimated using
the raw data {X;}1,.

The mean group estimator of @ is defined as

N

~ 1 N

Orvivc = N Z Orv,, (31)
=1

where @y, is given in Eq. (27). It can be shown from Eqs. (26) and (29) and Assumptions 1-8
that'®

VN <éIVMG - 9) = \/LN Z n; +0p(1). (32)

It is easy to see that \;—Nzlj\il n; A N (0,%,) as N — oo, which implies that 0vuc is VN-

consistent. The asymptotic normality of Oy vc and the consistency of an estimator of 3, are
summarised in the following theorem:

Theorem 5 Consider the model in Eq. (26) combined with Eq. (5), and suppose that Assumptions
1-7 hold true. Then, as (N,T) 2y 0o such that N/T — ¢ with 0 < ¢ < o0,
(1)
VN (B —60) 5 N (0,3,), (33)

where Oy e is defined in Eq. (31); and
(i1)
3, -%,50, (34)
where

a 1

N /
X, = N_1 <01V,i - 91\/MG> (91\/,2‘ - 0[VMG> ) (35)
i=1

and OAIVJ- and Oy are given by Egs. (27) and (31), respectively.

4 Monte Carlo Experiments

This section investigates the finite sample behaviour of the proposed estimators by means of Monte
Carlo experiments, based on the bias, the root mean squared error (RMSE), and the empirical
size and power of the ¢-test. In particular, we examine the optimal two-step IV estimator (IV2),
which is defined in Eq. (23), and the mean group IV estimator (IVMG), defined in Eq. (31). We
investigate the effects of the choice of the number of instruments (see Remark 4) by considering
two sets of instruments for IV2 and IVMG, Z::

IV set a: (Mﬁzxi;MEle@_Q (T'x2k)

IV set b (MFXMF_X,lMF _QXH> (T'x3k). (36)

The instrument sets used for the IV estimators are denoted by the superscripts a and b (e.g. IV2°
makes use of IV set b).

18See the proof of Theorem 5.
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For the purposes of comparison, we also investigate the performance of the bias-corrected quasi
maximum likelihood estimator (BC-QMLE) that was proposed recently by Moon and Weidner
(2017), as well as the CCE mean group (CCEMG) estimator and its bias-corrected version (BC-
CCEMG), put forward by Chudik and Pesaran (2015a).

The bias-corrected QMLE estimator, ] BC—QMLE, is defined as?

éBC—QMLE = éQMLE — BQMLE: (37)
where

éQMLE = argmin LNT (9) ;

0cO
LNT (9) = 1{1111’1 ENT (O,Fy,Fy);
1 N
,CNT(HF F 1 N—zl: (yZ—WlH),

with I'y, = (7%1, e ,7y7N),, whereas the estimator of the bias, BQMLE, is defined in Definition 1 of
Moon and Weidner (2017). The t-test is computed using the estimator of the variance-covariance
matrix for éB(;_QMLE (Moon and Weidner, 2017, p. 174). It should be highlighted that Moon
and Weidner (2017) do not assume a linear factor process in x;;, which is specified by Eq. (3),
and therefore they may permit more general processes for the covariates.

The CCEMG estimator is given by

N
Occome =N bccp., (38)

where Ooop; = (WMzW,) " WMpy;,, Mg = I, — H(HH)'#, H=N"'YY H. H
contains (y;; X;) and their lags:

Hi = <Yz7 Yi—15--+5 yi,-}hﬂ Xi, Xi,—lv . Xl —Pz7 ) (39)

where ¢p is a T'x1 vector of ones, y; _; = L’y; and Xi—j = L’X;. In view of the strict exo-
geneity of X; in our experimental design, which is discussed shortly below, we include p, = p
lags of y; but no lags of X;, namely p, = 0 in H;; see Chudik and Pesaran (2015a, equa-
tion 38).%° Following Chudik and Pesaran (2015a), we choose the integer part of Zl/ 3 as the

value of p. The t-test is computed using the estimated variance-covariance matrix, Xy coop =

A~ A~ ~ ~ , ~
] Zfil <OCCE,1' - OMGCCE) (0001571- — OMGCCE> . The bias-corrected CCEMG estimator, @ pc—_ccrma,
is given by

Osc_copme = 20ccemc — 5 (9(;(;EMG + 900EMG> : (40)

A1
where 05\4)GCCE denotes the mean group CCE estimator computed from the first half of the

available time period and ég\i)ccc p that computed from the second half. See Chudik and Pesaran
(2015a) for more details.?!

Following Remark 2, the data are demeaned using the within transformation before computing
the proposed IV estimators, in order to eliminate individual-specific effects. 1, and 7, are

19We are grateful to Martin Weidner for providing to us the computational algorithm for the BC-QMLE esti-
mator.

20We have also considered Py = P = p, such that y; and X; have the same number of lags in H;. The
performance of the CCEMG estimator is slightly worse in this case. The results are reported in Tables C11-C12
in Appendix C.

21'We are grateful to Alex Chudik for sharing with us his code for computing the (BC-)CCEMG estimator.

13



obtained in each replication, based on the eigenvalue ratio (ER) statistic proposed by Ahn and
Horenstein (2013, p. 1207). In our experiment we set m, = 2 and m, = 3, as will be shown
shortly. For the estimation, we set the maximum number of factors equal to three for m, and
four for m,. For the CCEMG estimator, we use the untransformed data, (y;, W;), but include
a T'x1 vector of ones along with the cross-sectional averages, as described above. Finally, for
the computation of BC-QMLE, we follow the practice of Moon and Weidner (2015) and use the
within-transformed data, as in our IV estimators. To avoid introducing further uncertainty by
estimating the number of factors in uy;, the BC-QMLE is computed using the true number of
factors, m,,.

4.1 Design

We consider the following dynamic panel data model:

k my
Yit = @ + pilfir—1 + Z Beiteit + Wit;  Uip = Z Voifeu + €its (41)
=1 s=1

1=1,...N,t=—-49, ..., T where

Fo = ppafl + (1= p3) PG, (42)

with (54 ~4.i.d.N(0,1) for s = 1,...,m,. We set k =2 and m, = 3, and set ps, = 0.5 for all s.

The idiosyncratic error, €4, is non-normal and heteroskedastic across both 7 and ¢, such that
e = eoulen—1)/V2, €y ~ ii.d.x3, with 02 = 1m0, m; ~ i.i.d.x3/2, and ¢, = t/T fort = 0,1,...,T
and unity otherwise.

It is straightforward to see that the average variance of €;; depends only on ¢2. Let 7, denote the
proportion of the average variance of u;; that is due to ;. That is, we define 7, := ¢2/ (my, + 2).
Thus, for example, 7, = 3/4 means that the variance of the idiosyncratic error accounts for 75%
of the total variance in w. In this case, most of the variation in the total error is due to the
idiosyncratic component, and the factor structure has relatively minor contribution. Solving in
terms of ¢? yields

Ty

We set ¢2 such that m, € {1/4, 3/4}.

The process for the covariates is given by

T = i+ D VoSO + v 1= 1,2, Nyt =—49, 48, T, (44)
s=1
for ¢ =1,2.
We set m, = 2. This implies that the first two factors in u, f7, f5,, are also contained in
Ty, for £ = 1,2, whilst f5, is included in u; only. Observe that, using the notation from earlier

sections, fg?,t = (f{]w fgtv f??t)/ and fg,t = (f{]ta fgt)/‘

The idiosyncratic error of the process for the covariates are serially correlated, such that
_ 2 \1/2 - 2
Veir = PoVeir—1 + (1 — py ) "o, @er ~ 1.0.d.N(0,;), (45)

for £ =1,2. We set p, o = 0.5 for all /.

Initially, all individual-specific effects and factor loadings are generated as correlated and
mean-zero random variables; these are distinguished using the superscript “*”. In particular, the
mean-zero individual-specific effects are drawn as

af ~dd.N(O, (L= pi)°)s pi = pueci + (L= pj o) Pws, (46)
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where wy; ~ i.i.d. N(0, (1 — pi)Q), for £ =1,2. We set p,, = 0.5 for £ =1,2.
Moreover, the mean-zero factor loadings in wu; are generated as 7% ~ i.4.d.N(0,1) for s =
1,...,m, = 3, and the factor loadings in z1;; and x9; are drawn as

7?; = /)7,157;?: + (1 - p?y,ls)lnglsi; 6132' ~ ZZdN(O, 1)7 (47)

Voui = PrasVer + (1= P35.)"P6osis €asi ~ 11.d.N(0,1), (48)
respectively, for s = 1,...,m, = 2. The process in Eq. (47) allows the factor loadings on fﬂt and
fg’t in x1; to be correlated with the factor loadings that correspond to the factor that is specific
to wuy, f§;. On the other hand, Eq. (48) ensures that the factor loadings on ff, and f3, in
are allowed to be correlated with the factor loadings that correspond to the same factors in w,
f and f,. We consider p, 11 = py12 € {0, 0.5}, while p, 21 = py 20 = 0.5.

Finally, the factor loadings that enter the model are generated such that

Iy =T°+1%, (49)
where 0 0 0 0 0 0
. Yo Vi V214 o Mi M Vali
I = ’Ygz' 7?21' 7821' and I';" = ”YS: ’Y%z’ ’Yg;i
7 0 0 v 0 0

Observe that, using the notation from earlier sections, v9; = (79;,79;,7%;)" and T'Y ; = (4%, 45,
with 49 = (Y9, 7%;) for £ =1,2. Also, it is easy to see that the average of the factor loadings is
given by E (I'}) =T°. To ensure that the rank condition for CCEMG is satisfied, we set®?

1/4 1/4 -1
‘=112 -1 1/4 |. (50)
/2 0 0

We note that our estimators and BC-QMLE do not require this condition, and we also consider
the experiment with T'° = 0.23
In a similar manner, the individual effects that enter the data generating process are such that

=t oy, e = e g, (51)
for £ =1,2, setting o = 1/2, g = 1, pg = —1/2.
The slope coefficients are generated as
pi =p+Npi, Bri=P1+ngi and Pa = By + np,i- (52)

We consider p € {0.5,0.8}. Following Bai (2009a), we set 5 = 3 and f = 1 as a benchmark case,
though we also consider 5; = 3 and 8, = 0 in order to investigate the properties of the estimator
when one of the slope coefficients is equal to zero.

