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DISTRIBUTION DEPENDENT SDES DRIVEN BY ADDITIVE
FRACTIONAL BROWNIAN MOTION

LUCIO GALEATI, FABIAN A. HARANG, AND AVI MAYORCAS

ABSTRACT. We study distribution dependent stochastic differential equations with irregular,
possibly distributional drift, driven by an additive fractional Brownian motion of Hurst param-
eter H € (0,1). We establish strong well-posedness under a variety of assumptions on the drift;
these include the choice
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thus extending the results by Catellier and Gubinelli [9] to the distribution dependent case. The
proofs rely on some novel stability estimates for singular SDEs driven by fractional Brownian
motion and the use of Wasserstein distances.

CONTENTS

Introduction

Main results

SDEs driven by fBm

Proofs of the main results

Refined results in the convolutional case

Appendix A. Some useful lemmas
References

In this work we consider a distribution dependent SDE (henceforth DDSDE) of the form

1. INTRODUCTION
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X = §+/ Bs(Xs, L(Xs))ds + Wy
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(1.1)

where B : Ry x R? x P(RY) — R? ¢ is an R%valued random variable and W is a R%valued
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stochastic process independent of £. The drift B and the law of (£, W) are prescribed, while the
process X is the unknown and £(X;) denotes the law of its marginal at time ¢.
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Usually in the literature W is sampled as a standard Brownian motion; in this case the DDSDE
is also called a McKean—Vlasov SDE, after the pioneering work [34] where it was first introduced.

The importance of McKean—Vlasov equations is due to their connection to systems of N
particles subject to a mean field interaction of the form

XpN =gy /O By (XN, LN (X)) ds + Wy, LN (XN = %Z S (1.2)
i=1

where (&%, W?) are typically taken to be ii.d. copies of (¢, W) and LV (Xt(N)) stands for the
empirical measure of the system at time t. One expects the DDSDE (1.1) to be the mean field

limit of (1.2) in the sense that, as N goes to infinity, LY (Xt(N)) converges weakly to £(X;) with
probability 1.

Another feature of DDSDEs in the Brownian noise case is their connection to nonlinear Fokker—
Planck PDEs (also called McKean—Vlasov equations) of the form

00+ (Bil-10)0) = 58p,  po = L), (1.3)

which describe the evolution of the marginal p, = L£(X}); in particular, both (1.1) and (1.3)
provide a macroscopic, compact description of the system (1.2), allowing one to reduce its com-
plexity. For this reason, DDSDEs have found applications in numerous fields, see the review [27]
and the references therein; let us also mention their connection to mean-field games [31].

Classical results concerning the well-posedness of the DDSDE (1.1) and the mean-field limit
property go back to Sznitman [44] and Géartner [20]; in the last years the field has witnessed sub-
stantial contributions both from the analytic and probabilistic communities. On the one hand,
new methods based on entropy inequalities [14, 28, 6] and modulated energy methods [41, 42]
have allowed for the rigorous derivation of mean field limits for fairly singular B; while on the
other, DDSDEs with irregular drifts are related to the flourishing field of regularization by noise
phenomena. The latter topic was initiated by Zvonkin [49] and Veretennikov [47] in the case
of standard SDEs, see [13| for a general overview; recently many authors have applied similar
techniques in the DDSDE case, see for instance |5, 35, 40, 10, 25].

Contrary to the previously mentioned works, here we will study DDSDEs in which W is
sampled as a fractional Brownian motion (fBm for short) of Hurst parameter H € (0,1). Our
main reasons for doing so are the following:

1. It was shown in [11], revisiting the ideas of Tanaka [45|, that for Lipschitz B the mean-
field limit of (1.2) to (1.1) holds for any choice of the process W, regardless of it being
Markov or a semimartingale. In particular the DDSDE has a physical meaning and still
provides a compact description of a much more complex system of interacting particles.

2. Several regularization by noise results for standard SDE are available for W sampled as
an fBm (or similar fractional processes), see [37, 9, 32, 1, 3| for a short selection.

In light of Point 2. above, it is natural to expect similar results to hold for DDSDEs with
singular (possibly even distributional in space) drifts and W sampled as an fBm; by Point 1.,
they are relevant in the study of particle systems with singular interactions (for instance with a
discontinuity at the origin, as typical of Coulomb and Riesz-type potentials).

Let us mention that there is a certain degree of arbitrariness in choosing W to be sampled
as an fBm, as one could consider other non-Markovian, non-martingale processes. We believe
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our choice to be simple enough while at the same time representing what one might expect for a
larger class of processes (e.g. Gaussian processes satisfying a local non-determinism condition).
In this sense, this work also serves as a comparison to the results from [19], where we explored
in detail the DDSDE (1.1) in the opposite regime where no assumption whatsoever is imposed
on W, thus no regularization can be observed.

Despite the above motivations, singular DDSDEs driven by fBm (or similar fractional pro-
cesses) so far have not received the same attention as their Brownian counterparts; to the best
of our knowledge, the only previous work treating these kind of equations is [4]. After the first
version of this manuscript came out, a different approach based on relative entropy methods has
been proposed in [21].

One possible reason for this is the substantial new difficulties presented by such equations: fBm
with parameter H # 1/2 is neither a Markov process, nor a semimartingale, so techniques based
on Itd calculus are not applicable. This includes in particular the connection to parabolic semi-
groups, the martingale problem formulation and the use of Zvonkin transform (or It6—Tanaka
trick), all techniques used extensively in the aforementioned works in the Brownian case. It
also prevents the use of standard arguments, which typically rely on establishing uniqueness of
the law p; = £(X;) through PDE analysis of (1.3) and then fixing the law in the DDSDE and
treating it as a standard SDE.

Treating DDSDESs driven by fBm thus requires a novel set of tools and ideas; our strategy in
this paper builds on the work of Catellier and Gubinelli [9], which represented a major break-
through in the study of standard SDEs driven by fBm of the form

t
Xt:§+/0 bs(X)ds + W, (1.4)

Therein the authors develop a pathwise approach to the equation, based on monlinear Young
integrals and Girsanov transform, that allows to give meaning to (1.4) and establish its path-
by-path uniqueness, for drifts b of poor regularity, possibly even distributional. Their results
and techniques have been revisited in subsequent works [17, 23, 18, 22]; in general it suffices to
require
. 1 1 .
CeHCOINCLCS witha >1— 5 if H>1/2

see for instance Theorem 15 and Corollary 2 from [17]. Here BS, ., denote Besov-Holder spaces;
see Section 1.1 below for the relevant definitions and notations in use throughout the article.
For the sake of exposition, let us ignore for the moment the additional time regularity required
in (1.5) in the case H > 1/2, since it is mostly of a technical nature; then condition (1.5) roughly
amounts to the drift b enjoying a spatial regularity B, ., with @ > 1 —1/(2H). Observe that
for all H € (0,1) this includes values o < 1/2, while for H < 1/2 we are even allowed to take
a < 0, namely distributional b. To the best of our knowledge, no work after [9] has improved on

the allowed range of a.
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With the above theory at hand, we can interpret the DDSDE (1.1) by rewriting it as
t
Xo=6+ / B(Xs)ds + W, By() i= Bu(- £(X0)):
0

namely, X solves the SDE with drift b, in the Catellier-Gubinelli sense, where b depends in
a nontrivial way on the law of X itself. This interpretation comes with a natural fixed point
formulation: given a process X, we can associate to it a “flow of measures” pu; = £(X;) and a
drift b} := By(-, ut), then solve the associated SDE, which gives a new process Y = Z(X); thus
X is a solution to (1.1) if and only if it is a fixed point for Z.

Alternatively, one could start with the flow of measures p. = {4 }¢cpo,7] and set up the fixed
point procedure for this object, by defining J(u.)r = L£(X;) for X solution to b*. These two
interpretations are in fact equivalent: once u. is completely determined, the DDSDE reduces to
a standard SDE with fixed drift b*, to which the previous results can be applied; see Lemma
4.4 for more details. Throughout the article we will exploit both interpretations whenever useful.

Given the above interpretation, we need two main ingredients to develop a solution theory:

1. Firstly, B must have the properties that b* satisfies (1.5) for any p. of interest and that
the solution-to-drift map X (— p.) — b* is Lipschitz in suitable topology.

2. Secondly, we must develop stability estimates for the drift-to-solution map b+ Y, in an
appropriate topology that complements the stability of u +— b*.

Once these points are established, the contractivity of the overall map X — b* — Z(X) follows.

There are however major problems with the program outlined above; to describe them without
too many technicalities, let us consider here the most relevant case B(u) = f * pu + g for time
homogeneous f,g € By, ., @« > 1—1/(2H). In this case, the map y — b* is naturally Lipschitz
in the total variation topology, in the sense that

1B(u") = B(u?)lBg, .. S lln' = 12 lrvs

however due to the lack of an underlying parabolic PDE (1.3) (and the associated maximum
principle) in the fBm setting, it is not obvious how to control the drift-to-solution map b +— Y
in this topology, i.e. how to bound [|£(Y}!) — L(Y}?)||7v as a function of |[b* — b?| pe __.

One of the main intuitions of the current work, which allows us to overcome this difﬁculty, is
the understanding that although the regularity B, , is needed in order to solve the SDE (1.4),
one may establish stability estimates in the weaker norm Bg‘o_c}o Roughly speaking, given two
solutions X', X2 to (1.4) associated to different initial data and drifts (£¢,b%), for any p € [1,00)
we have

1/p 1
E[ sup X} - X2P| " SB[l 2]+ ! - 62l ey (1:6)
te[0,7 ’

see Theorem 3.13 and Corollary 3.17 for the rigorous statements. This property is naturally
analogous to standard ODE theory, where solvability requires b Lipschitz, but stability estimates
are in the supremum norm.

In our setting, it implies that B only needs to enjoy some multiscale regularity of the form

IB(WBs, . 1. 1B(1') = B()llga-r < d(p', 1)
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for another notion of distance d(u!, u?), possibly different from the total variation one. The right
choice for d turns out to be the family of p-Wasserstein distances dp(/utl7 1?2), which complements
the bound (1.6) thanks to the basic property d,,(L£(X}), L(X?)) < E[|X} — X2[P]V/P.

Overall, the newly found stability estimate (1.6) and the use of Wasserstein distance allow us
to fulfill Points 1.-2. outlined above and to solve the DDSDE (2.1) for a large class of drifts B,
see Theorems 2.4 and 2.5 for the precise statements; this includes the case B(u) = f*xu+g
mentioned above.

For the sake of this preliminary discussion we have ignored the time regularity requirement
in (1.5), but it does indeed play a relevant role, making the proofs a bit more technical and
requiring us to treat the cases H > 1/2 and H < 1/2 slightly differently; see Section 4 for more
details.

Let us stress that, since we are not allowed to use the same tools as in the Brownian setting,
our results are not optimal for the choice H = 1/2, sharper ones being available for instance in
[40, 25]. Nevertheless, they still provide some new insights, with the stability estimate (1.6) being
new in this setting as well. This also partially answers the ongoing debate from [40, 25, 26| on
whether the drift B should be taken Lipschitz continuous in the measure argument p w.r.t. the
total variation distance, the Wasserstein one or a weighted mix of the two: the use of Wasserstein
distance allows the drift to be Lipschitz continuous in the different regularity scale Bg‘ofolo, which

is strictly negative in the regime o € (0, 1), which is admissible in (1.5) for H = 1/2.

A major open problem coming from this work is the mean-field convergence (and associated
propagation of chaos property) of the particle system (1.2) to (1.1), for the class of singular
drifts for which we establish well-posedness of the DDSDE in Theorem 2.4. Our techniques
are currently not enough to give a full answer; recently, several authors have investigated the
Brownian setting using alternative tools based on Girsanov theorem and Large Deviations, see
[30, 29, 46, 24|. Contrary to Itd calculus, these tools are available for fBm as well, thus we hope
they may be of help in future investigations.

Another interesting question posed by the current work is whether our results can be further
improved, in the sense of allowing values of & < 1 — 1/(2H), at least in some special cases.
Theorems 2.6 and 2.7 suggest an affirmative answer for convolutional drifts B(u) = b i, see also
the discussion at the beginning of Section 5; this is in analogy with the Brownian case, where
standard SDE theory requires roughly b € L3°, but the nonlinear PDE (1.3) can be solved for
roughly b € W, bee,

We conclude this introduction with the structure of the paper. In Section 1.1 we introduce
all relevant notations adopted in the paper and recall some well-known facts. Section 2 contains
all our main results and Section 2.1 relevant examples of drifts B satisfying them. We present
in detail the Catellier—Gubinelli theory of SDEs driven by fBm in Section 3, where we prove our
main stability results (Theorem 3.13 and Corollary 3.17 from Section 3.3) as well as some new
auxiliary results on the regularity of the law of solutions (Section 3.4). Sections 4 and 5 contain
the proofs of our main results, respectively Theorems 2.4, 2.5, 2.6 and 2.7. Finally, we have
included in Appendix A a collection of useful analytic lemmas used throughout the paper.

1.1. Notations, conventions and well-known facts. Throughout the article we will always
work on a finite time interval [0, T, although arbitrarily large; we will never deal with estimates
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on the infinite interval [0, +00). We write a < b whenever there exists a constant C' > 0 such
that a < Cb. To stress the dependence C' = C(\) on a particular parameter A, we will write
a <y b. For p € [1,00] and where it will not cause confusion, we write p’ to denote the dual
exponent to p, that is 1/p + 1/p’ = 1, with the interpretation p =1 <= p' = o0.

Throughout the article, whenever not mentioned explicitly, we will consider an underlying
probability space (2, F,P); any o-algebra appearing is assumed to be P-complete. If  has a
topological structure, then B(2) denotes its Borel o-algebra (again up to P-completion).

We denote by Ep, or simply E, expectation w.r.t. P; Given a Banach space F and p € [1, o0],
we will frequently consider E-valued random variables X in the space LgE = LP(Q, F, P FE),
with norm ||X||L§>2 =E[|| X||%]'/? (essential supremum if p = oco).

We denote by Lp(X), or simply £(X), the law of X on E, namely the pushforward measure Po
X! = X#P; more generally, we adopt the notation Fiiu for the pushforward of a measure p under
a measurable map F. Given a measure y € P(Cr),we mention in particular the pushforward
i := eifip where e;(h) = h; denotes the evaluation map, e; : Cr — R

1.1.1. Function spaces on [0,T]. Given a metric space (M, dys), we denote by CrM = C([0,T]; M)
the space of all continuous functions f : [0,7] — M; for v € (0,1), we set CJ.M = C7([0,T]; M)
to be the subset of y-Hélder continuous functions, namely

du (fe, [s)
flyv = sup ————- < o0
L7 ae selor) [t—s[7

If (E,| - ||g) is a Banach space, then CrE and C}.E are Banach spaces with norms

Ifllcre = sup [Ifelle,  flleye = Ifllere + [f]y.e-
te[0,7

In the case E = R" for some n € N, whenever it doesn’t create confusion we will simply use
Cr, CF and | ||, in place of CrRY, CIR?, [1fllcy; moreover for any [s,t] C [0, T we set

[[f]]'y,[a,b] = sup M

s#t€(a,b] ‘t - 8|,y .

Given a Banach space E and ¢ € [1,00], we denote by LIE = L%(0,T;E) the Bochner—
Lebesgue space of strongly measurable f : [0,7] — E such that

T 1
q
\\f\\L;E—( / uftu%dt) < oo

with usual modification for ¢ = oco; as before we write LI, for LIR".

1.1.2. Function spaces on R%. Given d,m € N, we denote by C(R% R™) the space of contin-
uous, bounded functions f : R? — R™, endowed with the supremum norm || f |co; whenever
it doesn’t create confusion we will simply write CY. C® = C®(R%R™), C* = C"(R%R™)
denote respectively compactly supported smooth functions and n-times differentiable functions
with continuous, bounded derivatives up to order n; S = S(R% R™) denote Schwartz functions,
&’ their dual. Given f, we denote by D f its Jacobian, i.e. the collection of first order derivatives
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(9} fi)ij, possibly interpreted in the distributional sense. For a € (0,1), C¢ = C%(R%R™) stand
for the Banach space of Hélder continuous functions, with norm

1flles = I fllce + Ules,  [flee = sup L& =T

r#£yER |z —y|*

The definition of C¢ extends canonically to o € (1, +00) by imposing that f € C¢ if f € C’%aJ
and its derivatives of order |« belong to C’OHLO‘J where |« denotes the integer part of a. We
denote by C} . = loc(Rd R™) the vector space of all continuous f : R — R™ such that ¢f € cY
for all p € CZ°; we say that f* — fin C} if of" — of in CY for all ¢ € C°.

Given o € Rand p € [1,00], we denote by B, = BS, (R% R™) the associated (inhomogeneous)
Besov space, given by distributions f € &’ such that

p
[Wa[r—— (Zn_l 20" An £, > <oo  for pe|l,00)
p,p
supy,> 1 27" [[An fl| Lo < 00 for p=oo

where A,, denote the Littlewood-Paley blocks associated to a partition of the unity. We refer to
the monograph [2] for details on Besov spaces; throughout the paper we will frequently employ
their properties, like Besov embeddings, Bernstein estimates for A, f or the regularity of f x g
for f, g in different Besov spaces. Let us also mention that, although the Littlewood—Paley
definition will be the most relevant for our purposes, Besov spaces admit alternative equivalent
characterizations based on either interpolation or Gagliardo—Nirenberg type integral seminorms,
see for instance [33]. For a € Ry \ N, the spaces Cf and B, ., coincide; however for clarity we
will continue to write Cy for o > 0 and B, , otherwise.

The notations from this section and the previous one can be combined to define C.C%, L2 7Bpps
etc.; similarly, we define C7.Cf. to be the vector space of all f [0,7] x RY — R™ such that
of 6 CLC for all ¢ € C°, with convergence [ — f in CJC. if of™ — of in CLC2. Given
a function f of time and space, D f always denotes its Jacoblan in the space variable only.

1.1.3. Probability measures and Wasserstein distance. Given a separable Banach space E, we
denote by P(F) the set of probability measures over E; we write u™ — p for weak convergence
of measures, in the sense of testing against continuous bounded functions.

Given u,v € P(E), II(u,v) stands for the set of all possible couplings of (i, v), i.e. the subset
of P(E x E) with first and second marginals given respectively by p and v. For any p € [1, 00),

we define
1/p
)= nt ([ =yl mide.an)
mell(u,v) EXE

which is a well defined quantity (possibly taking value +00). By [48, Theorem 4.1, an optimal
coupling m € II(u, v) realizing the above infimum always exists.
Similarly we define P,(E) to be set of p-integrable probability measures; that is, u € P,(E) if

p € P(E) and
1/p
|wm=(ém%mm0 < .
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It is well known that d,(p,v) < oo for p,v € Pp(E) and that (Py(E),dp) is a complete metric
space, usually referred to as the p-Wasserstein space on E; let us stress however that our def-
inition of dp(p, ) holds for all p,v € P(E). We recall that, given a sequence {u"}, C Pp(E),
dp(p™, ) — 0 is equivalent to u™ — p weakly and ||p"™[|, — ||1t]|p, see [48, Theorem 6.9.

Given pu € P(R?), with a slight abuse of notation we will write u € L(R?) (or simply L%)
for ¢ € [1,00] to indicate that p admits a density p(dz) = p(z)dz with respect to the d-dim.
Lebesgue measure, such that p € L.

1.1.4. Fractional Brownian motion. A real valued continuous process {Wy, t € [0,T]} is a frac-
tional Brownian motion (fBm) with Hurst parameter H € (0,1) if it is a centered Gaussian
process with covariance function

1
EWWs] = 5 (It + | — |t = s[*7);

an R%valued process W is a d-dimensional fBm if its components are independent 1-dimensional
fBms. All the results we are going to recall here are classical and can be found in [36, 39).

For H = 1/2, {Bm corresponds to classical Brownian motion (Bm), but for H # 1/2 it is not
a semimartingale nor a Markov process; its trajectories are P-a.s. in C{f ~¢ for any € > 0.

Given an fBm W of parameter H on a probability space (2, F,P), it’s always possible to
construct a standard Bm B on it such that the following canonical representation holds:

t
Wt :/ KH(t,S)dBS
0

where K7 is a Volterra-type kernel and B and W generate the same filtration. Given a filtration
{ft}te[QT], we say that W is an F;-fBm if the associated B is an F-Bm in the classical sense.

Closely related to the canonical representation are a version of Girsanov theorem for fBm (see
e.g. [37, Theorem 2|) and the strong local non-determinism (LND) of fBm: for any H € (0,1)
there exists cg > 0 such that

Var[Wt‘fs] > cplt — s|2HId Vit > s.

The LND property plays a key role in establishing the regularising features of W, cf. [23, 16].

2. MAIN RESULTS

Let us recall that the focus here is an abstract DDSDE of the form
t
X, ¢ +/ Bo(Xoypis)ds + Wiy e = LX) Vit e [0,T] (2.1)
0

where L£(§) = po, € independent of W and W is sampled as a fBm of parameter H € (0, 1).

We want to identify general conditions for measurable drifts B : [0,7] x P,(RY) — B o
a € R, such that we can develop a solution theory for (2.1). As explained in the introduction,
our strategy consists in setting up a fixed point for > b’ := By(ut) — X — i := L(X3).

To this end, the assumptions on B should enforce two facts: for any flow of measures u € C7Pp,
the associated drift b}’ := B;(u) is regular enough to solve (1.4), namely b* must satisfy condition
(1.5); the map p +— b* should be stable in suitable topologies. Last but not least, the eligible B
should include cases of particular interest (most notably B(u) = b* u), see Section 2.1 below.

Corresponding to the above requirements, for H > 1/2 we define the following space:
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Definition 2.1. For o,8 € (0,1) and p € [1,00), let Hp* denote the class of continuous
functions B : [0,T] x R? x P,(R?) — R satisfying the following condition: there exists C' > 0
such that

i. For all (t,z,p) € [0,T] x R? x P,(RY), |By(z, )| < C.
ii. For all (s,t) € [0,7)?%, (z,y) € (RY)? and (p,v) € Pp(RY) x P,(R?), we have
|Be(, 1) = Bs(y, )| < C(Jt = 5| + |z — y|* + dy (1, )).
iii. For all t € [0,T] and pu,v € Py(RY)
B (5 1) — Bt('v’/)”Bgojjo < Cdp(p, v).
Whenever it does not create confusion, we will simply denote by || B|| the optimal constant C'.

Corresponding to the above requirements, for H < 1/2 we define the following space:

Definition 2.2. For o € R, p € [1,00) and ¢ € [1, 0], let G/ denote the class of measurable
functions B : [0,7T] x Pp(RY) — BS , satisfying the following condition: there exists h € L,
such that

i. For all (t,p) € [0,T] x Pp(R?), we have 1Bt(1)| B, . < P

ii. For all (¢, u,v) € [0,T] x Py(R?) x Pp(RY), we have || B(u) — Bi(v)||ga-1 < Mudy(p,v).

Whenever it does not create confusion, we will simply denote by || B[ the optimal constant ||7| g .

Remark 2.3. 1t is readily checked that for a < &, p > p and g < § we have ggvd C GF*. Similarly,
for a« < @&, 8 < B and p > p it holds Hg’& C Hp.

Roughly speaking, we say that X is a solution to the DDSDE (2.1) if, setting b} := B;(L(X%)),
then X is a solution to the standard SDE (1.4) associated to b*, being interpreted in the Catellier—
Gubinelli sense whenever b* is singular; the pathwise theory for singular SDEs will be recalled
in detail in Section 3. All the concepts of strong existence, pathwise uniqueness and uniqueness
in law for DDSDESs then follow from the standard ones, see Definition 4.2 from Section 4.2.

Our first main result is the well-posedness of DDSDE (2.1) under suitable conditions on B; it
can be seen as an extension of [17, Theorem 15| to the distribution dependent case. The proof
of the following theorem is given in Sections 4.1 and 4.2.

Theorem 2.4. Let H > 1/2 and let B € Hf’a for parameters

> 1 ! >0 € [1,00) (2.2)
o i , D ,00). .

Then for any g € Pp(Rd), strong existence, pathwise uniqueness and uniqueness in law hold for
the DDSDE (2.1).
Similarly, let H < 1/2 and let B € GF'“ for parameters
1

1
a>1+Fq—E, aceR, qge(2,0], pell o). (2.3)

Then for any o € Pp(Rd), strong existence, pathwise uniqueness and uniqueness in law hold for
the DDSDE (2.1).
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Given a DDSDE (2.1), we will consider either (£, B) or (ug, B) to be the data of the problem,
where we recall that £(§) = po. As already mentioned in the introduction, the solution X is
entirely determined by the associated flow of measures p € CrPy given by py = L£(X;): once
this is known, the drift b}' = By(ut) is determined as well and so we can reconstruct the strong
solution X (or construct another copy of it on any probability space of interest). For this reason,
it is quite useful to regard u € C1P, to be itself a solution to the DDSDE; the exact equivalence
between p and X will be discussed rigorously in Lemma 4.4 from Section 4.2.

The next theorem provides stability estimates for the data-to-solution map (po, B) — u (re-
spectively (£, B) — X), showing that it is locally Lipschitz. The next theorem is proved in
Section 4.3.

Theorem 2.5. Let p9, vy € Py for some p € [1,00). Then the following holds:

i. For H > 1/2, let B!, B, be drifts in Hf’a with parameters satisfying (2.2) and let M > 0
be a constant such that ||B*|| < M. Then there exists a constant C = C(«, H,T, M, p)
such that, for any g € Pp(Rd), the associated solutions ' € C1'P, satisfy

sup_dy(py s 1) < C(dy(pgs ) + 1B = B?[|oo), (2.4)
te[0,7)
where
IB' = B’lci=  sup (1B (t.p0) — B2(t )l ot

(t,w)€[0,T1xPp

If X', X2 are two associated solutions, in the sense of stochastic processes, defined on
the same probability space, then there exists v > 1/2 such that

1/p
E[IX' X2 0] < CUIE ~ €l +1B' — B, (2.5)

ii. For H <1/2, let B!, B2, be drifts in GP* with parameters satisfying (2.3) and let M > 0
be a constant such that |B'|| < M. Then there exists a constant C' = C(a,H, T, M,p,q)
such that, for any ph € Py(R%), the associated solutions it € CrP, satisfy

Sup, dp(pit, 1) < C(dp(pd 13) + || B — B*[lg.00)- (2.6)
€10,

where

HBl _B2

g 1 2 Ha

o= ([ s 1B ) = BP0 )
0 pEP, 00,00

If X', X2 are two associated solutions, in the sense of stochastic processes, defined on

the same probability space, then there exists v > 1/2 such that

1/p
E(lXx' - X?|P, < C(le" =y, + 1B = B*[lg00)- (2.7)

;07T]}

As the settings of Theorems 2.4 and 2.5 are very general, they do not allow one to exploit
any specific structure of the DDSDE in consideration to obtain sharper results. A prototypical
example of such structure, which arises in many practical applications, is given by convolutional
drifts By(x, p) := (by * pu)(x). The associated DDSDE takes the form

Xt:§+/Ot(b3*£(Xs))(Xs)ds+Wt Vit e [0,T). (2.8)
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As before we allow the drift b to be distributional, at least of the form b € L%Bgip for some
a € R, p € [1,00]; at this stage pointwise evaluation of by * L£(X) is not meaningful, instead we
again interpret the equation in the Catellier—Gubinelli sense.

The heuristic idea behind the next results is that we can use the convolutional structure in a
recursive way: assuming we are given a solution X with sufficiently regular law £(X.), this in
turn leads to an improved regularity for the effective drift b. x £(X.), compared to the original b.
The argument can be made rigorous by establishing a priori estimates and working with smooth
approximations; as a result, we are able to establish well-posedness for (2.8) in situations where
the general Theorem 2.4 does not apply.

In both results we are going to present, we will need some additional regularity for the initial
data g, in the form of an integrability assumption. This is because, as explained in the intro-
duction, the lack of an underlying parabolic PDE prevents us from proving a smoothing effect
at strictly positive times analogous to that of parabolic equations; rather, in order to develop a
priori estimates, we will show that such integrability is propagated by the dynamics.

The next result shows existence and uniqueness of solutions to (2.8) in a suitable class, under
an additional condition on div b, which is by now quite standard since the pioneering work [12].
The proof of the next theorem is given in Section 5.1.

Theorem 2.6. Let H € (0,1), q € (2,00], p € [1,00], p’ its conjugate exponent. Assume that
divb € LLLY and either:

i. if H>1/2, then b€ C&HLEN C%ngp for some a > 1 — ﬁ;

ii. if H<1/2, then b€ LLBY, with 1> a > 1— 57 + ..
Then for any po € L‘gl there exists a strong solution to (2.8), which satisfies

sup [[L(X¢)|[ < o003 (2.9)
te[0,7 ®

moreover uniqueness holds, both pathwise and in law, in the class of solutions satisfying (2.9).

Our second result in the convolutional case is established under L1, L-type assumptions on b;
here instead of relying on a bound for div b, we exploit Girsanov-based arguments to establish
integrability of £(X;). This technique however only works in the regime H < 1/2. Section 5.2
contains the proof of the following result.