For the homogeneous slopes design, we set p; = p, f1; = 51 and [By; = (5. For the heterogeneous
slopes design, we specify 7, ~ i.i.d. U [—c, +c] and

e = [(2¢)/12] 2 oo + (1- ;0?5)1/2 Nois

where £g,; is the standardised squared idiosyncratic error in x4, computed as

gﬁgi = - 1/2°
{N_l ZzN:1 (Utgz - U?) ]

22Gee Assumption 6 of Chudik and Pesaran (2015a).
23The results are reported in Tables C7 and C8 in Appendix C.
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with v_l?l =71 Zthl v, v = N1 Zij\ilv_@, for ¢ =1,2. Weset c=1/5, pg =0.4for { =1,2.
Denoting p, = pys, ¢ = 1,2, we define the signal-to-noise ratio (SNR) for the homogeneous
model, conditional on the factor structure and the individual-specific effects, as follows:

Bi+B5\ 2, 2 o
SNR = Yl —eu) 1£] _ (7)<t - (53)
var (g4) G2

where £ is the information set that contains the factor structure and the individual-specific

effects,?! and var (¢;;) is the overall average of E (¢2,) over i and ¢. Solving for ¢* yields

2 2+ﬁ2 -1
2_ 2 |gNR_ Py Ioh 2 ' 4
R [S i L—p2 |\ 1-p2 59

We set SNR = 4, which lies within the range {3,9} considered by the simulation study of
Bun and Kiviet (2006). We consider all combinations of (7', N) for T" € {25,50, 100,200} and
N € {25,50,100,200}.

We investigate the power of the overidentifying restrictions test, which is defined in Eq. (24),
by considering violations of the null due to slope heterogeneity and endogeneity as a result of the
contemporaneous correlation between x;; and ;. For the slope heterogeneity, we use the DGP
specified in Eq. (52). For the case of endogeneity, we replace the DGP given by Eq. (45) with
Veir = poviit—1 + (1 — p2) %@y + €44, where @y is as defined previously and £ = 1, 2.

All of our results are obtained based on 2,000 replications, and all tests are conducted at the
5% significance level. For the size of the t-test, Hy : p = p° (or Hy : B, = ) for £ = 1,2), where
0%, BY, 89 are the true parameter values. For the power of the test, we consider Hy : p = p° + 0.1
(or Hy : By = B2 +0.1 for £ = 1,2) against two-sided alternatives. The power of the t-test reported
below is the size-corrected power, for which the 5% critical values used are obtained as the 2.5%
and 97.5% quantiles of the empirical distribution of the ¢-ratio under the null hypothesis.?

4.2 Results

Tables 1-4 report the bias (x100) and RMSE results of IV2?, the BC-QMLE of Moon and Weidner
(2017), IVMG?® and the CCEMG of Chudik and Pesaran (2015a), as well as the size (nominal level
is 5%) and power (size-adjusted) of the associated t-tests for the panel ARDL(1,0) model with
p =205 B =3, 8 =1and m, = 3/4.2° We compare the sensitivity of the estimators to
the correlation structure of the factor loadings in x;; and wu;; by considering independent factor
loadings in x;; and u; in Tables 1 and 2, and correlated loadings in Tables 3 and 4.

We have investigated two different sets of instruments for our estimators, as Eq. (36) explains.
IV2¢ (IVMG®?) uses 2k instruments and IV2® (IVMG?®) 3k. As one might expect, the former
has a smaller bias but the latter has a smaller dispersion. In terms of RMSE, the latter always
performs better. Therefore, we only report results for IV2® and IVMG®.2” Moreover, we do not
report results for BC-CCEMG, since it did not reduce the bias of CCEMG in our experiments,
nor did it mitigate the size-distortion of the associated t-tests.?

Table 1 reports results for the model under slope homogeneity. Panel A corresponds to p and
Panel B to ;. The results for 5, are not reported because they are qualitatively similar to those

240ur reason for conditioning on these variables is that they influence both the composite error in the equation
for the dependent variable and the covariates.

25The size-adjusted power is employed in this experiment because the finite 7' bias of the CCEMG and BC-
QMLE estimators, and the size distortion of the associated statistical tests, often makes the power comparison too
confusing.

26The results for the specifications where {p, 81,82} = {0.8,3,1},{0.5,3,0} and 7, = 1/4 are very similar
qualitatively. See Tables C1-C6 in Appendix C.

2"The results for IV2¢ and IVMG® are reported in Tables C9 and C10 in Appendix C.

28The results for BC-CCEMG are provided in Tables C11 and C12 in Appendix C.
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for 31.2° As can be seen, IV2® appears to have virtually no bias. In particular, the largest reported
value of the absolute bias (x100) is 0.1 for 7" = 50, N = 25. On the other hand, the absolute
bias of BC-QMLE appears to be much larger, perhaps indicating that bias correction is not able
to remove the bias completely under these circumstances. However, the absolute bias declines
steadily with larger values of N and 7. In terms of RMSE, BC-QMLE outperforms IV2® and
other estimators, which reflects the higher efficiency of the maximum likelihood approach over IV
and least-squares. For larger values of N or T (especially N), though, the RMSE values of IV2°
are very close to those of BC-QMLE. The bias of IVMG? is similar to that of BC-QMLE, whereas
that of CCEMG tends to be much larger, especially when N = 25 or T = 25,50. IVMG? mostly
outperforms CCEMG in terms of the RMSE.

In regard to inference, the size of the t-test that is associated with IV2° is close to the nominal
value in most cases, though moderate size distortions are observed for N = 25. The size of
IVMG? appears to be very accurate unless 7' is much smaller than N. In contrast, both BC-
QMLE and CCEMG exhibit substantial size distortions, which may be attributable in part to
the relatively large biases of these estimators. In view of these size distortions, we report the
size-adjusted power. As expected, under slope parameter homogeneity, the power of the IV2° and
BC-QMLE estimators is higher than that of the MG-type estimators, at least when N and T are
both relatively small.

Next, we turn our attention to Panel B of Table 1, which reports results for ;. The bias of
IV2? is slightly larger for small N and 7 than in Panel A but it remains smaller than that of
other estimators. For instance, the absolute bias of BC-QMLE is large when N = 25, although
it declines steadily as the sample size increases. As a result, IV2® mostly outperforms BC-QMLE
in terms of the RMSE. Moreover, the size of the IV2? is close to its nominal level, with moderate
distortion for N = 25. In contrast, BC-QMLE suffers from large size distortions. In regards to
heterogeneous estimators, the relative properties of the absolute bias of both IVMG? and CCEMG
are similar to those for p, in the sense that IVMG? has a smaller bias than CCEMG. The size of
the t-test of IVMG? is very close to 5% for all combinations of N and T, whilst CCEMG exhibits
moderate size distortions even for large values of N or T

Table 2 reports results for the model with heterogeneous slopes. Note that IV2® and BC-
QMLE are not justified asymptotically in this case. This is confirmed in finite samples. In
particular, it is evident that IV2® exhibits a systematic bias, fluctuating around 0.01 across all
combinations of N and 7. The bias of BC-QMLE is much larger, reaching values close to 0.03 for
p (Panel A), for large values of N and T'. This outcome is accompanied by large size distortions
for both estimators. In contrast, for IVMG® and CCEMG the bias appears to behave in a similar
manner to the homogeneous case in Table 1. IVMG? continues to perform well in terms of size,
whereas the size properties for CCEMG improve substantially compared to the homogeneous case,
although they still deviate significantly from the nominal value at least for small values of N or T'.
Similar conclusions apply to Panel B, with the main difference being that the size of the CCEMG
estimator is closer to its nominal level for all combinations of N and 7', and the power of the
t-test appears to be smaller across all estimators.

Now let us turn our attention to the case where the factor loadings in x1;; are correlated
with those in u;. The results for homogeneous slopes are reported in Table 3, while those for
heterogeneous slopes are shown in Table 4. The performances of IV2® and IVMG?® are very
similar to those shown in Tables 1 and 2, which suggests that our approach is robust to such
correlations in factor loadings. In contrast, for 51, the performances of BC-QMLE and CCEMG
appear to deteriorate when the factor loadings are correlated. For example, for 7' = 100 and
N = 25,50, 100,200, the bias (x100) values for BC-QMLE are equal to —4.0, 2.1, —0.5 and 0.4
respectively, whereas the corresponding values in the uncorrelated loadings design (Table 1, Panel
B) are —1.6, —0.5, 0.2 and 0.4. Consequently, IV2® outperforms BC-QMLE in terms of RMSE
and the size of the test.

29These are available from the authors upon request.
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For the models with heterogeneous slopes, it is interesting to note that the bias of the CCEMG
estimator for ; does not decrease as the sample size increases. For example, in the correlated
loadings design with heterogeneous slopes (Table 4, Panel B), the bias(x100) values of CCEMG
for §; with T'= N = 25,50, 100,200 are 0.7, —0.8, —1.3 and —1.5, whereas in the uncorrelated
loadings design (Table 2, Panel B) they are 2.2, 1.3, 0.1 and —0.3. As a consequence, IVMG?
mostly outperforms CCEMG by a substantial margin in terms of bias, RMSE and size.