Theorem 2.7. Letd >2, H <1/2, (r,p,q) € [1,00)? x (2,00] be such that

d 1 Hd 1
— 4 — < = 2.10
r> o . + ’ <3 (2.10)
Then for any b € LLLY and po € LY, there exists a strong solution to (2.1), which satisfies
sup ||L(X¢)|lpr < oo V7 <y (2.11)
te[0,7] N

moreover uniqueness holds, both pathwise and in law, in the class of solutions satisfying (2.11).

Remark 2.8. Condition (2.10) can be generalized in a way that allows values r < d/(d — 1) and
that applies for d = 1, see Theorem 5.9 in Section 5.2 for more details. We warn the reader
not to interpret Theorems 2.6 and 2.7 as full pathwise uniqueness (resp. uniqueness in law)
statements: in general they do not exclude the existence of irregular solutions X which do not
satisfy condition (2.9) (resp. (2.11)). However, as the proofs show, any solution constructed as
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the limit of smooth drifts b™ — b does satisfy (2.9) (resp. (2.11)), thus it is the only physical
solution to the DDSDE (2.1).

2.1. Examples. To illustrate the variety of situations to which Theorems 2.4 and 2.5 apply, we
provide here several examples of functions contained in G&'* and H),“.

Example 2.9. Let a € R, and for any y € R, b: [0,7] x R — BS o be a measurable map,
be(-,y) = b(y)(-), and suppose there exists h € L. for some q € [1,00] such that

10t ) llBe, o < Pty N1eCoy) = 0e( Y ) pes, < hely — 3| VEE[0,T], (y,4) € R,

Define now another measurable map B : [0,T] x P(RY) — B% . by

B i= [ bl u(n), V(t) € 0.T]x Py(RY)

where the integral is meaningful in the Bochner sense; then B € GF for any p € [1,00).
Indeed, by the hypothesis on b, it is readily checked that

Bl < [ Ioleco)la ) < he ¥t € [0.7], € PCRY),
given p,v € P(RY), let m € P(R??) be an optimal coupling for dy(u,v), then

1Be (s 1) = Bl )l a2, < /de 106, 5) = be (59 ) | pa-1 m(dy, dy') < he /de ly — [ m(dy, dy’)
which implies that
1Bt(s 1) = Bi(, V)l paa < hedi(p,v) < hedp(p,v)  Vp € [1,00).
Example 2.10. Given a, 3 € (0,1), assume that b: [0,T] x R? x R — R? satisfies
e, y)l < C, Ibi(e,y) = bs(a’, )] < O(t — 5|7 + o — 2’| + |y — /)

for some C > 0, uniformly over s, t, x, ', y, y'; we can identify b with the map b : [0, T] x R? —
Cy = BS o given by (t,y) = bi(-,y). Assume additionally that for the same constant C' it holds

1B¢(,y) = be (1)l a1 < C'ly —¥/]

and define B : [0,T] x R x P(RY) — R? by
Bi(e.p) = [ nlo.s) p(ay)

Then B € 7-[5’0‘ for any p € [1,00). The verification of Conditions i. and iii. of Definition 2.1
1s identical to that of Fxample 2.9, so we only need to focus on Condition ii. for p=1.
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Given p, v € P(RY), let m be an optimal coupling for di(u,v), then

Bileap) = Bl = | [ Geagpnta@n) = [ by wlay)

S/ |be(z,y) — bs(2', y')| m(dy, dy’)
RQd

<0le=s +lo a1+ [ ly= v mianay)

< C(t = 5% + 3 — | + dy (11,0)°)
where in the last step we used Jensen’s inequality and the optimality of m.

Example 2.11. Consider now By(-, ) := by * p, where b € L%ngm for some a € R; then
B € G for any p € [1,00).

Indeed, the verification of Condition i. from Definition 2.2 is the same as in Example 2.9,
where now we can take h. = ||b.[ps _ € L. Moreover by Lemma A.7 in Appendiz A, for any

p,v € P(RY) and any p € [1,00) it holds
Bt (-, 1) — B, V)HBgo—’;o = [|b * (0 — V)HB;;Q—,;<> S ||bt||Bgo,oo dp(p, V).

Similarly, given o, € (0,1), let b € 0;502 NCrCY and set By(-, u) = by x p; then B € Hp®
for any p € [1,00).

The verification of Conditions i. and ii. from Definition 2.1 follows from Fxample 2.10, as we
can simply set I;t(ac,y) = b(x —y) and apply the calculations therein to b. Condition i. instead
follows as above from an application of Lemma A.7.

Finally, let us point out that all the computations carry over to the case By(-, ) = b} * ju + b?

for b € LLBY o (resp. b € CYPCONCrCe).

Example 2.12. Let b: [0,7] x R — B% o be as in Example 2.9 and ¢ : R? — R be a globally
Lipschitz with constant [¢]Lip; define B : [0,T] x P1(R?) — B , by

Bi(e) = b, (@), where (.0 = [ (o) (o).

Then B € G for any p € [1,00). Similarly, given b as in Ezample 2.10, with B defined as

above, it is easy to verify that B € Hg’ﬁ for any p € [1,00).

As a prototypical example, one may consider b € BS, , and define

Bi(op) = B ) 1= b(- — (w, 1)) where (1) = /R e p(da)
in which case, similarly to before, it holds B € GI'® for any q € [1,00] (resp. B € Hp'™ for any
B €(0,1)) and p € [1,00).

We highlight that this class of evamples are quite important since B is only defined on Py (RY)
and not on the whole P(R?), thus making the use of other notions of distance between measures
(e.g. total variation morm) more difficult to handle. It can be further generalized to the case
¢ :RY— R™ for another m € N (namely, B is determined by m statistics associated to ju) or to
dependence on p-moments like By(-, 1) = b(-, ||illp) for p € Pp(RY); for p > 1 we can also allow
¢ to grow more than linearly at infinity.
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3. SDES DRIVEN BY FBM

In this section we revisit the theory of singular SDEs driven by fBm, in order to derive useful
estimates to apply later to the DDSDE setting. Sections 3.1 and 3.2 serve as a recap of key facts,
respectively the pathwise meaning of singular SDEs and the regularising properties of fractional
Brownian motion. Sections 3.3 and 3.4 instead provide novel results, Theorem 3.13 being the
most important for our purposes.

Although the material of Sections 3.1-3.2 is strongly based on the works previous [9, 17, 15, 23],
we felt obliged to provide the proofs of several key results for technical but rather important
reasons. On the one hand, the aforementioned works are focused entirely on a pathwise setting,
never establishing clear probabilistic concepts of solutions (cf. Definitions 3.4-3.5 below); on the
other hand, previously singular drifts b € LqTBg‘O’Oo were treated in [9] only in the autonomous
case, while in [17] when they are compactly supported in space. As neither option fits our setting
nicely (consider drifts of the form b = b ;) we extend the results therein to suit our analysis of

DDSDEs.
3.1. Pathwise SDEs as nonlinear Young equations. Consider a standard SDE of the form
¢
X: =Xy —l—/ b(s,Xs)ds+ W, Vtel0,T], (3.1)
0

where b € L%Bg‘qOO with & € R and W is an R%valued fractional Brownian motion.

When « > 0, the SDE has a classical meaning; it can be solved pathwise by standard ODE
theory if b is regular enough, e.g. « > 1. We will say that b is a distributional drift (sometimes
distributional field) if instead o < 0, in which case pointwise evaluation is not allowed, and we
cannot give meaning to the integral appearing in (3.2) in the classical Lebesgue sense.

To deal with distributional drifts, we will employ the nonlinear Young integral framework,
first developed in [9]; to present it, we first need the concept of averaged field.

Let us give an heuristic motivation before going into technical details. In the regular regime
a > 0, if X is a solution to (3.1), by the change of variables 6; := X; — W; we find that € solves

t
0 = 0o + / b(s,0s + Ws)ds. (3.2)
0

Closely related to the above integral is the averaging of the field b along the curve W, namely
the space-time function

TVb(t, x) = /t b(s,z + Wy)ds (3.3)
0

which we call an averaged field; we will write T2Y b(x) := TV b(t,x) — TV b(s, x).

As long as b is at least measurable and bounded, both integrals appearing in (3.2) and (3.3) are
well defined. However, for distributional b, while equation (3.2) breaks down, the averaged field
TWb is still meaningful in the distributional sense, see [17, Section 3.1]; moreover, depending on
the properties of W, T"Wb might even be continuous or (higher order) differentiable in the spatial
variable.

The fundamental intuition of [9] is that the regularity of T"b can be used to give meaning to
(3.2), thus also to (3.1), by reformulating the SDE as a nonlinear Young equation.
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As the next statement shows, given any space-time function A : [0,7] x R — R? and path
6 :[0,T] — R? of suitable regularity, it’s possible to give meaning to fg Ot A(s, 0s) ds also when
04 A is not well defined anymore.

Proposition 3.1. Let v > 1/2 and consider a function A € C’WC’IOC and a path § € CJ.. Then
for any interval [s,t] C [0,T] and any sequence of partitions D,, of [s,t] with mesh converging to
zero, the following limit exists and is independent of the chosen sequence:

t
]C A(ds, 0) = lim D> Aup(Ba)

[u,v]€Dy
We will refer to it as a nonlinear Young integral. Furthermore:
i. The integral is additive: f; A(du, 0,) = [] A(du, 6,) + f: A(du, 8y) for any r € [s,t].
ii. If Ot A exists and is continuous, then fot A(du, 6,) = fg OuA(u, 6,) du.
iii. The map from CJCL_ x CJ to CJ. given by (A,0) fo (du,,) is linear in A and
continuous in both variables. Namely, if A" — A in C'VCZ and 0" — 6 in C}., then
f A™(ds, 07) —>f0 (ds,05) in CJ..

Proof. The statement is a particular subcase of [15, Theorem 2.7]. Il

oc

We provided the statement only for A € (3'76’1 as this setting is sufficient for our purposes,
but let us mention that the theory is more general and allows to consider A € 07 e 0 € Cg
for v +vp > 1. With the above result at hand, we can now define nonlinear Young equations.

Definition 3.2. Let A € C’%C}OC with v > 1/2, 6 € R? we say that 6 is a solution to the
nonlinear Young equation associated to (6p, A) if 6 € C. and

t
@:%5/mm@)vmmjy (3.4)
0

For later use, we provide the following technical lemma; loosely speaking it shows that solutions
to nonlinear Young equations have a closure property.

Lemma 3.3. Let v > 1/2, A€ CJCL . and {A"},en be a sequence converging to A in CJCL ;
suppose that for each n there exists a solution 8™ associated to (6y, A™) and that 0™ — 0 in C7..
Then 0 solves the nonlinear Young equation associated to (6y, A).

Proof. This is a direct consequence of Point iii. of Proposition 3.1. By assumption
—90—1-/ A"(ds,07) Vte[0,T],neN

and we can pass to the limit on both sides thanks to the continuity of (6, A) — [, A(ds,6,). O

We are now ready to explain what it means for X to be a solution to (3.1) when b is distri-
butional but TWb is regular enough: roughly speaking, we impose the condition X = 6 + W,
where 6 solves the nonlinear YDE associated to A = TWb, which is the natural extension of
(3.2). Although so far we have always dealt with a stochastic process W, this is a pathwise
notion of solution, in the sense that for any fixed realization of W (w) such that TW©)p ¢ Cl1CL .
we have an analytically well-defined equation of the form (3.4). This is encoded in the next
definition, inspired by [18, Section 4.3], which contains a more in-depth discussion of various
related concepts.
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Definition 3.4. Let (Q, F,P) be a probability space, (£, W) an R% x Cp-valued random variable
defined on it and let b be a distributional field. We say that another Cp-valued random variable
X on (Q,F,P) is a pathwise solution to the SDE (3.1) associated to (b,&, W) if there exists
' C Q with P() = 1 and a deterministic v > 1/2 such that for all w € €’ the following hold:

i. W@y e CI0L

i, f(w) := X(w) — W(w) € CF;

iii. §(w) satisfies the nonlinear Young equation
t
01 (w) = &(w) — Wh(w) —|—/ TV ©@p(ds, 05(w)) Yt e [0,T).
0

The following definition relates standard probabilistic notions of weak and strong solutions
and of uniqueness to the notion of pathwise existence given in Definition 3.4.

Definition 3.5. Let b be a distributional field, v € P(R¢x C7). A tuple (Q, F,P; X, &, W) given
by a probability space (Q, F,P) and a Cr x R? x Op-valued random variable is a weak solution
to the SDE (3.1) associated to (b,v) if Lp(&, W) = v and X is a pathwise solution associated to
(b,&, W) in the sense of Definition 3.4. We say that X is a strong solution if it is adapted to the
filtration F; = o{&, Ws|s < t}. Weak uniqueness holds for the SDE associated to (b,v) if any
given weak solutions (¢, F¢,IP'; X%, &, W?), i = 1,2, associated to the same data (b,v), satisfy
Lp1(X1) = Lp2(X?). Similarly, pathwise uniqueness holds if any two given solutions (X?, &, W)
defined on the same probability space, w.r.t. the same (b, &, W), satisfy X! = X? P-a.s.

In line with the above definition, we will use the standard terminology that weak (resp. strong)
existence holds for the SDE associated to (b,v) to mean that we can construct a weak (resp.
strong) solution (Q, F,P; X, £, W). In particular, if strong existence holds, then (2, F,P) can be
chosen to be the canonical space, namely with @ = R% x Cp, P = v and F the completion of
B[R x Cr) under v.

Remark 3.6. If b € CrC}l ., then any classical solution to (3.1) is of the form X = W + 6 for
0 € C}; moreover in this case TVb € CLCL . and 9, TVb(t,z) = b(t, z+W,). It then follows from
Point ii. of Proposition 3.1 that in this setting the concept of pathwise solution from Definition
3.4 is equivalent to the standard one. Moreover for b € CpC}  standard ODE theory guarantees
pathwise uniqueness, uniqueness in law and strong existence of solutions for the SDE associated

to (b,v) for any choice of v € P(R? x Cr).
The next lemma provides a simple condition to establish uniqueness of solutions to (3.1).

Lemma 3.7. Let (Q,F,P) be a probability space, (X,&, W) be a triple defined on it such that
X solves the SDE associated to (b,&, W) in the sense of Definition 3.4. If TXWp ¢ C’%Cl

T loc
for P-a.e. w, then any other solution X defined on the same probability space and associated to

(b, &, W) must coincide with it, in the sense that X = X P-a.s.