Finally, we look at the finite sample behaviour for the overidentifying restrictions test based on
the IV2® estimator, which is summarised in Table 5. As was emphasised in Remark 7, we would
like the test to reject the null when the exogeneity assumption on x;; is violated and/or when the
slope coefficients are cross-sectionally heterogeneous. Table 5 contains two column blocks: the
left one, entitled IV2¢, shows results using 2k instruments, while the right block, entitled IV2°,
shows results using additional instruments that raise the total number of instruments to 3k. The
latter case provides for more degrees of freedom of the overidentifying restrictions test. As can
be seen, the size of the test is sufficiently close to its nominal level for both sets of instruments.
On the other hand, there appear to be substantial differences in terms of the power of the test
against slope heterogeneity. In particular, when 2k instruments are employed, such that the
degree of overidentification equals 1, the overidentifying restrictions test lacks power and has
rejection frequencies of 4.7% and 5.0% for N =T = 100 and N = T = 200. This outcome may
be related to the results of Newey (1985), which show that overidentifying restrictions tests can
lack power for some directions when the number of degrees of freedom is too small compared to
the dimension of the misspecification. Indeed, the power appears to increase dramatically when
we add two more instruments, such that it rises to 23.9% and 77.2% for N = T = 100 and
N = T = 200, respectively. Therefore, the overidentifying restrictions test statistics that are
associated with the optimal second-step IV estimator appear to have satisfactory power to reject
the null of slope homogeneity, unless the degrees of freedom of the test are very small. Finally,
the test has substantial power for both sets of instruments when the exogeneity of x;; is violated;
specifically, €;; is correlated with v;;. For example, the power of the test with 2k instruments
is 45.2% and 95.9% for N = T = 100 and N = T = 200, respectively, whilst that with 3k
instruments is 36.7% and 91.4%. R

In conclusion, we recommend the use of the (optimal) second-step IV estimator, 6 1v2, defined
by Eq. (23), for slope homogeneous models, and the mean group IV estimator, O1v e, defined
by Eq. (31), for slope heterogeneous models with a moderate number of degrees of freedom. This

o~

is because 6 7ve2 1s more efficient than ] 1vme in models with homogeneous slopes, but becomes
unreliable for models with heterogeneous slopes. We also note that ] vma and the associated
t-test seem reliable for the models in our experiment with either heterogeneous or homogeneous
slope coefficients. Both estimators appear to be reasonably precise, and, notably, robust in cases
where factor loadings are mutually correlated. Typically, the size of the associated tests is far
more accurate than those of BC-QMLE and CCEMG, and they have sound power. The choice
between the two estimators depends on the assertion of heterogeneity in the slope coefficients. The
overidentifying restrictions test associated with the optimal second-step IV estimator has good
power to reject the null under slope heterogeneity with sufficient degrees of overidentification,
which could be used as a guide.

5 Concluding Remarks

This paper develops two instrumental variable estimators for the consistent estimation of homo-
geneous and heterogeneous dynamic panel data models with a multifactor error structure, when
both N and T are large. For models with homogeneous slope coefficients, we put forward a two-
step IV estimator that is v/ NT-consistent. The proposed estimator requires no bias correction,
unlike that of Moon and Weidner (2017). Similarly, for models with heterogeneous coefficients,
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we develop a mean group IV estimator that does not require any small-7" bias correction, unlike
Chudik and Pesaran (2015a).

The finite sample evidence reported here suggests that the proposed estimators perform rea-
sonably well under all circumstances examined, and therefore form a good alternative method of
estimation to existing approaches. In particular, relative to the alternative methods examined,
both IV estimators appear to have little or negligible bias in most circumstances, and a correct size
of the t-test. Furthermore, the experimental results of the overidentifying restrictions test show
that it has high power when a key assumption of the model is violated, namely the exogeneity of
x.

Naturally, it is recommended that the optimal two-step IV estimator be employed for slope
homogeneous models and the mean group IV estimator be employed for slope heterogeneous mod-

els. This is because 0 1vo 1s more efficient than 0 rvma for homogeneous slope specification but
becomes unreliable in models with heterogeneous slopes. We also note that ] 1vma and the associ-
ated t-test seem reliable in our experiment for models with either heterogeneous or homogeneous
slope coefficients. The choice of the estimators depends on the assertion of heterogeneity in the
slope coefficients. The experimental results show that, in general, the overidentifying restriction
test associated with the optimal second-step IV estimator has good power to reject the null of
slope homogeneity, unless the degrees of freedom of the test are very small. Thus, the development
of a direct test for slope heterogeneity is of importance. We leave this as an avenue for future
research.

This paper has assumed that the covariates in the model are strongly exogenous with respect
to the idiosyncratic errors. This assumption may not be too restrictive for many applications,
but the possibility of relaxing it to weak exogeneity, such that x; = I‘ggfgt + Kejy—1 + v with
k = (K1, ..., k), may be of interest and it merits further investigation.

Finally, we note that our approach is quite general and can actually be applied to a large
class of linear panel data models. For example, our method is applicable to the model considered
by Pesaran (2006), Bai and Li (2014), and Westerlund and Urbain (2015), among others: y; =
Xy B + vyfy, + eu with xi = TUf), + v A comparison of our approach with the existing
approaches mentioned above may be an interesting research theme.
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Table 1: Bias, root mean squared error (RMSE) of IV2°, bias-corrected QMLE, IVMG? and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with homogeneous
slopes with {p, 81,82} = {0.5,3,1}, m, = 3/4, independent factor loadings in z1;; & u

PANEL A: Results for p, homogeneous slopes with {p, 81,52} = {0.5,3,1} and 7, = 3/4

IV2? QMLE IVMG? CCEMG

TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 00 00 00O 00 -05 -06 -08 -1.0 -05 -07 -06 -0.v -32 -34 -3.7 -39
50 -0.1 0.0 0.0 0.0 00 -03 -04 -05 -05 -04 -04 -04 -08 -1.0 -1.2 -1.5
100 0.0 00 0.0 0.0 0.1 -0.1 -02 -03 -02 -02 -0.2 -0.2 04 01 -01 -04
200 0.0 0.0 0.0 0.0 02 00 -01 -01 -0.1 -0.1 -0.1 -0.1 09 07 04 0.1
RMSE (x100)
25 3.2 22 1.7 1.1 1.5 1.2 12 1.2 3.3 24 18 14 41 4.0 4.0 4.1
50 21 14 10 0.7 1.0 08 0.6 0.6 23 16 1.2 0.9 1.8 15 15 1.6
100 14 1.0 07 04 07 05 04 0.3 14 1.1 0.7 0.5 1.1 09 06 06
200 1.0 0.7 04 0.3 05 04 03 0.2 1.0 07 05 04 1.2 09 07 04
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 95 74 69 48 183 22.7 374 59.1 5.5 6.1 7.5 10.7 282 51.1 &81.3 97.7
50 10.2 6.0 6.0 5.7 135 15.1 22.8 45.0 6.5 6.4 6.9 92 13.8 227 49.8 81.8
100 84 64 63 52 135 14.8 174 27.0 56 58 64 73 124 144 184 39.0
200 98 66 57 56 168 11.6 122 17.2 6.2 49 47 73 328 36.1 34.5 24.7
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 87.5 98.2 99.9 100.0 99.8 100.0 100.0 100.0  80.7 94.8 99.5 100.0 48.2 54.0 57.4 63.2
50  98.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0  96.1 99.9 100.0 100.0 99.7 100.0 100.0 100.0
100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0  99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,2} = {0.5,3,1} and m, = 3/4
V2P QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 o0 100 200
BIAS (x100)
25 -0.2 -02 -0.1 00 -23 -1.1 -0.5 0.0 1.3 1.0 15 14 29 29 33 32
50 02 01 01 00 -18 -05 -0.1 04 09 07 08 0.7 1.1 14 19 20
100 -01 00 01 00 -16 -05 02 04 03 04 04 04 -06 -0.2 03 0.7
200 -0.2 00 OO0 00 -15 -03 0.1 0.2 0.0 02 01 02 -18 -1.2 -0.8 -0.2
RMSE (x100)
25 121 86 6.1 44 142 99 71 53 169 11.7 85 6.1 171 11.9 9.0 6.7
50 82 56 40 29 124 80 54 33 102 6.9 51 3.6 97 6.7 51 39
100 57 39 28 19 111 6.6 3.6 2.0 6.4 43 32 23 64 42 32 22
200 41 28 19 14 98 48 23 1.3 44 3.1 22 1.6 4.7 33 23 1.5
SIZE: Hy : 81 = 3 against H; : 31 # 3, at the 5% level
25 91 70 59 58 37.8 30.8 27.3 23.2 6.4 58 6.3 6.1 72 64 81 88
50 87 6.1 57 58 446 32.3 22.7 14.6 59 52 62 69 6.8 6.0 6.8 10.1
100 86 6.7 63 62 482 321 16.0 10.2 6.7 53 56 5.9 70 65 72 7.3
200 88 6.1 6.7 6.2 51.6 255 10.5 7.7 5.8 5.0 b7 5.7 78 9.2 9.0 87
POWER (size-adjusted) : Hy : 81 = 3.1 against Hy : 1 # 3.1, at the 5% level
25  17.6 254 43.2 66.8 6.9 124 19.6 404 11.1 18.2 30.7 494 125 21.9 324 54.0
50  27.0 474 722 92.6 8.1 15.6 385 882 223 386 595 8.0 219 414 70.1 89.8
100 47.8 73.6 94.0 100.0 8.4 248 834 99.8 36.3 65.8 90.0 99.5 34.7 62.9 89.8 99.7
200 71.3 95.0 99.8 100.0 9.4 49.0 99.0 100.0 62.7 90.7 99.2 100.0 45.3 76.4 97.5 100.0

Notes: The data generating process is yit = ; +pi¥it—1+ Yooy Beieit + Wity Wit = >0y ¥ FO + ity Toir = i+ 3oy Voo f S Fveit
£=1,2;4=1,.,N;t = —50,..,T and the first 50 observations are discarded; f?, = pfsfsot_1 + (1 - p?s)l/QCSt, (st ~ 1.1.d.N(0,1),
7501 =vs +75, 7L ~44.d.N(0,1) for s =1,2,3, 5t = o4t (€s — 1)/V2, €4 ~ i.4.d.x? with cr?t = mipt, n; ~ i.i.d.x3/2, and ¢ = t/T
for t = 0,1,.., T and unity otherwise; /0, = 7es + 105 104 = pro1s1% + (L= p2 )Y 2€00, 0% = pri2s?% + (1= p2 00V 2E0us,
Eosi ~ 1.4.d.N(0,1), voig = po,eveir—1 + (1 — pg)z)l/me, @it ~ i..d.N(0, (12)01231{‘), U?U“ ~ 1.5.d.U[0.5,1.5) for £ =1,2, s = 1,2. We
set p; = p, B1; = P1 and B2; = B2, prs = p~,2s = Pu,e = 0.5 and p 15 = 0.0 for all £, s. IV2?2 and IVMG? are given by (23), (31) with
(36), BC-QMLE and CCEMG by (37), (38). The rank condition for CCEMG is met.
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Table 2: Bias, root mean squared error (RMSE) of IV2°, bias-corrected QMLE, IVMG? and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous
slopes with {p, 81,82} = {0.5,3,1}, m, = 3/4, independent factor loadings in z1;; & u

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.5,3,1} and 7, = 3/4

Iv2b QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 0.7 0.8 09 08 1.1 08 05 03 -07 -0.7 -06 -07 -31 -33 -3.6 -38
o0 1.1 1.1 11 1.1 20 1.9 18 18 -03 -03 -04 -04 -06 -09 -12 -1.5
100 1.0 1.2 1.2 1.2 25 25 23 23 -02 -02 -03 -02 04 03 -0.1 -0.3
200 1.1 1.2 13 1.3 27 26 26 26 -01 -0.1 -01 -0.1 1.0 08 05 0.2
RMSE (x100)
25 44 32 23 1.7 41 29 22 1.7 42 30 21 16 48 43 4.1 4.1
50 34 26 20 15 40 31 25 21 31 22 16 12 28 22 19 18
100 3.0 23 18 1.6 41 33 28 26 27 19 14 10 25 19 13 1.0
200 29 2.1 1.8 1.6 41 34 30 28 25 1.7 12 09 26 18 1.3 09
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 10.7 9.9 9.5 10.8 52.0473 474 486 6.2 7.0 7.0 9.2 18.6 30.7 56.7 84.2
50 11.6 12.0 13.1 171 63.6 67.5 73.1 79.7 52 6.3 59 6.2 83 102 16.2 364
100 12,5 13.3 17.1 277 75080.2 8.9 944 59 63 59 59 73 80 80 96
200 13.6 13.8 20.1 34.8 82.7 8.4 944 989 59 54 50 52 93 80 9.0 7.1
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 722 91.8 99.9 100.0 69.8 92.7 98.0 99.7 65.1 85.9 99.1 100.0 31.0 40.6 46.9 51.8
50 89.7 98.6 100.0 100.0 82.4 97.6 99.9 100.0 84.5 98.3 99.9 100.0 89.2 98.6 100.0 100.0
100 95.9 100.0 100.0 100.0 82.9 99.2 100.0 100.0 93.1 99.8 100.0 100.0 98.1 100.0 100.0 100.0
200 97.7 100.0 100.0 100.0 88.6 99.6 100.0 100.0 96.4 100.0 100.0 100.0 99.2 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 3/4
Iv2> QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -19 -11 -13 -1.3 -49 41 -44 37 1.1 1.7 15 16 22 33 29 32
50 -16 -1.3 -11 -13 -54 40 -36 -3.7 05 07 09 04 08 1.3 18 1.9
100 -1.0 -1.2 -1.2 -1.2 -47 -40 -35 -34 05 02 03 03 -04 -04 01 0.6
20 -10 -1.1 -11 -12 -50 40 -37 -36 02 01 01 02 -16 -14 -09 -0.3
RMSE (x100)
25 138 9.7 72 50 160121 95 7.3 16.8 11.9 86 6.1 16.8 122 9.0 6.7
50 96 6.9 48 36 145 98 73 57 104 72 52 36 98 7.2 53 3.8
100 70 50 35 26 126 87 6.0 48 70 49 33 24 6.7 47 32 23
200 5.1 36 28 21 117 7.7 54 44 49 34 25 1.7 53 38 26 1.7
SIZE: Hy : 81 = 3 against H; : 31 # 3, at the 5% level
25 11.0 80 81 73 416373 376 370 56 54 61 68 6.7 65 76 7.8
50 9.8 74 64 80 475399 356 412 59 56 60 49 6.1 63 75 9.1
100 95 88 73 86 528474 429 503 54 55 50 54 57 64 53 6.3
200 95 73 95 11.6 604 54.7 56.0 676 6.1 58 53 49 85 94 86 6.8
POWER (size-adjusted) : Hy : 81 = 3.1 against Hy : 81 # 3.1, at the 5% level
25 10.5 15.2 24.2 40.5 41 55 45 74 12.1 194 29.7 47.6 128 19.7 30.9 534
50 14.7 28.5 46.5 70.1 3.3 56 75 13.0 199 33.6 564 83.5 19.8 38.1 62.6 89.9
100 28.1 46.7 73.7 94.5 44 6.4 12.7 224 36.1 579 86.6 99.1 33.4 51.3 87.7 99.5
200 45.3 68.2 924 99.8 4.5 6.4 13.7 275 522 81.2 979 100.0 34.6 64.0 94.4 99.9

Notes: The DGP is the same as that for Table 1 except that the slope coefficients are heterogeneous. Specifically,
L 2

pi = p+11pi; Bei = B + i Mpi ~ i.4.d.U [=1/5,+1/5], and ng,; = [(2/5)" /12" p€s,i + (1 = p3)'/¢p,i, where

£3,: is the standardised squared idiosyncratic errors in g, computed as €g,; = (v —v2) /[N SN | (02 —v2)?]1/2

with v, = T! Zthl v, v =N"1 Zfil v2,, for £ = 1,2, whereas (g,; ~ i.i.d.U (—v/3,V/3) for £ =1,2.
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Table 3: Bias, root mean squared error (RMSE) of IV2°, bias-corrected QMLE, IVMG? and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with homogeneous
slopes with {p, 81, 82} = {0.5,3,1}, m, = 3/4, correlated factor loadings in z1; & ug

PANEL A: Results for p, homogeneous slopes with {p, 81,52} = {0.5,3,1} and 7, = 3/4

IV2? QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 0.1 0.0 0.0 0.0 -04 -0y -09 -10 -0.7 -0.7 -0.6 -0.7 -3.2 -35 -3.6 -3.8
50 0.0 0.0 0.0 0.0 00 -03 -05 -06 -05 -04 -04 -03 -09 -10 -1.2 -14
100 0.0 0.0 0.0 0.0 0.1 -0.1 -02 -03 -03 -02 -0.2 -0.2 03 02 -01 -04
200 0.0 0.0 0.0 0.0 02 00 -0.1 -01 -0.1 -0.1 -0.1 -0.1 09 07 04 0.1
RMSE (x100)
25 3.1 22 16 1.1 1.6 14 13 1.3 34 26 19 15 43 41 4.0 4.0
50 2.1 14 1.0 0.7 1.1 08 0.7 0.7 23 15 1.1 0.9 1.8 16 15 1.6
100 14 1.0 06 04 07 05 04 04 1.5 1.0 0.7 0.6 1.1 09 07 06
200 1.0 06 04 0.3 06 04 03 0.2 1.0 07 05 04 1.2 09 06 04
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 75 64 6.1 bH4 185 26.0 39.1 59.2 5.8 7.0 79 11.5 30.2 52.8 77.8 94.9
50 87 70 6.7 49 16.4 17.8 25.5 46.9 59 54 6.5 87 143 255 49.1 76.6
100 89 6.5 5.2 48 13.4 14.2 18.7 30.2 59 64 52 6.6 135 17.1 23.5 40.7
200 86 54 6.1 5.3 16.0 10.7 123 17.1 6.2 54 55 6.6 329 357 334 28.1
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 89.0 98.0 100.0 100.0 99.8 100.0 100.0 100.0 78.9 93.7 99.0 99.9 45.3 48.1 55.7 60.7
50 99.1 100.0 100.0 100.0 100.0 100.0 100.0 100.0 96.5 99.6 100.0 100.0 99.5 100.0 100.0 100.0
100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0  99.8 100.0 100.0 100.0 100.0 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,2} = {0.5,3,1} and m, = 3/4
V2 QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 o0 100 200
BIAS (x100)
25 -0.2 0.2 0.0 -0.1 44 -32 -29 -16 1.3 1.7 14 1.5 06 1.2 13 1.9
50 0.0 0.0 0.0 -0.1 48 -29 -1.1 -0.1 09 07 08 05 -09 -04 02 0.7
100 0.2 -0.1 0.0 0.0 -40 -21 -05 04 06 02 03 04 -26 -23 -14 -05
200 0.0 0.0 0.0 0.0 3.6 -1.6 -0.1 0.3 02 02 02 0.2 -39 -33 -24 -14
RMSE (x100)
25 11.8 87 6.1 4.3 16.6 124 99 74 169 11.9 &85 6.2 166 124 88 6.4
50 81 5.6 4.0 2.7 145 107 73 47 100 6.8 50 35 101 71 49 3.5
100 5.8 39 28 1.9 134 86 49 25 6.4 44 32 2.2 72 52 36 23
200 39 28 19 14 122 68 3.1 14 43 3.1 21 1.5 6.3 48 32 21
SIZE: Hy : 81 = 3 against H; : 31 # 3, at the 5% level
25 85 75 6.2 6.1 44.5 40.8 379 32.2 5.8 59 59 6.3 6.8 74 69 75
50 88 54 6.3 44 50.4 40.0 27.4 18.9 5.1 49 6.0 5.0 83 78 59 6.8
100 80 6.3 6.4 5.0 52.6 34.7 179 9.9 5.1 44 54 43 108 125 11.1 7.9
200 82 5.7 50 7.0 55.5 30.8 13.0 8.0 5.7 50 46 55 182 248 24.2 215
POWER (size-adjusted) : Hy : 81 = 3.1 against Hy : 1 # 3.1, at the 5% level
25 19.6 26.2 414 66.3 54 4.8 6.0 9.0 13.0 20.3 29.9 50.2 10.2 164 26.2 48.3
50 31.8 47.7 73.1 954 36 44 97 674 223 376 60.8 8.3 15.5 25.5 57.9 87.0
100 504 75.8 94.4 99.9 49 55 586 99.2 432 66.0 89.7 99.6 17.1 29.8 67.6 98.8
200 73.5 94.8 99.7 100.0 3.8 86 98.0100.0 659 91.2 99.2 100.0 14.9 279 73.8 99.7