Proof. The statement is a useful rewriting of [17, Remark 15]. O

Let us stress that, even when the assumptions of Lemma 3.7 are met, pathwise uniqueness
doesn’t immediately follow, unless one can additionally show that X is a strong solution.
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3.2. Regularity of averaged fields and Girsanov transform for fBm. In Section 3.1 we
have treated the SDE (3.1) in full generality, but in the remainder of Section 3 we will deal with
a slightly more specific setting. We will always take W to be an R%valued fBm of parameter
H € (0,1) and £ to be random initial data independent of it; in particular Wy = 0 and v =
LEW) = L(E) @ LW) = pp @ pH for some pg € P(R?), where uf! € P(Cr) denotes the law
of fBm of parameter H € (0,1). Therefore for fixed H we can regard the data of the problem to
be the pair (uo,b); if the initial data ¢ = zo € R? is deterministic, with a slight abuse we will
write (29, b) in place of (dz,,0).

We begin by showing the P-a.s. regularity of averaged fields TWb for W sampled as an fBm.
We continue to make use of the intuitive notation

t
/ b(r,z + W,)dr =T"b,
0

despite the fact that in general these objects will not be defined as Lebesgue integrals; rather they
are random variables defined on (€2, F,P) constructed as the unique limits of f(f b (r,x + W,)dr
for any sequence b™ — b in appropriate topologies. More precisely, for b € LqTBg‘O’Oo satisfying
the assumptions of Proposition 3.8 below, one can consider any sequence b" of smooth bounded
fields such that b™ — b in L7, B 5, for all € > 0.

Proposition 3.8. Letb € LLB%  witha <0, q € (2,00], W be a fBm of parameter H € (0,1);

00,00
suppose (o, q) satisfy
1 1
=1-- H> —. 3.9
gl PR (3.5)

Then for any 4 < ~y there exists an increasing function K (depending on d,T and the above
parameters) such that

E

exp <||b||2n [{/O.b(r,m + Wﬁdr]]%)] <K Vn>0 (3.6)

LYBS o v

uniformly over x € R% and b € Li.Bg b#0.

0,007
Proof. As the proof follows quite closely the ones given in [17, Section 3.3], we only provide
a sketch. Let b be smooth and compactly supported, otherwise one can argue by density; up
to reasoning componentwise, scaling and shifting, we can assume z = 0, b € C*(R%) and
16l 2 po . =1, so it will never appear in the computations in the sequel.

Set Ws(i) = E[W;|F] for Fs = o{W, : r < s}, then by [17, Lemma 5| there exist ¢y, ¢y > 0
such that
t t
/ b(r,W,)dr = / Py ir—s2rb(r, WS(QT)) dr
® ® (3.7)

t gt
+ CH/ / Pr i —up2n VO(r, Wfr)) lr —u/f=Y24dr . dB,

where P; denotes the Gaussian heat kernel, and B; is a standard Brownian motion in R%. In the
following we will drop the constants cg, ¢, as they don’t play any significant role. Thus for any
fixed s < t, it holds

t t
/ b(T, WT) dr = Isl’t + Iit = Isl’t + / Ju,t : dBu
s s
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where

u,r

t t
I}, = / Py opub(r, W) dr,  Jyy = / P2 Vb(r, WD) |y — w712 dr.

Let us show how to obtain exponential estimates for I2, the ones for I' being similar. Going
through analogous computations to [17, Theorem 4], invoking heat kernel type estimates, it holds

t
| Ju,t| 5/ HP\r—u|2HVbr||Lg° lr — u’H—1/2 dr

/Hb IBs, .. Ir —u|ffe= 2 dr

S bl pe, |t —ul /27O = | — 12,

00,00

Applying Burkholder-Davis-Gundy inequality with optimal asymptotic behaviour for large p, we
deduce that

t p/271/p
Enfitrp]l/ps\/m[( / |Ju,t|2du) ] < Jplt—sP

Putting everything together, there exists a constant C' > 0 such that for any n > 0

E[‘“( = swm [ IR

and by Stirling’s approximation the last series is convergent for any n < (Ce)~!. Together with
similar estimates for I'', we conclude that there exists 77 > 0 sufficiently small and C' > 0 such

that
2
exp (17 )

The above estimate together with [17, Lemma 18| implies that for any 4 < « there exist 7 > 0

and x > 0 such that
[exp( H/brW ﬂ)]gm V<. (3.8)

It remains to show that we can improve the above inequality by allowing any value > 0, so that
we reach (3.6). To do so, we will resort to an interpolation trick, similar in style to techniques
already applied in [17, Theorem 15|, |9, Corollary 4.6].

First, observe that if «,q, H satisfy (3.5) and we fix 4 < ~, then we can find ¢ sufficiently
small so that v =1 —1/¢ — (o« —e)H > 1/2 and 4 < ~#%; then by estimate (3.8) (for o — € in
place of o) and linearity, there exist 7 > 0 and x > 0 such that

E[e (WH/OIB(T,WT)dT]r?)] <k VbeLLBLZ,b#0. (3.9)

LqBo‘ S

n

] <Y (O

neN

JEb(r, W, )dr

E
|t = s

<C Vnp<p,s<t.

As before we can assume |[b][ s g =1 and we fix € > 0 as above. Then for any N € N we can
decompose b as
LN | ;2N 1N 2,N
be=0by" 00N, bt =) A, 0PN =) A
J<N >N
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where A; denote Littlewood-Paley blocks. There exists C' > 0 such that

16"Vl L3 o < C27N (02| g pa—e < C27N5

Now for a given n > 0, choose N = N(n) € N such that n < C~222V¢~15 and decompose b as
above; w.l.o.g. we may assume that b>" #£ 0, otherwise the stated estimate is trivial. Clearly
under (3.5) it holds that 4 < 1 — 1/g, therefore setting 8 =1 — 1/q — 4 we have

[[ / b (r, W) drﬂ < L+ TP 0"V g g < O+ T)P27N = Ongy,
0

5

where the estimate is deterministic; combining it with (3.9) applied to b=bp2N , we get

]E[exp <17M) b(r, Wr)drﬂ j)] <E|exp <2n|[/0Ab1’N(r, Wr)drﬂi + 2?7[{/0. b (r, Wr)drﬂ j)]
2

?7] .
S exp (2770]2\[(77)) E exp (HbZJV’q |]:/0' b27N(7“, Wr)drﬂ ~)]
L, B3 &% S v

< exp (2770]2\,(77)) K

where the estimate now holds for all n > 0. O
Corollary 3.9. Let b c L 1B% 00 with a <0, q € (2,00], W be a fBm of parameter H € (0,1)
and let p € (0,1]; suppose (a, p,q) satisfy

1 1

Then for any 4 < 7 there exists an increasing function K (depending on d,T and the previous
parameters) such that

ep< '[[fo (r,z 4+ Wy )dr — [ b(r,y + W,)dr]5
X
’bHLi}BQ |z —yl°

)] <K@ vnp=0  (311)

uniformly over © #y € R and b € L1 B

0,007
TWb e C7°CL°. Suppose now b € LLBY  with a < 1, q € (2,00] satisfying

b # 0; as a consequence, for any € > 0, P-a.s.

loc 00,00
1 1
- >1—-— 3.12
T Hg T 2H (3.12)

then the following hold:
i. There exists ¥ > 1/2 such that P-a.s. TWb € 0701

loc®

ii. There exists ¥ > 1/2 such that for any b',b* € Lq B% . and anyn € N

0,00

E H/O bl(r,WT)dr—/O v (r, W)drﬂ OT]] (/ Hbl_szBa ) r)l/q V1 el0,T].

iii. If H <1/2, a <0, there exists ¥ > H + 1/2 and an increasing function K such that

E [eXp (W’HL:?B%O [[/O b(r, W,,)drﬂ j)

<K(n) ¥n>0,beLLBY .b#0.
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Proof. Given b as above, x # y fixed, define b(t,-) = |z —y| = [b(t, z+-) —b(t, y+-)]; by properties
of Besov spaces

181l g poe S N0lLgBe, ..

Inequality (3.11) follows from (3.6) applied to b, since by assumption (3.10) & = « — p satisfies
(3.5); TY b belonging to C7. “Cl < is a consequence of Garsia-Rodemich-Rumsay lemma.

We now assume (3.12) holds and prove points i.-iii.

Ifb e LTBY ., then Db € LB ) with & = a—1 satisfying (3.5), so we can find p > 0 small
enough such that (&, p) satisfy (3.10) as well. It follows that 7" D,b = D,TWb € C77°CP
namely TWb € C)"°C} , for any & > 0, showing i..

For 7 = T, the statement in part ii. is again a consequence of (3.6) (forx =0 and & = a—1)

and the linearity of b +— TWb. For general 7 € [0,T], define b} = b} 1jo,7)(t) and observe that

o —v? rWy)r| :H/ b= Wodr|

[ [0 =ewar] =[] @ =ewoar]

the estimate for general 7 thus follows applying the one for 7 =T to b,
Finally, in order to prove iii. it is enough to show that

1
y=1-—-+4+aH >H+1/2,
q

as in that case we can find ¥ € (H + 1/2,+) such that (3.6) holds. But the above condition on
«v is exactly (3.12). O

In order to apply Lemma 3.7, we need some information on the pathwise properties of weak
solutions X. From this perspective, techniques based on Girsanov theorem are very natural, as
they suggest that 7Xb may have the same regularity as 7"b. As already mentioned, Girsanov
transform holds for fBm, see [37]; sufficient conditions in order to apply it in our context (in
particular to check that Novikov condition is satisfied) can be found in [17, Section 4.2.2], to
which we also refer for more details on the explicit formula for dP/dQ.

Proposition 3.10. Let (Q, F,{F:}t>0,P) be a filtered probability space, W be an Fi-fBm of
parameter H € (0,1) and h be an Fy-adapted process with trajectories in Cp., v > H +1/2, such
that hg = 0 and

Eplexp(n[h]3)] < K(n) <oo VneR.

Then there exists another probability measure Q, given by Girsanov theorem, such that h + W is
distributed as an Fi-fBm under Q. Moreover P and Q are equivalent and it holds

dP\n dQ\»
5o|(q) + (@) ] !
2[5 + i <oo VneN (3.13)
where the above estimate only depends on the function K.
Proof. Follows almost exactly as the proof of [17, Theorem 14]. O
Remark 3.11. For H < 1/2 and b € L} B, , with (a,q, H) satisfying (3.12), it follows from

Corollary 3.9 and Proposition 3.10 that we can construct a weak solution (2, F,P; X, W) to the
SDE associated to (zg, b), with the property that there exists a measure Q equivalent to P such
that Lo(X) = Lp(zo + W); moreover all the moments of dP/dQ and dQ/ dP can be controlled
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in a way that depends on [|b]| s o __ but not on the specific (zo,b). In particular, the estimates
can be performed uniformly over zo € R? and ||b]| ripe . < M for a fixed parameter M > 0.

Similarly, in the case H > 1/2, given b € E = C22CINCACS for some o > 1—1/(2H), using
the regularity of fBm trajectories it’s easy to check that the map ¢ — b(t, zo + W;) belongs P-a.s.
to C%H ~¢ for any € > 0. Furthermore, reasoning as in the proof of [17, Theorem 15], it can be
shown that there exists v > H + 1/2 and an increasing function K such that

E[exp <77H /0 b(r, zo + Wr)dr‘)iﬂ < K@) <oo ¥i>0.

Therefore also in this case we can apply Proposition 3.10 to construct weak solutions to the SDE.
Moreover the function K only depends on ||b||g, therefore as before all estimates are uniform
over zg € R? and b € E with ||b]|g < M, M fixed parameter.

If both cases, if in addition b is smooth, then the weak solution constructed in this way
necessarily coincides with the unique strong one; thus the above reasoning also provide uniform
estimates for the solutions associated to smooth drifts.

3.3. Stability estimates for SDEs. In light of the above results, in the remainder of Section
3 we will always impose the following assumption on the drift b.

Assumption 3.12. Given H € (0,1), b satisfies one of the following:
o IfH>1/2, thenbe CEHCINb e CLCY for some

S
@ 2H

equivalently, there exists a constant C' > 0 s.t., for all (s,t,z,y) € [0,T]? x R2? such that
b(t,2)| < C,  [b(t, ) —b(s,y)| < C(|t — 5|7 +[& - y|*).
o If H <1/2, then b € L.BS, , for some (a,q) satisfying (3.12).

In both cases we will use the notation ||b||g for E = C3HCONCUCS when H > 1/2, respectively
E = LIBY . when H <1/2.

00,00

We are now ready to present the main result of this section. Its novelty, compared to previous
results like those in [9, 17], lies in the comparison of two solutions driven by different drifts b°,
which gives rise to the term ||b! — szLqTBSo’éo (and not ||b! — b2HLE}Bgo _!) appearing in (3.15).
On a more technical level, we drop slightly restrictive assumptions from previous works, like
working with autonomous drifts as in [9], or compactly supported in space ones like in [17]; let
us also point out that we fill a gap in the statements of Theorem 4.23 and Corollary 4.24 from

[17], which do not cover the case of b € L{BS, , with ¢ < oo and a > 0.

Theorem 3.13. Let W be an fBm of parameter H € (0,1) and let b satisfy Assumption 3.12.
Then for any xo € RY strong existence, pathwise uniqueness and uniqueness in law hold for the

SDE .
Xt =z0+ / b(r, Xy )dr + Wy (3.14)

0
in the sense of Definition 3.5. Given a:é € R and b satisfying Assumption 3.12, i = 1,2, denote

by X' the solutions associated to (x4,b%) and let M > 0 be a constant such that ||b*||g < M for
i=1,2. Let (o, q) be another pair satisfying (3.12) with the same « as in Assumption 3.12 and
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G < q. Then there exists v > 1/2 with the following property: for any p € [1,00) there exists a
constant C > 0 (depending on v,p, M, T, d,q and the parameters appearing in Assumption 3.12)
such that

E[ixt - x|

31[0,7] < C’(|a:(1) — 22|+ ||p - bQHLé(O,T;B&‘,(}O)) VT el0,T]. (3.15)

Proof. We will only treat the case H < 1/2, the other one being almost identical.