Notes: The DGP is the same as that for Table 1 except that the factor loadings in x1;; & wu; are correlated:

py1s = 0.5 in 7?:2‘ = Pv,ls’Ygf +(1— p?y,ls)l/lesi-
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Table 4: Bias, root mean squared error (RMSE) of IV2°, bias-corrected QMLE, IVMG? and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous
slopes with {p, 81, 82} = {0.5,3,1}, m, = 3/4, correlated factor loadings in z1; & ug

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.5,3,1} and 7, = 3/4
Iv2b QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 08 09 09 09 09 08 05 02 -0v -07v -07 -07 -31 -33 -3.5 -3.8
50 09 1.1 12 1.2 22 21 19 19 -04 -03 -03 -0.3 -0 -09 -11 -1.3
100 1.1 1.2 1.2 1.2 28 27 26 26 -02 -03 -02 -0.2 04 0.2 -01 -0.3
200 1.1 1.3 1.3 1.3 3.1 29 28 29 -0.1 -01 -0.1 -0.1 09 08 04 0.2
RMSE (x100)
25 44 3.1 23 1.7 43 3.2 25 20 41 30 22 1.7 48 43 4.1 4.1
50 3.5 26 20 1.6 42 33 26 23 32 22 16 12 29 23 19 18
100 3.0 23 18 1.6 44 35 30 28 27 20 14 10 26 19 14 1.1
200 2.8 22 1.8 1.6 45 3.7 32 31 25 18 13 09 26 19 14 1.0
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 11.7 9.2 9.3 10.5 53.250.6 51.5 53.7 63 66 74 89 17.3 30.0 549 81.9
50 12.7 11.5 129 198 66.2 67.6 723 81.5 6.2 51 68 68 9.0 11.6 17.3 353
100 11.6 13.1 159 26.3 775820 876 958 59 56 b5 6.2 86 82 83 13.0
200 12.3 14.1 219 333 84.4 893 93.7 990 55 53 49 54 94 10.1 109 9.6
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 719 92.8 99.6 100.0 64.8 90.1 96.6 99.0 61.2 &87.9 98.3 100.0 30.9 41.5 44.3 46.1
50 87.2 98.9 100.0 100.0 78.4 97.3 99.9 100.0 80.7 98.2 100.0 100.0 89.1 98.8 100.0 100.0
100 96.3 100.0 100.0 100.0 83.5 99.0 100.0 100.0 93.6 99.7 100.0 100.0 97.6 100.0 100.0 100.0
200 98.6 100.0 100.0 100.0 84.8 99.7 100.0 100.0 97.3 100.0 100.0 100.0 99.2 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 3/4
Iv2> QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -12 -13 -14 -15 -76 -74 -65 -6.2 1.7 14 15 14 07 12 1.5 20
50 -1.0 -1.3 -12 -12 -85 -70 -59 49 09 04 07 07 -08 -08 01 09
00 -1.2 -1.0 -1.1 -12 -80 -6.7 -52 -45 02 05 04 03 -2.7 -20 -1.3 -0.6
200 -1.3 -10 -11 -12 -79 -60 -49 -46 01 03 02 01 -39 -32 -23 -1.5
RMSE (x100)
25 134 98 6.8 5.1 189152 121 103 169 11.9 85 6.1 17.0 123 9.0 6.4
50 96 6.9 48 35 175135 100 76 102 71 52 3.7 102 74 51 3.8
100 69 51 35 26 159114 81 60 67 48 34 23 7.7 55 38 26
200 53 38 2.7 21 151 97 6.7 55 50 36 25 1.7 69 50 35 24
SIZE: Hy : 81 = 3 against H; : 31 # 3, at the 5% level
25 96 7.5 6.5 6.6 481476 46.3 51.7 6.3 58 62 67 76 68 7.0 80
50 88 7.5 6.3 7.7 547 50.7 50.2 498 6.2 48 57 b7 82 72 67 84
100 9.0 90 73 82 594549 51.3 59.1 55 55 53 48 107 11.3 106 89
200 10.8 86 86 12.0 67.7 584 62.0 764 6.2 6.5 6.0 4.6 169 20.5 20.0 18.9
POWER (size-adjusted) : Hy : 81 = 3.1 against Hy : 81 # 3.1, at the 5% level
25 14.2 16.6 25.0 39.6 3.1 1.9 09 15 11.6 16.5 29.8 474 10.7 16.6 26.4 46.5
50 20.5 28.3 46.9 72.3 1.5 1.6 26 3.0 19.2 35.0 55.0 829 16.1 25.6 51.8 81.8
100 28.5 45.7 74.3 954 20 1.0 2.7 58 33.0 60.2 86.1 99.1 14.8 294 62.9 96.1
200 40.8 66.5 92.6 99.8 22 1.8 26 73 50.3 80.5 98.0 100.0 11.0 24.4 655 97.3

Notes: The DGP is the same as that for Table 2 except that the factor loadings in x1;; & wu; are correlated:
pris = 0.5 0475 = py 179 + (1= p3 1) *Ersi
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Table 5: Size and power of the overidentifying restrictions test for the panel ARDL(1,0) model with
{p,B1, B2} = {0.5,3,1}, m, = 3/4, correlated factor loadings in 1, & u

va2e IvV2°
TN 25 50 100 200 25 50 100 200
Slope Homogeneity (Size)
25 72 69 57 64 68 6.0 5.7 5.0
50 7.7 66 6.5 48 73 6.0 5.5 4.4
100 6.7 73 59 48 74 6.2 59 5.1
200 7.7 66 65 56 70 59 6.1 4.7
Slope Heterogeneity (Power)
25 75 6.2 60 54 83 79 88 10.1
50 6.9 59 54 57 86 104 12.6 22.0
100 74 56 4.7 49 11.2 13.6 23.9 44.3
200 70 59 58 50 14.6 24.0 453 77.2
Endogeneous Idiosyncratic Error of X (Power)
25 10.1 104 14.6 188 104 11.0 14.8 18.9
50 123 16.1 23.5 37.8 11.9 15.9 20.0 314
100 17.2 27.6 45.2 70.3 14.4 20.7 36.7 60.2
200 28.2 46.4 73.2 95.9 225 37.6 62.8 914

Notes: The table reports the size and the power of overidentifying restrictions tests based on the IV2 estimator
using different set of instruments. IV2% uses (Xi,f(u_l) and TV2° (Xi’xi7—l7X’i,—2)’ where X; = Mp, X; and
X ;= Myp, _,X; _; for j =1,2. The test statistic is defined by (24). The tests for IV2* and IV2® are referenced
to the 95% quantiles of x? and x3 distributions, respectively. The DGP for Slope Homogeneity is of Table 3, for
Slope Heterogeneity is of Table 4, and for Endogeneous Idiosyncratic Error of X, the DGP of Table 3 is changed
such that veie = py eveir—1+(1 —p?)lmwm, Wit = Tgeit—&-(l—TE)l/QQ&t with ggir ~ 1.i.d.N(0,1), £ = 1,2 (see notes
to Table 1). We set 71 = 0.5 and 7o = 0 so that the idiosyncratic error of z1; is contemporaneously correlated
with e

Appendix A: Proofs of Main Results

Lemma 1 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — ¢ with 0 < ¢ < 0,

T'ZMp Z; — T ZiMpp Z; = 0,(1), (A1)
7! (Z;Mﬁy - z;MFS) W, = 0,(1). (A.2)

Lemma 2 Under Assumptions 1-5, as (N,T) 2y o0 such that N/T — ¢ with 0 < ¢ < o0,

N
1 &L,
NT > ZMy, Zi — ZiMpoZ; = 0,(1), (A.3)
=1
N
1 7! /
7 (ZiMFy - ZZ.MF;J) W, = 0,(1). (A4)
1=1

Lemma 3 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — ¢ with 0 < ¢ < 0,

_ EN:PO’. (C0n) " (ﬁ;ﬂg) h P (Sinr — Sivr) Mj
VAT 2o La T @ £,
=0, (T712) + 0, (535) + VTO, (533) (A.5)
and
1 X L (F F0 N\ T _
NI ;Fgg (T0in) <1T1> F, 1 (Zevr—1 = Zpnr—1) Mp W
=0, (T712) + 0, (53%) + VTO, (63%) (A.6)
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1 k N ) ’ < 1 k N
where in = % L4oy D00y VeVl Tewro = & iy Sl Ve, -1Vl g and Sevr = % S0l 05 E (vigvi, )
S 1 k N ’
ENT 1= F e 2jm B (Vej,—l"ej,_1>

Lemma 4 Under Assumptions 1-5, as (N, T) oo such that N/T — ¢ with 0 < ¢ < o0,

1), (A7)

and

Z I\O/ FO/_lMﬁ u;

x,—1

- — ZZI‘ Yon) TV, M,

3, Py W
=1 j=1
1 ad 1 F;,—ng,—l o 2
o W Z: i (Tka) -7 F, 1Xint 1M u; + o0, (1) (A.8)
Lemma 5 Under Assumptions 1-5, as (N, T) oo such that N/T — ¢ with 0 < ¢ < 00,
INT ZF%F?MJ&EM@W =0p (1), (A.9)
i=1
L . 0/ g0/
T o
Lemma 6 Under Assumptions 1-5, as (N,T) 2y 00 such that N/T — ¢ with 0 < ¢ < 00
**ZZ (Y0n) ™ T8, VM w,
i=1 j=1
11
= == F Y ). V. Mpou
NTN;; i (Tarn) Fou;
N N N —1
T 1 0 “1.0 VIV, 1 (FYFO F'y;
Y D T () R (xt) ()
+op(1), (A.11)
and
N N
AT T () TV M
NTN xi kN 1 Wi
i=1 j=1
N N
- — iZZFO’ (Yen) T3 V5 aMpo
NT N pr i T
N N N o o
1/ r1 o 0 0 n,—1 Y3, —1 0 0 F; —1F¢ —1 F s —1Wi
o NT Z Z Z I‘M (TIkN) r T I‘w] (kaN) T T
i=1 j=1n=1
+0p(1) (A.12)
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Lemma 7 Under Assumptions 1-5, as (N,T) 2y 00 such that N/T — ¢ with 0 < ¢ < 00