Let us first assume b’ to be smooth functions and show that (3.15) holds; in this case by
Remark 3.6 strong existence and uniqueness hold automatically. Moreover by Remark 3.11, there
exist probability measures Q" equivalent to P such that Lgi(X") = Lp(xf + W), with moment
estimates depending on M but not on (z},b?); the solutions decompose as X' = zf) + h! + W*
with hf = 0, h* € C7. with ¥ > H + 1/2 and such that

E[exp (n|[h'|2)] < K(n) < oo Yn>0
where again K depends on M but not on the specific (zf, b").
For any A € [0,1], let us define z} = 23 + A(z} — 23), h* := hZ + A(h! — h2), so that

X2+ AN(X!—X?) = ) +h*+W. By Taylor expansion and elementary addition and subtraction,
the difference Y = X! — X2 satisfies

t 1 t
Y = xf—a? +/ </ Dbt (r,z* + h) + Wr)d)\> Y, dr + / (b' — b?)(r, X2)dr;
0 0 0
let us define
t 1 t
Ay = / / Db (r,xy + b} + Wy )dMdr, by = / (b — %) (r, X2)dr.
0 JO 0

In order to get estimates for Y, it turns out to be useful to reinterpret the above equation as a
linear Young differential equation of the form

t
Y, =Yy + / AgsYs + . (3.16)
0

Indeed for any v > 1/2, we can apply [15, estimate (3.16), Theorem 3.9] to obtain the existence
of a constant C' = C(7) such that for any 7 < T' it holds

1Y lls10.7 < € exp(C(1 + [AP 0, (Yol + (1 + 7)) [¢]0,17)

ST eXp(CTﬂAH?y)ﬂx(lJ - x%)‘ =+ Hw]]'y;[o,r])

and so our task reduces to finding estimates for quantities of the form

Ep[exp(n[A3)], e [I9150]
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We start by estimating ¢, which is the simplest term. Recalling that Lg2(X?) = Lp(23 + W),
by Point ii. of Corollary 3.9 and Cauchy inequality we can find v > 1/2 such that, for any p > 1,

Bl ] = EPH[/O.(I) -0, XQ)dTH 0, TJ ~ e “[/o.(bl —Pn X )dT]] 0] dcgz]
< Eg [((;g;ﬂ P ey [[[ /O ® )X ar]” M] .

. 5 1/2
uBs|[ [ @ -3+ war] Sp 168 = B2 a0 pepamt
0 w[0.7] (0:73B50,00)

In order to get estimates for A, observe first of all that by convexity of z — exp(nz?), it holds
E[exp (n][h*3)] < AE[exp (nl|h'[3)] + (1 = NE[exp (n]|h?[2)] < K(n) < o0

where the estimate is uniform in A and 7; therefore by Proposition 3.10, for any A there exists
a probability Q* equivalent to P such that ,CQ,\(hA + W) = Lp(W); moreover estimates of the
form (3.13) only depend on K and thus on M, but not (z},b"). Therefore by Jensen’s inequality
and Proposition 3.8, we can find v > 1/2 such that, for any n > 0, it holds that

5ol GLAR)) =B e (o] [ [ 0¥t 4w )]

S/OlEp[exp< /Dblrwo—l—h)‘—i-W)]] )]
:/lea@[exp< /Dblrmo—irh’\—irW ]] )d@/\]
/Ep[exp(Qn /Dblra:0+W )dr )] ]E@A[ d@A) ]I/QdA
<

Sm Ep [eXp (%[{/0 Db (r, Wr>drﬂ2)r/2 K(2n)'/2,

v

Putting everything together, we have obtained
Ep[IY]2.1] S Ep[exp(pCTIAL)(Yol” + [¥15..1)]
< 2411/2 » 1/2
S Ep[exp(2pCTIAI)] " (1ol + Ee [, ,]%)
SP,T,M |SU(1] - x%‘p + Hbl b2”Lq 0,7:B% o)

which proves (3.15) for smooth b'.

Assume now we are given o € R% and b satisfying Assumption 3.12; we can find § < ¢, § < oo
such that («, ) satisfy (3.12) and a sequence {b"},, be smooth drifts s.t. [[0"|z < ||b]|g for all
n >1and b"” — bin Lq B& S for any € > 0 (for instance set b" = bx¢)™ with {¢" },>1 a standard
family of mollifiers). Let X " be the unique solutions to (3.14) associated to (zg,b"), then by
(3.15) it holds

1
E[lX" = X™ (B S 116" = 67| g s
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showing that the random variables " = X" — W are a Cauchy sequence in L{,C7.. Therefore
they converge to a unique limit 6, which is adapted to the filtration F; = c{Ws : s < ¢} since 6"
are so. Similarly the X™ converge to X = 0 + W which is adapted. i

The estimates from Corollary 3.9, the linearity of b — T"b and the property 4™ — b in LqTBg‘J_,6

together imply that P-a.s. TWb" — TWb in CJ.CL . Since we have P-a.s. 6" — 6 in C. as well,
we can invoke the closure property of nonlinear Young equations (Lemma 3.3) to deduce that
X =60+ W is a pathwise solution to (3.14) in the sense of Definition 3.4.

Furthermore, by Fatou’s lemma
Ep[exp(n[¢]3)] < liminf Ep [exp(n[6”]3)] < K(1) < oo ¥y > 0;

it follows that Girsanov can be applied to X = 0 + W = 29 + h + W to deduce that X is
distributed as xg + W under another probability measure equivalent to P. In particular, P-a.s.
it must hold TXb € C1CL .. To summarise, X is a strong solution (so that a copy of it can
be constructed on any probability space supporting the measure pf) such that TXb € C%Clloc,
which implies by Lemma 3.7 that pathwise uniqueness must hold. This also implies that the law
of any solution coincides with the one constructed by Girsanov theorem, from which uniqueness
in law follows.

The extension of inequality (3.14) to any pair of solutions X associated to distributional drifts

b" is now a direct consequence of the approximation argument. O

Remark 3.14. At the price of making the statement of Theorem 3.13 slightly more technical, we
have allowed the presence of the additional parameter § < ¢ to handle ¢ = co. Indeed finding

approximation sequences in L%oBg‘;l can be a hard task since this is not a separable space; the

use of Lngﬁ;l with ¢ < oo will also be useful later in the proofs in Section 4.3.

Remark 3.15. Theorem 3.13 gives us the information that, for drifts b satisfying Assumption
3.12, the nonlinear Young interpretation of the SDE is the only physical one. Namely, any other
solution concept sharing the fundamental property of being the limit of solutions associated to
smooth drifts b — b will coincide with ours. The statement of Theorem 3.13 can be further
strengthened to establish path-by-path uniqueness, see |9], however we will not need this for our
purposes.

Remark 3.16. Although we have proved the stability estimate (3.15) in order to apply to DDS-
DEs, it is of interest on its own. Indeed it can be applied to construct the stochastic flow
associated to SDE (3.14), or to develop numerical schemes for distributional drifts b by first
approximating them by smoother ™. We leave both applications for future research.

The next lemmas extend the previous results to the case of random initial data.

Corollary 3.17. Given H € (0,1) and b satisfying Assumption 3.12, strong existence, unique-
ness in law and pathwise uniqueness also hold for random initial data Xg = £ independent of
W. Assume b' are drifts satisfying the assumptions of Theorem 3.13 and (¢',€2) € LP(Q;R??)
is independent of W, then the solutions X' associated to (£',b%) satisfy

1
Ee[IIX" = X220 41" < C(Elle" = 27147 + 18" = 0%l yao ripas)) V7 € 10,T] (3.17)

where the constant C'" and the parameters vy, a q are the same as in‘(3.15). Moreover, denoting by
wy = L(X}) the laws of the unique solutions X* associated to (uf), b*) with L(§', W) = puy @ L(W),
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it holds

tSl[ép]dp(u#M?) < C(dp(ué,ug) + bt = bQ\ILq(o,T;Bgojgo)) V7 e0,T]. (3.18)
€|0,7

Proof. Strong existence and pathwise uniqueness for random initial data follows from that for
deterministic ones by classical arguments. Given a probability space (2, F,P) with (W, ¢!, €2)
defined on it and drifts (b*, %), we can condition on the variables (¢!, £2) independent of W and
apply estimate (3.15) to deduce that

1
Ep [l X" — X2 | €1, €77 < c(ls1 — &+ b - b2||Lq(o,T;Bgof;O));

inequality (3.17) follows taking the L} -norm on both sides, using the tower property of condi-
tional expectation.

Now assume we are given a pair (1, p3) € P(R%) x P(R?) and let m € TI(u, u2) be an optimal
coupling for them. On the canonical space Q = R2? x Cp, endowed with P = m ® uf, we can
construct random variables (¢!, &2, W) and solutions X¢ associated to (£%,5), in such a way that
Lp(E',€2) = m, E[|¢! — &2PP)YP = d,y(ud, u3). But then by the definition of d, it must hold
dp(pt, 1?) < || X} — Xt2||L§’2 and so estimate (3.18) follows from (3.17) applied in this setting. O

Corollary 3.18. Let H € (0,1), b satisfying Assumption 3.12, & random initial data independent
of W and X be the solution associated to (§,b). Then there exists another probability measure Q
equivalent to P such that Lo(X.) = Lp(§ + W.); moreover

EQ[(S(E)” + (%)n} <00 VneN.

Proof. Tt suffices to work on the canonical space (2, F,P) with Q = RIxCr > (z,w), P = po@u’
where g := L£(€). For any x € R?, denote by w ~ X%(w) the unique strong solution associated
to (z,b), so that (z,w) — X% (w) gives the solution to the SDE with initial distribution py. Recall
from Proposition 3.10 that for any = € R?, there exists a probability measure on Cr denoted by
Q?, equivalent to u#, such that Lge (X%) = L i (x+W); therefore for any measurable F' : @ — R

BelF(E€+W)) = [ [ Flat o) (dolpo(ds)
R4 Cr
=[] PO @po(do).
R4 Cr
Thus if we define a probability measure Q on Q = R% x Cr by
Q(Ey x Ep) = : Q%(Ey)uo(dz) VB, € B(RY), Ey € B(Cr),

it must hold that Lo(X) = Lp(¢ + W); since pff < Q7 for every z, P = pff @ p* < Q with
Radon-Nikodym derivative given by

dar ) = dp'!
@™ = i@

(w) for P-a.e. (z,w).
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Exploiting the bounds from Proposition 3.10 (which for given b are uniform in x € R?%) we find

sa[(55) + ()= L [ [de )"+ ()| @ @uotan

fm,b/ 1 pio(dw) < o0
Rd

providing the conclusion. O

Remark 3.19. It follows from the above that for any p € [1,00) and any € > 0

Ep[[X]%_.] < EQ[[[X]]%’_a]l/z Eq [(ig)m] 1/2 < B[] 2 _

In particular, if £ € Pp for another p € [1,00), then Ep[HXH%_a] < 00. As in the case of Remark
3.11, for fixed £ the estimate can be performed uniformly over ||b||g < M.

3.4. Regularity of the solution laws. Although our main interest is the study of DDSDEs,
our analysis also yields results on the regularity of the law £(X;) for the solution to a standard
SDE with singular drift. The method is quite simple but appears to be new and does not rely on
PDE techniques nor Malliavin calculus; rather we exploit Girsanov transform and the averaging
estimates for fBm, in combination with duality arguments.

Proposition 3.20. Let b satisfy Assumption 3.12, X be the solution associated to (§,b) for
random initial & independent of W. Then L(X.) € L3Bf; for dall (&,q) € (0,00) x (1,2)

satzsiymg
—_— = =). 3.19
a < <q 2> ( )

Proof. Observe that if (a,q, H) satisfy (3.19), then we can find ¢ > 0 small enough so that
(—a —2e,q, H) satisfy the assumptions of Proposition 3.8, where ¢ denotes the conjugate of §.
By Corollary 3.18, there exists an equivalent measure Q such that Lo(X) = Lp({+ W), therefore

for any f € L‘TB_E‘_26 it holds

‘/ (for L5(X,)) ds <Ep[1/ st)ds”
SE@[GE) ]UQEQU/OTJC(S,XS)@H v

T 9 1/2
S( Ll [ st Juoan) S 17l poaae

where in the last passage we used the fact that estimate (3.6) is uniform in x € R%.

Using the embedding B, 3_8 — Bgo?‘o?*d/ P B3.% for p < oo big enough, by the du-
ality (L(;/B_S)* ~ L] B}, we deduce that L£(X.) € Lq Bo‘JrE Thus h := (I — A)*2L(X) €
Lipe, , — LI L§7 in order to conclude, it’s enough to show that h € LLLL. Observe that

P
h e L} ([0,T] x R?) and for any ¢ € LqTLgO it holds

T T _
| touhads = [0 - 800, £ ds ST = 80y e S lellg
0 0 T Foc,00 T
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the conclusion then follows from an application of Lemma A.1 from Appendix A. (Il

Proposition 3.21. Let X, b, { be as in Proposition 3.20. Then L(X.) € LLLE for all (¢,p) €
(1,00)? satisfying
1 Hd
S+ 2% Ha (3.20)
q p

If in addition Hd < 1, then L£(X.) € LLLE® for all g € (1,00) satisfying q < (Hd)™*
Proof. Observe that (g,p) € (1,00)? satisfy (3.20) if and only if the conjugates (¢, p’) satisfy
1 Hd
? + ? < 1.
By [32, Lemma 6.4] (more precisely equation (6.11) right after the proof therein) and estimates
based on Girsanov theorem analogous to the proof of Proposition 3.20, we deduce that

[exgas] <z || [0 0| 151,

therefore by duality £(X.) € LLLE if (¢q,p) € (1,00)*. Taking p = o0, ¢ < (Hd)™' (correspond-
ingly p' =1,1/¢' <1 — Hd), we obtain

‘/ (fs, £(Xs)) ds| <

and so we can conclude by Lemma A.2 in the Appendix that in this case £(X.) € LIL. O

4. PROOFS OF THE MAIN RESULTS

We split the proof of Theorem 2.4 into sections, which deal respectively with the cases H > 1/2
and H < 1/2; the proof of Theorem 2.5 is presented in Section 4.3 instead.
We recall to the reader that in this section we will be dealing with DDSDEs of the form

=5+/0t By(X,, L(X,)) ds + W, VYt e [0,T] (4.1)

with the drift B belonging to either G5 or H),"® (cf. Definitions 2.2-2.1) depending on the value
of H € (0,1). The variable ¢ is independent of W and with prescribed law pg € P(R?), thus
depending on the context we will treat both (£, B) and (ug, B) as the data of the problem.

4.1. The case H > 1/2. In this regime we will always consider drifts B € Hp'* with a, 3 > 0
and p € [1,00). In particular here B : [0,T] x R x P,(RY) — R? is bounded and uniformly
continuous in all of its arguments; in this sense, although the concept of solution introduced in
Section 3 does include the standard one by Remark 3.6, we do not employ it here.

Rather, we will simply say that a tuple (X,&, W), defined on a probability space (2, F,P),
such that Lp(&, W) = o @ p*, is a solution to (4.1) if £(X;) € Pp(RY) for all ¢ € [0,7] and the
integral equation (4.1) holds P-a.s. The concepts of strong existence, pathwise uniqueness and
uniqueness in law immediately carry over from the usual ones for SDEs.
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Proposition 4.1. Suppose B € Hf’a with

1 1
H> - 1-—— 1 .
>2, a> 5H p € [1,00)
Then for any ug € Pp(Rd) strong existence, pathwise uniqueness and uniqueness in law hold for
the DDSDE (4.1) with data (po, B).

Proof. We divide the proof in several steps.
Step 1: weak existence. By hypothesis B : [0, T] x R? x P, (R%) — R? is a uniformly continuous,
bounded map; existence of weak solutions on [0, 7] then follows from [19, Proposition 3.10].
Step 2: any weak solution is a strong one. Let X be a weak solution of the DDSDE w.r.t.
(&, W) on a probability space (€2, F,P). Then setting p; = L(X3), b*(t,z) = B(z, put), X solves
the SDE associated to b, which satisfies |b* (¢, z)| < || B|| uniformly over (¢, x). As a consequence

t
dp(prs, i) < [|Xe = Xslrp < / 10 (r, X )|, dr + (|We = Will g, Sp (L IBIDIE = s (4.2)

where we repeatedly applied Minkowski’s inequality; by assumption
0 (¢, ) = 0"(s,y)| = |Bi(, 1) — Bs(y, ps)|
< 1B (|t = s1*" + |2 = y|* + dp(pe, 15)*)
Srp (LB (It = s + [z —y[*),

where we applied (4.2) to obtain the last inequality. Namely, b* satisfies Assumption 3.12,
implying that strong existence and uniqueness in law holds for the associated SDE; therefore X
is adapted to (&, W).

Step 3: reduction to the canonical space. As we are dealing with a strong solution X, we can
regard it as a random variable on the canonical space (2, F,P) with Q = RIxCp, P = po@uf, F
the P-completion of B(R? x C7). Applying the same reasoning to any pair of weak (thus strong)
solutions X!, X2, possibly defined on different probability spaces, we can construct a coupling
(X, X?) of solutions defined on the canonical space and w.r.t. the same random variables (&, W).
If we show that X' = X2, then the equality £(X') = £(X?) follows.

Step 4: pathwise uniqueness on the canonical space. Let us drop the tilde and adopt the
notations uf = L£(X7), bi(t,z) := By(z, ut). It follows from the computations of Step 2 that we
can find M ~ 1+ ||B||? such that b® satisfy Assumption 3.12 with ||b’|| gz < M. We can therefore
apply estimate (3.17) for the choice § = q¢ = oo, together with X} = X2 = ¢, to find constants
v >1/2, C > 0 such that

E|[|Xx' - X2|y§;{07f]]1/p < C sup [[b}(t,) = b*(t )l pas, V7 €[0,T].
tel0,7]
By assumption B € Hf “ therefore
61 (8, ) = 0°(t, )l ger, < 1Bl dp(pgs 117);
combining everything, using again X} = X2, for any 7 € [0, 7] it holds
]1/12

sup dy(pg, i) < TVE[IXT = X300
te[0,7]

< CIBIT" sup dylib i)
tel0,7]
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Choosing 7 small enough so that C||B|| 77 < 1, we conclude that u} = u? for all t € [0,7] and so
that E[[| X' — X?|,,0.7] = 0, L.e. P-as. X' = X? on [0,7]. In light of this, choosing now 7 = 27,
going through similar computations we have

1/p

sup dy(pi, ) = sup dy(pg,pi) < TVE|IX = X3P 0| S CIBITY sup dy(uy, 1)

tel0,7] te([7,27] t€(0,7]
implying that the solutions also coincide on [0, 27]. Iterating the reasoning for 7 = n7 until we
cover [0,T] gives the conclusion. O

4.2. The case H < 1/2. In this case we can allow the drift to be singular, i.e. take values in
BS 00 With o < 0. We start by defining what we mean by solution to the DDSDE in this case.

Definition 4.2. Let (Q, F,P) be a probability space, (X, &, W) be a Cp x R? x Cp-valued random
variable defined on it with Lp(&, W) = L(€) ®@ u*; let B : [0,T] x P, — S’ be a measurable map
for some p € [1,00). We say that X is a solution to the DDSDE (4.1) associated to (&, B) if
p = Lp(X;) € P, for all t € [0,T] and setting b*(¢,-) = By(1¢)(+), X is a pathwise solution to
the SDE

t
X, =6+ / b (s, Xs) ds + Wi,
0

associated to (b*, &, W) in the sense of Definition 3.4. All the concepts of strong solution, pathwise
uniqueness and uniqueness in law are similarly readapted from those of Definition 3.5.

As before, we will consider both (£, B) and (ug, B) to be the data of the problem, depending
on whether we are focusing on solutions on a prescribed probability space or on their laws.
Assume now B € gp’a with

1 1 1
H< - 14— — — 2 1 ; 4.
<y a>lt g-omp a€Z0d) pell ) (4.3)
then to any pu. € CrP, we can associated a singular drift b#(¢,-) = B(t, ut)(+) such that
10#(t, N Be, o < has

where h € L1 is the function associated to B from Definition 2.2. Thus b* satisfies Assumption
3.12 and the associated SDE has a unique solution X by Corollary 3.17; if in addition pg € Pp,
then by Remark 3.19 the map t — L(X;) belongs to CrP,.

Thus for fixed 1o, setting ZH (u). = L(X.), we can define a map ZH° from C7P), to itself; this
map comes with an alternative notion of solution to the DDSDE.

Definition 4.3. Assume B € G'® with parameters satisfying (4.3), po € Pp; we say that a flow
of measures p1 € C7Pp is a solution to the DDSDE associated to (po, B) if it satisfies ZH0 (1) = p.

The next lemma clarifies the relation between Definitions 4.2 and 4.3.

Lemma 4.4. Let B € GI'“ with parameters satisfying (4.3), po € Pp. The following hold:
i. if X is a weak solution to (4.1), then uy = L(X}) is a fixed point for THo;
ii. if p is a fized point for IHO then there exists a strong solution X to (4.1);

1. if there exists at most one fixed point for THO, then pathwise uniqueness and uniqueness
in law hold for (4.1).
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Proof. Point i. immediately follows from the definitions. To see Point ii., assume ZF0(u). = p.
and set b (t,-) = Bi(u)(-); then b* € L] BS ., so by the results of Section 3, we can construct
a strong solution X to the SDE associated to (uo,b"). But then by definition of Z#° it holds
L(X;) = ps and so X solves the DDSDE. It remains to show Point iii.; assume X’ are two
solutions and set u’ = £(X?). Then by Point ii., u’ are both fixed points for ZH0, so u! = u?
and b*' = b*°. But then X’ both solve the SDE associated to b“l, for which uniqueness holds

both pathwise and in law, so the conclusion follows. U

It follows from the above that, in order to show strong existence, pathwise uniqueness and
uniqueness in law for the DDSDE (4.1) in the sense of Definition 4.2, it’s enough to show that
there exists exactly one solution p € C7P, in the sense of Definition 4.3.

Proposition 4.5. Let B € GI'® with parameters satisfying (4.3); then for any po € Pp(Rd) strong
existence, pathwise uniqueness and uniqueness in law hold for the DDSDE (4.1) associated to

(p0, B).

Proof. Define the map ZV : CrP, — CrP, associated to (i, B) as before; in order to show
that there exists exactly one fixed point to Z#°, it’s enough to establish its contractivity.

Given pf € CpPy, i = 1,2, set b® := b*" = B(t, ul); denote by X* two solutions, defined on
the same probability space and with respect to the same data (£, W), to the SDEs associated to
(&,b"), where £(£) = po. By definition of G, there exists h € L%, such that for any 7 € (0,7
we have

Hb% - bg”ngolo < ht sup dp(ﬂ%7ﬂ?)'
’ te(0,7]
Applying Corollary 3.17, using the fact that X} = Xg = £, we can find v > 1/2 and C' > 0 such
that for any 7 € (0,7, we have

1 1
sup _dp(ZH° ('), 7' (?)e) < sup Ep[|Xy — XPP]» < 77 Ep[||XT — X217 7
t€[0,7] telo,7] 10,

1
Tl g2y ‘ 12
<or ([ -1, ar) < Clilg e sw dylud i)
0 00,00 t€0,7]
Choosing 7 > 0 sufficiently small such that C/||h|| r2. 7" < 1, we find that 7" is a contraction
from C([0, 7]; Pp) to itself, so therein there exists a unique fixed point i = ZH°(f1); it remains to
show we can extend uniquely this fixed point to the whole interval [0, T'].

To do this, the classical argument for SDEs would require to restart the equation at t = 7;
however we can’t perform this, as the fractional Brownian motion is not a Markov process. We
can exploit the fact that 7 only depends on C||h|| 12, and not the history of the paths X ¢ nor
to give the following alternative reasoning.

Given 7, i € C([0,7]; Pp) as above, consider £ := {u. € C([0,27];Pp) : plo, = i}, which is
a closed subset of C([0,27]; P,) and thus a complete metric space with the same norm. Since i
is a fixed point on [0, 7], Z*° leaves E invariant; for any u* € E, arguing as above it holds

RS

sup dp(Z° (1), T (%)) = sup dy(TH ('), T (1)) < sup 77 Ep[[| X' — X2
t€[0,27] te(7,27] te[7,27]
<TCNRl supdy(uif i),
t€[0,27]

;[f;?f]]
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It follows that Z#0 is a contraction on F and admits a unique fixed point on it, which is necessarily
the only possible extension of fi on [0,27]. Repeating the argument on [0, n7]| as many times as
necessary to cover [0, 7] concludes the proof. O

4.3. Stability estimates for DDSDEs. The purpose of this section is to provide the proof of
Theorem 2.5, which loosely speaking establishes Lipschitz dependence of the solutions '’ € CrPp
in terms of the data (uj, BY) for i = 1,2.

We assume that we are given drifts B? belonging to ’Hf “ for parameters satisfying (2.2) when
H > 1/2, respectively B! € G&'® for parameters satisfying (2.3) when H < 1/2; in both cases
we denote the optimal constants by || B?||. Given u € P,, we denote by u’ € CrP, the unique
solutions associated to (u}, BY), whose existence is granted by Theorem 2.4.

Finally, for a, ¢ given as above, let us recall the notation introduced in Theorem 2.5:

IB' = B?|loo = sup || B}(v) — B{(v)ll g1,
(t,v)€[0,T]xPp ’

1B = Bl = [ sup 1810 - B0, >/

vePp

and

Proof of Theorem 2.5. Let u' be the solutions as above and set b := B(t, u}). Recall from the
proofs of Propositions 4.1 and 4.5 that if |BY|| < M, then ||b’|p < C(M), E being suitable
spaces for which Assumption 3.12 is met; so we are in a position to apply estimates from Section
3.3. First observe that, by addition and subtraction of B} (u?), we have

Hbtl - b?HBgojgo < HBtl(M%) - BtI(N?)”ng’;@ + Sélg HBtl(V) - BtZ(V)||Bng§O' (4.4)
verp

The argument slightly dlﬂers in the H > 5 Land H < cases, so we will handle them separately.
We begin with H > . Let us choose ¢ < oo big enough so that («, ¢, H) satisfies (3.12); then
we can apply estimate (3.18) to obtain

shl)p]d o (it s 1) Sangr dp(g, 1) + </ IIbl—b2HBa ! )? (4.5)
te|0,7

on the other hand, by estimate (4.4) and the assumption B € H)"® with || B!|| < M, it holds

Ibg — b3l pa-r < M . dy dp(pir, p12) + || B! — B?|| oo
re

Putting everything together, setting f; := supy¢jo 4 dp(pl, u2)9, we obtain

t
fe Sq fo +/ Mif,ds +T|B' — B*|%, Vte[0,T];
0
applying Gronwall to f and taking the power 1/¢ on both sides readily gives

sup dy(ut, 17) < dp(pd pd) + || B — B[l
te[0,7

which is exactly the desired estimate (2.4).
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Suppose now X" are solutions defined on the same probability space, then combining estimate
(3.17) with the ones above we find
1 2)|pl 1 2 1 32
E[| X" — X227 < (1 X5 — X3z, + e 16; — bz |
telo,

S 1165 = Xl + sup dylid i) + 1B = 5]
€ )

SN1Xo = X3y, + dplho, 1) + 1 B' = B? ||
and the conclusion readily follows from d,(u, ud) < || Xg — XOQHLg-

We now move on to the case H < %; for ¢ = oo the proof is the same as above, so we can
assume w.l.o.g. ¢ < oo here. For B* € G@®, it follows again by (4.4) that

by — b?Hnggo < hy sup dp(ui,uf) + sup ||B/ (v) — BE(V)Hng;o7 (4.6)
’ re(0,t] veEPp ’

where we recall that h' € L1, are the functions associated to B given in Definition 2.2. Following
the same strategy as before, by (4.6) and (4.5), fi := sup,cjo dp(pl, p2)9 satisfies

t
ft§f0+/ |hL|9fsds + || Bt — B?||00  Vt €[0,T);
0

by this inequality and the assumption ||h}| Ls, = |B|| < M, we conclude again by Gronwall’s
inequality that

sup dp(py, 1) Sar dp(pg, 13) + [|B — B?||g00
te[0,7

which gives estimate (2.6). The statement for E[|| X' — X?2||}] now follows exactly as in the case
H>1)2. O

We conclude this section with the application of Theorem 2.5 to a particularly relevant case.
Example 4.6. Let H € (0,1), a >1—1/(2H) and set

B cHCcOncdoe for H >

L%OBg‘O’OO for H <

Let B be of the form Bi(t,u) = fi + gi * u for f',g" € E with || f'| g, |¢'|lg < M. Then B
satisfy the assumptions of Theorem 2.5 in P, for any p € [1,00) and estimate (2.4) becomes

N D=

sup dy(pys 1) S dp(pos 1) + 1 = Pl peepo-r + 19" = 621l poe poi -
t€[0,7] T T

5. REFINED RESULTS IN THE CONVOLUTIONAL CASE

In this section we focus on the case of DDSDEs with convolutional structure, namely
t
Xy =¢ —I—/ (bs * Ms)(Xs) ds+ W, = ﬁ(Xt) Vte [O,T] (51)
0

They correspond to the case By(p) = by*xp and can therefore be solved under suitable assumptions
on b (e.g. b € E as in Example 4.6). Due to their specific structure however, as soon as
the associated solution X has a regular law p, its regularity immediately transfers to the drift
bl = by x ut, as the next simple lemma shows.
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Lemma 5.1. Let H € (0,1), b € B, o, fora >1—1/(2H), jio € P1 and X denote the unique

solution to the DDSDE (5.1) with L(&, W) = puo @ ufl. Then X also solves an SDE with drift b*
which belongs to LL-CL.