N A —1
1 1 ( F'FO L
=l Zrm (Y0n) ( = w) F, v Mg u;
VNT3/2 = T
N
1

L (FOYFON TN
=WZ i (Xoun) (T> F)'SinrMpou; 4 0, (1)

and

1 N

~ -1
¥, _,F . _
1 -1+t z,—1
WZIF (TIkN) (T) F/I,_lszT_rflMFm’_lui
1 N FO/ 0

—1
F _
1 z,—1t z,—1
= Vs 2 T (Taww) <T> FY 1S Mpy w40, (1).
i=1

Lemma 8 Under Assumptions 1-5, as (N,T) 2y o0 such that N/T — ¢ with 0 < ¢ < 00

1 N
—— ) VIM;
NT <
1 N
= — ZVLMFOUIL
NT =1
N N
1 VIV 0 im0 FUFO\ ' Fluy,
-V ) () B e,
i=1 j=1
and
1 L,
—— > Vi M
NT S o
1 N
=——> Vi Mp u
VNT i '
1 b
VNT “ T w7

s
Il
-
<.
Il
-

[~]=
[~]=
<
L
<
L
ﬂ
I
=
3 ©
L
/N
8Q
L
'ﬁ
8o
L
N———
=

Lemma 9 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — ¢ with 0 < ¢ < o0

1

1
VM M u; = VIMpoMpoe; + o, (1),
WEQ UAT 2 ViMe Mg+ o, (1)
and
1 N
ZVl _1 F 1 Fyul‘ = ﬁ Zlvg7_1MF0 MFOE»L —+ OP (1)

Proof of Proposition 1. Consider

where Z; = {MFI X, Mg X ,1} We begin with the first component of Z-, which is M~ X;

N N
1 1 0/ 100
AT 2 XM = o ) T Myt
i=1 =1

1 N
0 g0 ngMF u.
VNT i=1 ’
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(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

;. Firstly, note that

(A.20)



By using the results of Lemmas 3, 4, 6 and 7, the first term in (A.20) is given by

N
1
—— Y TYFYM u;
VNT =
1 1R !
- Z Z Y (Yn)  T9,ViMpou,
i=1 j=1
N N N -1
T 1 \%48Y% 1 (FYFY FYqu,
e o Yo (), e () ()5
L i=1 j=1n=1 T T
1 N
\/7Td/2 Z xi (T'ckN) F Y.ntMpou; + op (1)
i=1
By making use of Lemma 8, the second term in (A.20) is given by
| X
7 2 ViMp W
NT —
;XN
= — Y ViMpou;
VNT =
N N -1
T 1 \VAY | (FUFO\ ! FOy,
LS Vi (0, < -] ) =Y o (1).
i=1 j=1
So, by adding (A.21) and (A.22) together, rearranging the terms and using M go FY =0, we get
;XN
li
Wi Z XiMg u;
i=1
1 > XMpou
NT =
1 1R 1
0 0
=T Z Z Y (Y0n) T9,X Mpou;
=1 j=1
N N & -1
T1 ViV, o 0 -1 (FJF] Fu;
a \/NN;; 7 Lei (Youn) T T
N -1
N 1 1 (FYFO -
N\ F N ZF% (0in) (H) FYSinrMpou; + 0, (1)
T NT = T

1
—WZ Mrpou; + VN b11NT+\/ b21NT+Op

N
v 1 0/ 0 —10

where

x1)

V/ FO/FO FO/U‘
bllNT - _ JFOI TkaN) ( x w) x 17
N == T T
FO/FO
boiNT = == ZFO’ (Youn)” ( = ) F)SinrMpou,
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As for the second component of Z;, which is M £, Xi,—1, by following the same steps as before and using
again Lemmas 3, 4, 6, 7, 8, and using Mo F%_l = 0, we obtain

—1

- -1
T1 g Vg,—lvj,flr()/ xO 7 FY_F) FY ju;
- NNZZ T i (Tain) T T
1

N
1 ~ [T I N
= 7\/@ E X{L IMFO lll b12NT + b22NT + Op ) (A24)
i=1

where

P

0/ 10
i,—1 = z,fl ~ AT E Xn,flr a:kN) I‘a:z’

i)

Vz,fl = V'L,*l - N Z V”’*lrmn(Tsz) 11-‘0

n=1
N N v 0 —1 mor
1 VZ *1V'=_1 — F 71F:c —1 Fm 71117;
bint =~ Z Z %I‘glj(‘rgkN) ! T T
i=1 j=1
N o7 0 -1
1 Fa; —lFm —1 <
boont = =55 T (Xn) " ( Fo 1 Zinr-1Mpo  ui.
NT ] T z,—1
Hence, we have
1 N 1 N ’
= >l = = > M XMy X
\/W; NT ; Fe e
1 S X X ! r., ’ ’
- NTZ [MF£Xi>MF3,,1Xi,—1] u; + N[bllNTvmeT]
i=1

N
+ ?[ 51T baanr] +0p (1)
1 7/
\/tzzl blNT+ b2NT+Op

where Z; = MFEXi’MFL’,,lxi»—l , bine = [ n7, Planr]’ and banr = [bhy nr, bhoyr)’, which provides the
expression given in Proposition 1. m

[E—

Proof of Proposition 2. Now consider

N
> Z Mg u, (A.25)

where Z; = Mg X, Mg Xi’,l}. We start with the first component of Zi. ie. M. X;, which can be written
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as

N
!
S Z XM; My
=1

JR—. -
—— ) TUFIM; M, Ui+ ——= ) ViM; M
NTZ.Z; e \/NT; VR

N
1
= W ;V;MFTMI:"@UZ + Op(l)

N
1
i=1

where the second and third equalities is due to Lemma 5 and 9, respectively.
As for the second component of Z;, which is My~ X; _1, by following the same steps as before and using
again Lemmas 5 and 9, we yield

N
1
F le Mg Mg ou = 7 D ViMoo Mpge; +0,(1), (A.27)
1=1

By combining the results above, we obtain the required expression. m

Lemma 10 Under Assumptions 1-5, as (N, T) 3 00 such that N/T — ¢ with 0 < ¢ < o0,

772X (My, — My ) w; = VT, (633) (A.28)
TAXMy, (Mg, — Mg ) wi = VTO, (335) . (A.29)
T2 (M fo~Mpo ) Mpgu = VTO, (63%) (A.30)

Proof of Proposition 3. Consider T*1/2Z;Mpmui where Z; = [MFEX%MFT 71X17_1]. Let us start with the
first component of Mg Z;, ie. M £, X;. By adding and subtracting we get

T-V2XM, w = T/ XMpou, + T /2X] (MF — MF;;) w;
= T7'2X!Mpou; + VTO, (657) (A.31)

where the second equality is due to result in (A.28) stated in Lemma 10.
Next is the second component of Mz Z;, which is Mz Mz~ X; ;. Again, by adding and subtracting and
using Lemma 10, we get '

—1

=T7'?X; _\Mp  Mpow; + T7V2X(M (MF - MFg) w;
=T2X] My, Mpoui + VIO, (337)

_ T71/2X;,_1MF{S~71MF£ui e O (Mﬁ - MF&S,—I) Mpou; + VTO, (657)

— T—1/2X;,—1MF£.,1MF2111‘ + ﬁop (6;/%1) : 3

Finally, by combining the results, we get

TV2ZM vy = T2 ZMpou; + VTO, (03%) , (A.33)
where Z; = |MpoX;, Mpo 71Xi,71}7 which provides the expression given in Proposition 3. m
Lemma 11 Under Assumptions 1-5, as (N,T') 2y 0o such that N/T = ¢ with 0 < ¢ < 00, %7 Zl 1 EFzT‘EFzT
N .
I EpiT£%,iT + o0, (1), where €. = Zj M u; and £F1‘T = ZiMFyul.

29



Lemma 12 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — ¢ with 0 < ¢ < o0, ﬁ Zfil 5FZ.T§;,¢T —

Q= o, (1), where @ = plimy .. >N E (T‘lngpgeiegMngi).

Proposition 4 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — ¢ with 0 < ¢ < 00,

N
1 d
e E EﬁiT%N(O,Q).
vVNT P}

Proof. Proposition 2 and Lemma 12, together with Lemma 7?7, yield the required result. m

Lemma 13 Under Assumptions 1-5, as (N,T) % co such that N/T — ¢ with 0 < ¢ < 0o, Anr 5 A, Byr &
B, where Ay = & L, T ZMp Wi, Byr = £ 5, T712M, Z; and A = limy 1o % 200y B (Air),

B= limN,T*)oo % Zz]\il E (Bi,T)7 Ai,T = T_1Z;MF79WZ‘, Bi,T = T_IZ(iMpqt/)Zi.

Lemma 14 (Lemma 2.2.10 of Van der Vaart and Wellner (1996)) Letzy,---

ables that satisfy the tail bound:

P(|zi] > 2) < 2e L2
i S2exp | —5
. * P 2 a+bz

for all z (and all i) and fized a,b > 0. Then,

E‘ sup x;
1<i<N

gA(bx1n(N+1)+ axln(N—i—l))

for some positive constant A.

Lemma 15 Under Assumptions 2 to 4, and Assumption 7, we have

N
(@) N7'T7H3 7 XM w; — X Mpows || = O (637

=1
N

(b) N7t Z IX; Mg Mg w;— X, Mpo Mpow| = 0, (0n2) -
=1

() sup [T7'XIMp X; — T X, MpoXl| = Op(N'/2637) .

1<i,j<N

s N be arbitrary random vari-

(d) sup T7'X)_ Mg MpMp X —T'X)_Mp MpoMpo X = 0,(NY252).

1<4,j<N

(e) sup |T7'X) Mg Mp X, —T7'X) _Mpe MpoXil| = O,(N'2537).

1<ij<N

Lemma 16 Under Assumptions 1 to 7, we have

(a) Sw 1T XM yi—1 =T X Mpoyi 1|
WA

= Op(NY25%) + Op (NP /AT 7V265.3) + Op(NT 71057 + Op(NVAT12) .
() sup [T7'X; My Mpy; 1 —T'X) _Mpo  Mpoyi |

-1

1<i,j<N

= Op(NY2532) + Op(NPAT7V2632) + O, (NT 71632 + Op(NV/AT71/2).
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Lemma 17 Under Assumptions 1 to 7, we have
(a) sup ||T7'XMpoX; — T E(VIV,)| = Op(NYAT7Y2) 4 O, (NV2T7Y),
1<i<N v

(b)  sup [[T7'X} _Mpo MpoMpo X; 1 =T 'E(V]_;V,; 1) = O, (NVAT=Y2) 1 O, (N'/2171),
1<i<N e A ,

(¢) sup |T'X| My MpoX; — T E(V V)| = O,(NVIT"V/2) 4 0, (N7 1),
1<i<N i * ’

o0
(d)  sup [|T7'XMpoyi, 1 —T 'Y E(ViVi_ OB | = Op(NAT712) 4 Oy (NV2T7).
1<i<N o

() suwp 77X, Mo Mpoyis =T~ 3" B(VL (Vi )Bipi | = Op(NT71/%) + 0,(N' 1Y),
=t= ‘ s=1

Lemma 18 Define

)

A (TIXZ T IE(VIV_)B;,  TTIE(VIV;)
T L T BV Vi )8 TTHE(V] V)

s=1 M4
B — TﬁlE(V;VZ) TﬁlE(V,/iViﬁfl)
ST A\TYE(V; Vi) T'E(V Vi)
under Assumptions 1 to 7, we have
2! z2-12 2! 2-1 ~ ~ - ~ ~
(a) EUPN H(Ai,TBi,TAi,T)_lAi,TBi,T - (AQ,TB;,%ALTrlA;,TB;,%H
1<i<

= O,(NYA*T7Y2InN) 4 0,(NY2(InN)>532.)

(0) IEUEN H(A;,TEZQI‘Ai,T)ilA;TB;%H = 0,((InN)?),

(c) IEUEN ||[(AQ,TB;,%ALT)_IA;TBZ% - (A;,TBiT]l‘Ain)_lA/i,TB;]l‘]”

= O,(NY4T=Y2(InN)®) + O,(NY/2T~1(InN)?).

Proof of Theorem 1. By using the expression in (16), the result of Proposition 1 from which \/% Ef\;l Z;ul
tends to a multivatiate random variable and is therefore O,(1), and 4/ %bl ~NT together with 1/%]32 ~t are Op(1)

as T/N tends to a finite positive constant ¢ (0 < ¢ < co) when N and T' — oo jointly. And so, vV NT (éw - 0) =
Op(1), which implies the required result. m

2 o . o -1 N
Proof of Theorem 2. (i) VNT (91\/ - 9) = (A’NTB;,lTANT) A’NTBK,IT (ﬁ sz\il £FiT)
= (A/BflA)*l A'B! (ﬁ vazl €FiT> + 0, (1), by the results of Proposition 2 and Lemma 13. Next, by
the result of Proposition 4, we have vV NT (é;v - 0) 4 N (0,%), as required. (ii) ¥ — ¥ = o, (1) follows

immediately from Lemmas 11, 12 and 13. =

Proof of Theorem 3. Under Assumptions 1-5, noting 1211 =u;,—W; <5IV2 — 0) we have ﬁ Zi\il Z;MFy 121Z =
AN M wi— Ay VNT (5m _ 0). Since vNT (5m _ 0) = (AA) A0 Y ZiM e,
+ 0, (1) by Corollary 1 and defining L = Q7 /2A of rank(k + 1) we have Q;}/Zﬁ >N M o =

M, Q12 = SV Z;Mpoe; + 0, (1) with My =T, — L (L’L) "' L/ whose rank is k — 1, which yields

. ﬁ;MFy Zfl;,lT PR Z;MFyﬁ, <4 Xi_, as required. m

Proof of Theorem 4. By Proposition 3 T_l/QZ;Mﬁxui = T_l/zngpgui +o0p,(1) as (N, T) 2y o0 as N/T = ¢
for 0 < ¢ < co. It is immediate that, under Assumptions 1-8, for each i, T~'/2Z/u; 4N (0,3;). A similar line of
the argument in the proof of Lemma 7 ensures that ALT — ALT % 0 and BLT — ]~3¢,T B oasT — oo, and togther

with Assumption 8 we see that plimr_o A; 7 = A, and plimy_,o B; 7 = By, thus the required result follows. m
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Proof of Theorem 5. Note that the instrumental variable (IV) or two-stage least squares estimator of 6; is
2! 2—1z2 27 2-1

OA]VJ‘ . (Ai,TBi,TAi,T)71Ai,TBi,Tgi,T7 then we have

N N N
Orvyg—0=N""! Z(OIW -0)=N"" Z(er,i -0,) +N_IZ771‘

i=1 i=1 i=1

where the first term is

1N =R 1N 2/ a2—12z2 ¥ 2 —1 15
N~ Z(alw —0;))=N" Z(Ai,TBi,TAi,T)_ A, B, (T ZMp, ;)
i=1 i=1
N -~ ~ ~ ~ o~
— —1Z(A;TBZ}ALT)_1A;7TB;}(T_1Z§MF3ui)
i=1
N

Al a—1 A

+ N7t Z {(Ai,Tﬁi,TAi,T)ilAi,TBi T — (A;TB’L_%A7T)71A;TB’L_71{| (TﬁlZ;iMF,S ui)

2! a—12 2 ~ ~ ~ ~ ~ “

+NY {(ALTBZ-’TAZ-,T)‘lAZ—’TBLT - (AQ’TB;}AZ-,T)*A;TB;H (T'ZMj u; — T Z M pow;)
=1
N -~ ~ ~ -~ ~

+ NN (AL B A ) AL B (T ZM p ug — T Z M pou,)
=1

=G1+ Gy + G3 + Gy

We first consider the terms Ga, Gs, and G4. With Lemma 15 (a)-(b), we have

N
NI T ZM g v — T ZMpows || = O, (537) (A.34)
i=1

With the above facts, Gs is bounded in norm by

a2l 2—-1z 2 —1

N al - ~ ~ ~ ~
N~ Z IT' ZiMpowi| - sup ||(A,; 7B, 7A; 1) ' A, 7B, r — (Al v B rAir) 'Al +B 7
= i 1<i<N ’ ’ ’ ’
=0, (NYAT7'InN) + O,(NY*T~2(InN)®5 %)

Analogously, with (A.34), we can show that Gz = O,(NY4T~Y2InNdy2) + O,(NV2(InN)%5y7) and Gy =
O,((InN)26,2). Consider G;. Define

! _V'FO (VR0 —1]0/ )
Hy; = Yz‘Fy'Yyi Hy; = / YZFI(EIQJ Fw)o F{f‘ygyl
Vi—1Fyvyi) =V i F, (FY o Fo )T FY L Fyyy )
Vie ~VIFO(FVE) Y,
Hs; = (V/'7_1€i) Hai = (—Vg,1FO-,—1(Fgl,—1F2,—1)_lF2/,_1Ei ’

x

.. — 0 M. — 0
i V;,flPFng'Yyi e _Vé,—ng,—l(ng—ng,—l)_ngt—IPFgFy7yi ’

Hy; = 9 Hy; = 9
TV Prog; ) 08 T —V§7_1F2)71(F2”71F2771)_1F2”71PF25,» ’
with u; = Fy'yyi + €;, we have
N -1 -1
Gy =N"" Z[(AQ,TB;,%ALT) A;,TBi_Jl" - (A;,TBZJ{ALT> A;:,TBZ%](T%Z;:MFQW)

i=1
8 N

1
+3Y Ny (A;’TB;’}ALT) Al B AT Hy,.
=1 =1

With (18), we can show that the first term is O,(NY/4(InN)>T~1) + O, (NY/2(InN)>T~3/2). It’s easy to show that
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the fifth term, the eighth term and the ninth term both are O,((InN)>T~!). For the second term, we have
EIN- 12 (ALrB b Ar)  ALB AT Hy?
-1 -1
—tr(N 2723 B[ (Al;B}Air)  Alp|BiiE|[HGH, B LE[Ar (A)BTAr) )
i#]

+tr<N2T2§:E{(A;TBL%ALT)_1A’ TBZ%E[HhH’M}BlTAZT( ZTBzTA1T> 1})
Aur (Al7B

aur) ]|

_AHNszzN:EQ(A’ B TAlT)_ ALB] @[ (Al TBZTAzT)_ Al By TDvec(E{HMH'M})H
i=1

N
-1
gAHN—QT—2 3 Evec[ (A;TB;}Ai,T) Al B LE {HHH’M} -

N f: |z ([ (AtrBiiar) ALB] o (AlrBian) LB )| EEm)

<ANT?T 2Z:EII B, rAir) Al |PIB; | E(HGHY,) || < ANT2T- QZIIE (HL ) |
i=1 i=1
N T T
<ANT2T2 Y S OS (B |+ 20 B )l + [ E(via Vi )l) < AN
i=1 s=1 t=1
because

‘E(fy,S'Yyi'Y;jfglj,t” < \/Eny,s

PE|v,:l* < A
and
E(HUH’U)
T T
_ ZT:s=1 ZT:tzl (stV DE(E,, s’)’yz’)’yjfl t) Zq 1 Zt 1 E(visv Vi, i) By, s'Yyﬁyjf/ ¢)
23:1 Zt:l (Vz s— 1V )E(fy,97y17yjf1/1, ) 23:1 Zt:l (Vlvs_lvj,tfl)E(fyvg’Y?ﬂ’yyﬂf/ )

which indicates that E(Hy;H ;) = 0 for i # j, then the second term is O,(N~Y27-1/2). Consider the third term.
Note that

Vi ® (V‘FO)Vec[(FO’FO)_lFO’Fy] )
Hy; = vec(Hy;) = yr !
2 = veo(Hai) (vgﬂ- @ (Vi_,F_)vec[(F_,FO )~ 'FY F,]
_ (’7;1- ® (ViFy) 0 ) ( vec[(FYF)"'FY'F, | )
0 Vyi @ (Vé,—1Fg,f1) VeC[(Fg/ﬁng,fl)_ngfle(y]
= Hiq x Hojp.