Proof. Let X be the aforementioned solution, then by the proof of Theorem 2.4 we know that it
solves an SDE with drift b* satisfying Assumption 3.12; applying Proposition 3.20 for the choice
¢ =1in (3.19), we deduce that u € L} B{; for any & < 1/(2H). Therefore by the hypothesis and
Young’s inequality it holds b* = b. % u. € LlTBgoffé for some & > 1—1/(2H) and all & < 1/(2H);
choosing & appropriately gives the conclusion. O

Remark 5.2. Up to technicalities, the proof readapts to the case of time-dependent drifts By(u) =
by * p with b satisfying Assumption 3.12, with the same conclusion that b* € L%FC;.

Lemma 5.1 shows that in this setting the effective drift b* is much more regular than the
original b, to the point that the SDE associated to b* can be solved classically. However in order
to give meaning to the DDSDE, it suffices to know that b* satisfies the weaker Assumption 3.12;
for this reason we expect the criteria coming from Theorem 2.4 to be suboptimal for convolutional
DDSDESs (5.1), as they don’t take into account the different regularity of b and b*.

A partial improvement of those results is given by Theorems 2.6 and 2.7, whose proofs are
presented respectively in Sections 5.1 and 5.2; they rely heavily on general results presented in
Appendix A, especially Lemma A.7 and Corollary A.9. The first provides the basic estimate
[bx (u—v)llBe, . < [1bllBe, ., which is true for all measures y,v € P(R?); while the latter shows
a similar result under additional assumptions on p and v but requiring less integrability on b (in
the sense that b is only required to be in By, instead of ngo). For example, a special case
of Corollary A.9 provides the estimate ||b* (u — V)HB&TQQ S lollBe, dr (s v) (1 + (|l Lal[v||La), as
long as the relation 1 < r/p+ 1/¢ holds.

Before moving further, let us rigorously define what we mean by solutions here, although the
concept is very similar to that of Definition 4.2.

Definition 5.3. Fix H € (0,1); let (Q, F,P) be a probability space, (X, &, W) be a Cr xR% x Cp-
valued random variable defined on it with Lp(&, W) = g ® pff and b be a distributional drift.
We say that X is a solution to the DDSDE (5.1) associated to (ug,b) if setting p; := Lp(Xy),
by := by * g, X satisfies the SDE

t
Xt:§+/ WAX,) ds + W, Vte[o,T],
0

where we additionally require that either:
i. b* satisfies Assumption 3.12 and the SDE is interpreted in the sense of Definition 3.4, or
ii. b* € LLCY and the SDE is interpreted in the standard integral sense.
All the concepts of weak solution, strong solution, pathwise uniqueness and uniqueness in law
are readapted similarly.

A major role in the proofs of Theorems 2.6 and 2.7 is given by the following conditional
uniqueness result.

Proposition 5.4. Let H € (0,1), p € [1,00), p’ its conjugate exponent; let b be a distributional
drift satisfying one of the following conditions:

i. IfH>1/2, thenbe C$MLE and b € CIBS, with a > 1 — 5.



DISTRIBUTION DEPENDENT SDES DRIVEN BY ADDITIVE FRACTIONAL BROWNIAN MOTION 34

ii. If H <1/2 then'b € LEBy,, with > 1~ 557 + g7

Assume furthermore that for a given g € Lgl there exists a weak solution X to the DDSDE (5.1)
associated to (pg,b), satisfying
sup [[L(X.)]],» < oo. (5.2)
t€[0,7] z
Then X is a strong solution; moreover it is the unique one (both pathwise and in law) in the
class of solutions satisfying condition (5.2)

Proof. We handle the cases H < 1/2 and H > 1/2 slightly differently.

The case H < 1/2. First observe that, if X satisfies (5.2), then by Young’s inequality b =
b.x L(X.) € L}.BS, ; in particular b satisfies Assumption 3.12, Definition 5.3 is meaningful
and X is necebbarlly a strong solution.

Now let X, i = 1,2, be two solutions to (5.1) satisfying (5.2); as they are both strong solutions,
by the usual arguments, we can assume them to be defined on the same probability space, w.r.t.
the same (&, W), and we only need to check that X' = X? P-a.s. Moreover thanks to the strict
inequality a > 1 — ﬁ + Hiq here we can assume w.l.o.g. ¢ < co.

For i = 1,2, set ui = L(X}); as b* pu* both satisfy Assumption 3.12, we may apply Corollary
3.17 to find

sup dps(uf, )" < sup E[IX} — X7["] <E[IX" = X2(5] S b* (1" = 1*) [0 o
te[0,T t€(0,7) Tree.00

/ /
S 1Bl g, 17+ 1% 1) < oo

In particular the quantity d,(uj, u?) is finite for any 7/ € [1,00) and any ¢ € [0, T).

We now wish to apply Corollary A.9 from Appendix A to obtain better control on the difference
of the drifts b* u' — b* u?. To do so observe that, under our assumptions on the parameters
(o, q,p), we can find new parameters (s,7) € (1,00)? with s large and r close to 1 such that

d 1 1 r _r 1
—7>1—— 1+-< -4+ —. 5.3
a 2H+Hq +8_p+p, (5.3)
For this choice, set & := « — d/s; by construction the parameters (p,p’,s,r) satisfy the as-

sumptions of Corollary A.9 from Appendix A; its application, together with standard Besov
embeddings, yields

1605 (ot = )l pa-r. S 116 (af = 1) o
1 1
< bl (110 + Nl (i, 153)-

Now since under (5.3) the triple (&, ¢, H) also satisfies (3.12), we can again apply estimate (3.17)
from Corollary 3.17 to find

t
o (ad 142)7 < X0 = X2, S / s k= g S [l i)

Applying Gronwall’s lemma we conclude that d,/(ui, u?) = 0 and so uf = u? for all ¢t € [0, 7).
Thus, X* are solutions to the same SDE and therefore X! = X? P-as.

The case H > 1/2. We argue essentially in the same way, only this time checking that X is a
strong solution starting from the available information on b and £(X.) is less straightforward.
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First observe that Young’s inequality still provides b* € C’%C’g‘, so that by Definition 5.3 the
DDSDE is meaningful in the classical integral sense. In order to check Assumption 3.12 for b#
(which implies X being strong), it remains to show that b+ u € CE2CY for some & such that

1
By addition and subtraction, b — b5 = (by — bs) * s + bs * (¢ — pus); by the hypothesis on b, p,
we can estimate the first term by
1Cbe = bs) * psllcg < Mlbe = sl llpl oy S 1t = s[ 1. (5.4)
Since X is solution to the SDE X; = ¢ + fg b5 (Xs)ds + Wy, for any ' € (1,00) it holds
(1t 1) < |1 Xe = Xll e < 1lb ' pgecn [t — sl + [1We = Wall 1y <

~T

1T |t — S|H.
Now similarly to the case H < 1/2, choose (s,7) € (1,00)? such that
5 dor- Ly rery
a:=oa—— - — - < -+ —;

s 2H’ s p p’
Applying Corollary A.9 and the previous estimate for d,s(pu, ps), we then find

<

e+ (i — )l g, S o (pae, 1s) S I8 — s,

O‘n the other hand, since b € C’%Bg’p and p € L%"Lg/, by Young’s inequality, we have ||b; * (1} —
ps)llBe, . S 1. We can now interpolate between the two estimates: choose § = & € (0,1), so
that 0(& — 1) + (1 — ) = (1 — &)(a — @) > 0, then by the embedding BS, ., < C2 for € > 0,
we obtain
lbe # (= oo 10 (i — g™ Nbe = (1 — ) g S 16— s/

So we conclude that bx* ut € C2CY N CHCY, where by construction & > 1 —1/(2H).

The second part of the argument, concerning the comparison of two solutions X satisfying
(5.2), now proceeds identically as in the case H < 1/2. O

5.1. Distributional kernels with bounded divergence. Proposition 5.4 reduces the problem
of uniqueness of solutions (in a suitable class) to that of establishing their regularity, in the sense
of equation (5.2).

One classical way to show that the condition ug € L is propagated at positive times, which
has been exploited systematically after [12], is to impose boundedness of div b; in the setting of
DDSDEs with general additive noise and regular drift b, an analogous statement can be found
in [19, Proposition 4.3].

Proposition 5.5. Let H € (0,1), ¢ € (2,00], p € [1,00), p’ its conjugate exponent. Let b be a
distributional drift such that divb € LLLS and either:
i. If H>1/2, thenbe C#LEN C%Bg,p for some o > 1 — ﬁ
i. If H<1/2, then b € L}.By, for some o > 1 — o7 + H%;-
Then for any po € LY there eists a strong solution to the DDSDE (5.1) associated to (pg,b),
which moreover satisfies L(X.) € LELE .
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Proof. We start by dealing with the case H < 1/2; at the end of the proof we explain how the
reasoning needs to be modified for H > 1/2.

The case H < 1/2. In this case we can assume w.l.o.g. ¢ < oo; recall that if f™ is a bounded
sequence in L%Bgo,oo, for (o, q) satisfying Assumption 3.12 such that f™ — f in LqTBg‘O}}O, then

by Corollary 3.17 the associated solutions
¢
X =¢ +/ (X ds + Wy
0

converge to the unique strong solution X of the SDE associated to (£, W, f) (we can assume
{X"}n>1 and X to be defined on the same probability space for the same (&, W)).

Given b as in the hypothesis, consider a sequence of smooth, bounded functions b” such that
b* — b in LBy, with || div b”HLlTL;o < |l div b||L1TL;o; let X™ be the solutions to

t
X =€+ / b % L(XT)(X™)ds + Wy,
0

whose existence is granted by classical results (see e.g. |11, Theorem 7|) and set up = L(X]).
By [19, Proposition 4.3], there exists C' = C(||divb[| 1 1) > 0 such that

sup sup |[lpi'll < Cllpoll < oo
neN te[0,T] @ C

As a consequence, each X™ solves an SDE with drift f = b"™ % p™* satisfying

sup (|t S Clbll g ol < oo.

sup || /™| Lapa o S flugnanLqTB?’P ilelll\)?te[o 7]

neN o9nee
In turn this implies by Remark 3.19 that for any fixed ¢ > 0 we have the uniform estimate
sup,, E[[X"]or-<] < oo; since moreover X = & for all n € N, we can conclude by Ascoli-Arzela
that the sequence {X"},>; is tight in Cr. We can then extract a (not relabelled) subsequence
such that £(X™) converge weakly to some p € P(Cr); consequently u — p; in P(R?) for any
t € [0,T], where u; = e and €4 : Cp — R? is the evaluation map. It follows from the uniform
estimates that H'utHLi' < C|lpoll 1 as well.

We claim that the drifts f;* = b} % uj* converge to fi := by * py in LqTBg‘o_,olo. Once this is shown,
by the initial observation the solutions X" must converge to the unique solution X associated
to (&, W, f); then it must hold L£(X;) = ¢, fr = by x L(X;) and so we can conclude that X is a
solution to (5.1) with the desired regularity.

It remains to show the claim; to this end, we set
S = fe =00 (g — i) + (0F = be) % pe =2 g + hil-
By Corollary A.5 in Appendix A, gi" — 0 in B,  for all & < a and a.e. t € [0,T]; the bound
g7 < ”bt”Bﬁ,p(”“?HLg’ + ||’LLt”L£I) and dominated convergence imply that ¢" — g in LB
for all & < . For h™ we have the estimate
i 1% e < sy S Bl g, =0

Hence we have shown the claim and thus the conclusion in this case. .

The case H > 1/2. As in the proof of Proposition 5.4, in this regime £(X.) € L¥LL is not
enough to deduce straightaway that b+ £(X.) satisfies Assumption 3.12; however up to technical
details, the proof is almost the same as above.
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Specifically, we can consider a sequence {b"},, of smooth functions, uniformly bounded in
C’O‘H LENCY 7By p: with divd™ uniformly bounded in L1 L%° and such that 0" — b in Lq By, for
any ¢ < oo. Then exploiting the a priori bound from [19 Proposition 4.3] and the argument
from Proposition 5.4, one can derive uniform estimates for the solutions X" associated to X and
finally pass to the limit with the help of Corollary 3.17.

Alternatively, let us mention that the existence of a weak solution X satisfying £(X.) € LY v

in this setting can be obtained by an application of [19, Proposition 4.4]. O
Proof of Theorem 2.6. It is now an immediate consequence of Propositions 5.4 and 5.5. O

5.2. Integrable kernels. We now restrict ourselves to the case H < 1/2 and drifts b € LqTL’;; in
this setting we can present a second route to establishing existence of a solution with sufficiently
regular law, to which we can apply Proposition 5.4.
Before proceeding further, let us explain why it is reasonable to expect so. By the Besov
embedding LY < Bgo‘féé’ , drifts b € L1L% satisfy Assumption 3.12 if and only if
L L (5.5)
g p 2
however, differently from the class L1B By, for b € LALY it is known after the works [38, 32|
that Girsanov transform (and thus Weak existence and uniqueness in law for associated SDEs)
is available as soon as
1 Hd 1
-4 — < . (5.6)
g p 2
As already seen in Section 3.4, Girsanov transform allows to deduce information on the regularity
of £(X}), which in turn provides higher regularity of the effective drift b for the convolutional
DDSDE. In particular, we may hope that starting from b € LLLY for (¢,p) satisfying (5.6), we
end up with b# € LI LE with (g, p) satisfying (5.5).
At a technical level, we will proceed similarly as in Section 5.1, first establishing uniform
a priori estimates for regular b and then running an approximation procedure. We start by
establishing the recalling and improving the available results on Girsanov transform; as we are
only interested in smooth approximations, for simplicity we restrict to regular drifts.

Lemma 5.6. Let (0, F,P) be a probability space, (£,W) a R? x Cp-valued r.v. on it with
Lp(&,W) = po @ pt for some H <1/2 and let f:[0,T] x R — R? be a globally Lipschitz drift,
f € LLLE for parameters (p,q) € [1,00)? satisfying (5.6); let X be the unique strong solution to

Xy = f—f‘/fs dS+Wt VtE[O,T}.

Then there exists a measure Q equivalent to P such that Lo(X) = Lp(§ + W) and there exists
an increasing function F, depending on H,T,p,q, such that

dP\n dQ\»
EQ[(dQ) ] +EQ[<dP> ] < F(n, HfHLqTL{;) <oo VneN
where the estimate does not depend on pg nor the specific function f.