It’s easy to prove that Hy;;, = O,(1). Following the argument in the proof of the second term, we can prove that
N -1
NS (A;,TB;%ALT) Al B AT Hy, = O,(N~V2771/2),
i=1

Then the third term is O,(N~Y/2T~1/2). Analogously, the forth term, the sixth term and the seventh term can
be proved to be O,(N~1/2T=1/2). Thus, G; = O,(NY*(InN)>T~') + O,(N'/2(InN)>T=3/2) 4 O,(N~/?T~1/2).
Combining the above terms, we can show that

N
N @1y — 6:) = O, (NVA(IN)PT ) + O, (NY2(InN)>T~%/2) + O, (InN)2632).
Note that N=' SN m, = O,(N~1/2), if N3+ /T4 — 0 for any § > 0, we have

N
VN@vie —0)= N3 ", +0,(1)
1=1

and R .
VN(@rvue —0) -5 N(0,%,).
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Next, we consider the consistency of §n~ By decomposition, we have

N
Z(élw —60+0—0v0c)Orvi—0+6—0rvnc)
=1 N N
= Z n; + Z Orvi—0:)(0rv,i — 0. + > (Orvii — 0)m + > _mi(Brvi — 0:)
i=1 i=1
— N(0 - BIVMg) (0 —0rvuc).
Then
s, -5,
. / A ) A TR /
=7 ;(mm —E)+ 3 ; (9”’1' - 0i> (9’”’ - 01') tNC1 ; (9’” - 01-) "
T ACEE 6:) — 510~ 6rvuic) (8~ brvuic)
=]+ +Js.

Easily, we can derive that J; = O,(N~/2), J5 = O,(N~1). Consider J3, which is
N —~
N_1 Z(elv,i - 91)’7;

1 Le, == 1
1> (AsBjAur)  AlBL (T ZMpsu)n]

N
1 al a—1 2 al 2 —1 - - ~
+ N_1 Z [(Ai,TBi,TAZ T)” Az TBl T (A;TBZ%AL )~ 1A/ TBz T} (T_1Z;MF§ui)77;
i=1
1 N a2l a—12 1,\/ 2 —1 , 1 1%/ 157 1rp! ’
+ N_1 Z [(Ai,TBi,TAi,T) A, rBir (A TBl TAz T)” A TB ](T7 Z;Mp u; =T Z;Mpou;)n;
i=1

N
1 1 _
+—N_IZ(A’ B 1A )AL B (T ZM v — T Z M pou; )n).

With sup; <;< v |7, = O,(N'/*), we can follow the argument in the proof of the terms G to Gy, to prove that the
second term is O, (N3/4(InN)>T~1/252), the third term is O,(N3/*(InN)®6 1), the forth is O, (N/4(InN)25 7).
By Lemma 18 (b), the first term is bounded in norm by

N

(N =1 T Z Moy - SHENH(A;,TBZ%ALT) Al B 7l - SUENHmH = Op(N'*(lnN)*T1/2).
i=1 = =

Then J3 = O,(N3/*(InN)>T~1/253) + O,(N3/*(InN)>657) + Op(NY4(InN)2632) + O, (NY4(InN)?T~1/2). I,
is the same order of J3 since it is transpose of Js.
Consider Jz, with (a + b+ ¢+ d)? < 4(a® + b2 + ¢* + d?), it is bounded in norm by

Z ||01Vl - 0 ||

1=1
4 L A N, =
<2l (A;,TB;%Ai,T) Al BT ZMpou,)|?
i=1
4 N 2! 2-12 _1:/ 2—1 , _ L1, o 9
+ N -1 Z H |:(AiaTBZ}TAi’T) Ai,TBz T (A Ai, ) A TBZ T:| (T ZZMF;JU,L)
=1
4 N 2! z2-12 1:/ 2—1 1 15 Leor 2
TN 2 H [(A“TB@TA’FTY AirBir — (Al 7B rAi7) Al 1B, T} (T7'ZiMp v, — T~ ZMpou;)
1=1

4 R
1 > AL B A )T AL o B (T 2 M w — T Z M pow) |12,
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By Lemma 18 (b), the first term is bounded in norm by

N
AN = 1) T ZM oy | - (sup

s (AL B 7 Ar) AL B = Op (V)T
i=1 ==

similarly, we can show that the second term is O, (N (InN)'*T~1557). Following the argument in the proof of
Lemma 15 (a) and (b), we can show that N=1 32 ||T‘1Z§Mﬁxui — T~ Z\Mpou;||? = O,(5y7). Then similar
to the argument in the proof of the first term, we can prove that the third term is O, (N (InN)'9§%) and the forth
term is O, ((InN)*d 7). Then Jo = O, ((InN)*T~1) 4+ 0, (N(InN )T 16 7) + O, (N (InN) 05 33) + O, (InN)*6 7).

o~

Combining the terms J; to J5, we can derive that 3, — 3, = 0,(1). Thus, we complete the proof. Bl

References

Ahn, S., Horenstein, A., 2013. Eigenvalue ratio test for the number of factors. Econometrica 81, 1203—
1227.

Ahn, S., Lee, Y., Schmidt, P., 2013. Panel data models with multiple time varying effects. Journal of
Econometrics 174, 1-14.

Alvarez, J., Arellano, M., 2003. The time series and cross-section asymptotics of dynamic panel data
estimators. Econometrica 71, 1121-1159.

Bai, J., 2003. Inferential theory for factor models of large dimensions. Econometrica 71, 135-173.
Bai, J., 2009a. Panel data models with interactive fixed effects. Econometrica 77, 1229-1279.

Bai, J., 2009b. Supplement to “panel data models with interactive fixed effects”: technical details and
proofs. Econometrica Supplemental Material .

Bai, J., Li, K., 2014. Theory and methods of panel data models with interactive effects. Annals of
Statistics 42, 142-170.

Bai, J., Ng, S., 2010. Instrumental variable estimation in a data rich environment. Econometric Theory
26, 1577-1606. doi:10.1017/S0266466609990727.

Bai, J., Ng, S., 2013. Principal components estimation and identification of static factors. Journal of
FEconometrics 176, 18-29.

Bai, J., Wang, P., 2016. Econometric analysis of large factor models. Annual Review of Economics 8,
53-80.

Bun, M., Kiviet, J., 2006. The effects of dynamic feedbacks on LS and MM estimator accuracy in panel
data models. Journal of Econometrics 132, 409—444.

Carneiro, P., Hansen, K., Heckman, J., 2003. Estimating distributions of treatment effects with an
application to the returns to schooling and measurement of the effects of uncertainty on college.
NBER working paper No. w9546 .

Chudik, A., Pesaran, M.H., 2015a. Common correlated effects estimation of heterogeneous dynamic
panel data models with weakly exogenous regressors. Journal of Econometrics 188, 393—420.

Chudik, A., Pesaran, M.H., 2015b. Large panel data models with cross-sectional dependence: A survey,
in: Baltagi, B.H. (Ed.), The Oxford Handbook of Panel Data. Oxford University Press, pp. 3-45.

Favero, C., Marcellino, M., Neglia, F., 2005. Principal components at work: The empirical analysis of
monetary policy with large data sets. Journal of Applied Econometrics 20, 603—620.

35



Harding, M., Lamarche, C., 2011. Least squares estimation of a panel data model with multifactor error
structure and endogenous covariates. Economics Letters 111, 197-199.

Heckman, J., Stixrud, J., Urzua, S., 2006. The effects of cognitive and noncognitive abilities on labor
market outcomes and social behavior. Journal of Labour Economics 24, 411-482.

Juodis, A., Sarafidis, V., 2018. Fixed t dynamic panel data estimators with multifactor errors. Econo-
metric Reviews 36, 893 — 929.

Juodis, A., Sarafidis, V., 2020. A linear estimator for factor-
augmented fixed-t panels with endogenous regressors. mimeo URL:
https://www.monash.edu/business/ebs/research/publications/ebs/wp05-2020.pdf.

Kapetanios, G., Marcellino, M., 2010. Factor-GMM estimation with large sets of
possibly weak instruments. Computational Statistics & Data Analysis 54, 2655 -
2675. URL: http://www.sciencedirect.com/science/article/pii/S0167947310001532,

doi:https://doi.org/10.1016/j.csda.2010.04.008. the Fifth Special Issue on Computational Economet-
rics.

Moon, H.R., Weidner, M., 2015. Linear regression for panel with unknown number of factors as interactive
fixed effects. Econometrica 83, 1543-1579. doi:10.3982/ECTA9382.

Moon, H.R., Weidner, M., 2017. Dynamic linear panel regression models with interactive fixed effects.
Econometric Theory 33, 158-195.

Moon, H.R., Weidner, M., 2019. Nuclear norm regularized estimation of panel regression models. cemmap
working paper 14/19.

Newey, W., 1985. Generalized method of moments specification testing. Journals of Econometrics 29,
229-256.

Okui, R., 2009. The optimal choice of moments in dynamic panel data models. Journal of Econometrics
151, 1-16.

Pesaran, M.H., 2006. Estimation and inference in large heterogeneous panels with a multifactor error
structure. Econometrica 74, 967-1012.

Robertson, D., Sarafidis, V., 2015. IV estimation of panels with factor residuals. Journal of Econometrics
185, 526-541.

Sarafidis, V., Wansbeek, T., 2012. Cross-sectional dependence in panel data analysis. Econometric
Reviews 31, 483-531.

Sarafidis, V., Yamagata, T., Robertson, D., 2009. A test of cross section dependence for a linear dynamic
panel model with regressors. Journal of Econometrics 148, 149-161.

Westerlund, J., Urbain, J.P., 2015. Cross-sectional averages versus principal components. Journal of
Econometrics 185, 372 — 377. doi:https://doi.org/10.1016/j.jeconom.2014.09.014.

Wooldridge, J., 2002. Econometric Analysis of Cross Section and Panel Data. MIT Press.

36