Proof. For deterministic initial data & = g € R? (equiv. pg = 64,), the statement is a direct

consequence of 32, Lemma 6.7, where it is already stressed that the estimates only depend on
1] Le.zz but not on o nor the specific f. The proof for random initial data ¢ independent of
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W is now identical to that of Corollary 3.18; the estimate not depending on & follows from the
property that || f(zo +-)l|ze 2 = || fllze 2 for all o € R, O

The next lemma shows that the initial regularity of g is propagated at positive times, estab-
lishing useful a priori estimates; the proof is similar to that of Proposition 3.21.

Lemma 5.7. Let &, W, X, f, (p,q) be as in Lemma 5.6 and assume po € L., for somer € (1,00);
then

sup [[Lp(Xt)|pz <oo VFeE(L,r).
te[0,T]

Proof. Fix 7 < r and denote by 7 the conjugate exponent of 7; take £ > 0 such that r'(1+¢) = 7.
Let Q be the measure given by Lemma 5.6 such that Lo(X) = Lp(§ + W); since dP/dQ admits
moments of any order, for any g € C2°(R?), by Holder

(g, £(X0)| < Ellgl (X)) = Eq [|g|<Xt> 35]
<l o] e (25) ]

1
Se Ep[lg/' e (6 + W) | T

1
= (lg|"*=, po * Lp(Wy))THe

where in the last passage we used the fact that & and W; are independent under P. Recalling
that L£(W;) is a probability measure, by Holder’s and then Young’s inequality we arrive at

1 1

1 _1
(g, L] Se Mgl =l 27 o+ LOVDII L < Mlgll ey moll 1 = llgll g ol °

As the estimate is uniform over all g € C°(R%) and t € [0, T], by duality we deduce that

1
sup [|£(X0) 25 Se llmoll 7
t€[0,T

as the reasoning holds for all # < r, the conclusion follows. O

We are now ready to prove the existence of solutions to the DDSDE (5.1) for b € LIL% and
sufficiently integrable pyg.

Proposition 5.8. Let H < 1/2, (p,r,q) € [1,00) X (1,00) X (2, 00] such that

1 1 1 1 1 Hd 1
+Hd<+—1)<—H, -+ — < - (5.7)
q p T 2 ¢ p 2

Then for any b € LLLY and any po € LI, there exists a strong solution X to the associated
DDSDE (5.1), which moreover satisfies L(X.) € LS LY for any 7 € [1,7).

Proof. We pursue the same general strategy as in the proof of Proposition 5.5.
As condition (5.7) only contains strict inequalities, w.l.o.g. we can assume ¢ < oo; consider
a sequence {b"},, of Lipschitz, compactly supported functions such that b — b in Li}L’;,, and
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[|6™]| Loy < ||b]] rorp- It follows from [11, Theorem 7| that for every n there exists a unique
solution X" to the approximating DDSDE

t
X =¢ —|—/ (0F * pg )(XE) ds + Wy, pit = L(X]).
0

In particular, each X™ is also a solution to an SDE with drift f;* := b} * £(X]") and by Young’s
inequality

sup || f"||za zz < sup [0 za 2 < [bl| 2 2
n n
Therefore we may apply Lemmas 5.6 and 5.7 to obtain the uniform bound
sup ||| Leopr < 00
n

forall 7 € [1,7). Applying Holder’s inequality to the integral in time and and Young’s inequalities
to the convolution in space, we find

n n ~
S%p|’b *p HL‘}L@ < o0

for any p < p, where
1 1 1
1+4-—=-+-.
p 1 P
Using the fact that p can be chosen arbitratrily close to p and that the first inequality in (5.7)
is strict, we see that the family {0" * u™} is bounded in L1.L% for parameters (g, p) satisfying
1 Hd 1
+ —<-—-H,;
g p 2
but this is exactly condition (5.5), i.e. the regularity regime in which we know how to solve
the SDE in a strong sense. On the other hand, the uniform bound for ||b"|| Loz and the use of

Girsanov transform allows to derive a uniform bound for E[[X"]g_.] for any ¢ > 0; together
with X' = & for all n this implies tightness of {X"},,, so that we can extract a (not relabelled)
subsequence such that £(X™) = p in P(Cr), puy — pe = etfip for all ¢ € [0, 7).

From here, the argument is almost identical to that of Proposition 5.5: once we show that
b" * u™ — b* p in a sufficiently strong topology, then by Corollary 3.17 the solutions X" will
converge to the unique strong solution X associated to (b * u,&), which must therefore be a
solution to the DDSDE associated to g = £(§) and b. By the uniform bounds on {u"}, and
weak convergence uf — p; = L£(X;), we also deduce that £(X.) € LL” for all 7 < r.

Since by construction " — b in L{LE, uf — py and {b" % pu"},, is bounded in LL.LE for some
(g, p) satisfying (5.5), we can apply Corollary A.6 from Appendix A to deduce that (up to further

relabelling § — € into ) b" = u™ — b in LLLE. Tn light of the embedding LLLE < L BXYP
and Corollary 3.17, this implies the conclusion. Il

We are now ready to prove the main result of this subsection.

Theorem 5.9. Let H < 1/2, (p,r,q) € [1,00) x (1,00) X (2, 00] satisfy (5.7). Then for any b €
LILE and po € L%, then there exists a strong solution X to (5.1), which satisfies £L(X.) € LFL",
for any ¥ < r; pathwise uniqueness and uniqueness in law hold in the class of solutions satisfying
this condition.
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Proof. The proof is based on a (non-trivial) combination of Propositions 5.4 and 5.8.
Under our assumptions, the existence of a strong solution such that £(X.) € LFL!, for any
7 < r is granted; in particular if r > p/, then we can choose 7 = p/ and then assumptions of

Proposition 5.5 in this case are satisfied thanks to the embedding L7.L; < L7.B, > for any € > 0,

giving the uniqueness part of the statement. Up to technicalities the borderline case r = p’ can
be treated similarly, exploiting the embedding L% L5 < L7.B; 3 for some p = p(e) > p chosen so
that 1/F 4+ 1/p = 1.

Thus it remains to study the regime r < p/, equivalently 7’ > p; in this case we can choose
7 < r such that 7/ > p as well. By Besov embedding it then holds

1 1 1 1
LILP < BS  for a:= —d<—):—d<+~—1>;
: T

p 7 P

to verify that b satisfies the assumptions of Proposition 5.4, it then suffices to check that

1 1 1 1
vt )<L
q p T 2

since 7 can be taken arbitrarily close to r, this follows from the first strict inequality in (5.7). O

Remark 5.10. For r > d/(d — 1), condition (5.6) implies condition (5.7). Therefore Theorem 2.7
is a particular subcase of Theorem 5.9.

APPENDIX A. SOME USEFUL LEMMAS

We collect in this appendix several technical lemmas of analytic nature that have been used
throughout the paper. We start with useful facts on the identification of elements of dual spaces.

Lemma A.1. Suppose f € L} _([0,T] x R?), q € [1,00) and there exists a constant C such that

loc
| pa)elta) dide < Cllly
[0,T)xR4 T

for all compactly supported ¢ € L>([0,T] x RY). Then f € LLLL and ||fHLqTL31£ <C.

Proof. Fix M > 0 and set

gt = /Rd F (6 2) | ey < (@) Lpppens d, R(t, ) o= gf'sgn( (8 2) L)y < (2) Ljaj<ars

then by assumption

1-1/q
| tadrar= [ gt aas < cale, = [ lalar)
0,7 [0,T]xRd t ve 0,7

)

namely
1/q

q

Taking the limit M — oo gives the conclusion. ]
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Lemma A.2. Suppose f € L} ([0,T] x R?), g € (1,00) and there exists a constant C such that
[ paelta) dide < Cllly,,
[0,T] xRd T

for all compactly supported € L>=([0,T] x RY). Then f € LILY and HfHLqTLgo <C.

Proof. Fix R > 0 and set D = {z € R?: |z| < R}; we can identify LY, := LP(D) as the subset of

LP(R%) made of functions supported on D, similarly LLLY as a subset of LI.LE. Observe that
for p > 1, Lg:le) - L%LE with ”fHquLl < (Cde)l/p,HfHLq’Lp .
T-D T D

element of the dual of L?F/L%, thus by duality

By hypothesis f defines an

11115 120 < CleaRDYY W' € (1,00).

Since D has finite measure, ||g||Le = limy, oo HQHL% for all measurable g; taking p’ — oo in the
above by Fatou’s lemma we obtain

1fllrgree < C5

as the reasoning holds for any R > 0, the conclusion follows talking R — oo. O

The next statements concern the compactness properties of convolutions, specifically how weak
convergence of measures is enhanced to strong convergence of associated functionals b * p.

Lemma A.3. Let b € L% with p € [1,00) and {u"}, C P(R?) such that u™ — p weakly, then
. n_ _

Jim {b p™ = bk pfpp = 0.
If moreover {p™}y, is bounded in LT, with v > 1, then b pi — b pu in LE for any p € [p,00) s.t.

1411t (A1)
p p T
Proof. Given h € R%, define the translation operator 7, : f ++ f(-+ h) acting on L%. Recall that
any given b € LE is equicontinuous, in the sense that 7,nb — 7,b in L% for A™ — h in R
Since pu" — pu, by Skorokhod’s representation theorem we can construct a probability space
(Q, F,P) and a family of r.v.s {X™},,, X on it such that Lp(X™) = u", Lp(X) = pand X" — X
P-a.s.; it then holds

o " =bs iy = [ [Ele — X7) = blo = X)IP da

< E{/ bz — X™) — bz — X)P dx} = E“]Tan —7xb|[7»
R *

where in the second passage we used Jensen’s inequality. By the aforementioned equicontinuity
it holds ||7xnb — 7xb||;» — 0 P-a.s. and we have the uniform bound |[7xnb — 7xb||» < 2||b][1z,
thus the first claim follows from dominated convergence. )
Regarding the second claim, Young’s inequality gives a uniform bound for {b* u"} in L% for
1+1/p =1/p+ 1/r; combined with convergence in L% and interpolation estimates, we deduce
convergence in L% for any p € [p,p). O
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Remark A.4. In the borderline case of b € LE and {u"}, bounded in L%, then {b * u"}, is a
bounded sequence in Co(R?), which denotes the Banach space of continuous functions vanishing
at infinity, endowed with the supremum norm. In this case it can be shown that {bx u"},, is also
equicontinuous, so by Ascoli—Arzela it converges to b * p uniformly on compact sets.

Corollary A.5. Let b € By, with p € [1,00), a € R, and {"},, C PRY) such that u" — p
weakly, then b u™ — b % u in By,; if moreover {u"}n is bounded in L%, with r > 1, then
bx p" = bxpin By s for any p € [p,0) satisfying (A.1). Finally, if

1 1

-+ -<1,

p T
then b pu™ — bx pu in Bg‘opo for any & < a.
Proof. Observe that Aj(bxu™ —bxp) = (Ajb)*(u"—u), so by Lemma A.3 || Aj(bxpu" —bxpu)|[p — 0
for any fixed j € N. Moreover

1A0) * (" = Iy Sp IABIE, with 32997 Ab[2, < oo
J

therefore by dominated convergence

. n_ P . Oéjp ) n_ D B
li b5 " = bx plfyy = lim D 29| (A50) x (" = o), = 0.

The second statement follows as before by interpolation between convergence in By, and bound-
edness in Bf; with p satisfying the equality in (A.1).
Finally, if 1 > 1/p + 1/r, then condition (A.1) is satisfied for all p big enough; the conclusion

then follows from convergence in Bj ; and the Besov embedding BZ ; — Bg‘o,élo/ P, U

Corollary A.6. Let p,q € [1,00), {b”}n C LALY be a sequence such that b™ — b in LLLE;
moreover let {u", u} € CrP(R?) be such that uf — u; weakly for every t € [0,T] and such that

sup sup [|p"|lzr + sup |[pllrr < oo
neNte[0,T)] t€[0,T)]

for some r € [1,00]. Then b"™ % pu™ — b* u in LqTLg for all p € [p,00) satisfying (A.1).

Proof. 1t suffices to show that " % u" — b* p in L%Lg; once this is done, convergence in LqTsz
follows as usual by interpolation and boundedness in L.L%, which comes from the assumptions
and Young’s inequality. It holds

[6" * ,UnHLqTL'; <™ —b) * MnHLqTLf; + [[o* p™ — b * M||L‘1TL£
where we can estimate the first term by |[|[(b" — b) * p"(|pa 2 < [|b" — bl|p2 2 — 0. For the
second term, by Lemma A.3 and the assumptions it holds ||b * (pi" — pt)||» — 0 for Lebesgue

a.e. t € [0,7], as well as ||by * (i — p1¢)||zp < 2||b¢||p; thus by dominated convergence we infer
||b*u”—b*u|\LqTL§—>0aswell. O

Lemma A.7. For any p € [1,00) and o € R there exists a constant C = C(«) such that
16 (1 = V)l o=z, < ClbllBg, . dp(psv)

for allb € BY . and p,v € P(RY).

0,00
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Proof. It’s enough give the proof for p = 1, as the general case follows from dy (1, v) < d,(,v); we
can assume d (i, v) < oo, otherwise the inequality is trivial. By Bernstein estimates, reasoning
on Littlewood-Paley blocks, we have

5% G = )l s, = sup {27V AD) x (1 =)z}
< sup {277V (| A yy1.00 } da (1, v)

S sup {27 Anb||zee } di(p,v) = [bllBe. . di(p,v)
n
which gives the claim. O

The last statements we are going to provide concern the continuity of the map u — b* p in
suitable topologies. Their proof require the use of maximal functions and their basic properties,
which we recall first; we refer the interested reader to [43| for their proofs.

Given b € LP(R?), p € [1, 0], its maximal function Mb is defined by

1

Mb(x) :=su / b d
@ =y [ bl

where A4 stands for the Lebesgue measure of B(0,1) in RZ. It is well known that if p € (1, 00],
then M f € LP(R?%) and

[ Mbllp < capllblly

for some constant cg;, > 0; similar definitions and properties hold in the case of vector-valued
drifts b € LP(R%R™) (in which case ¢ = cqpm)-

If b € WHP(R? RY), then there exists a Lebesgue-negligible set N C R? and a constant cq > 0
such that the Hajlasz inequality holds:

[b(a) = b(y)| < calw —y| (MDb(x) + MDb(y)) Va,y€R\N. (A-2)

The above and similar inequalities (see [8, 7] for recent asymmetric extensions) allow to control
the map p — b * p in Wasserstein spaces.

Lemma A.8. Let (p,q,7,5) € (1,00)* be such that r < pA s and

1
1+-<t4 (A:3)
s P q
Then there exists a constant C, depending on d and the above parameters, such that for any
be Wé’p and p,v € L it holds
1/r 1/r
b5 (1= D)l < ol (Il + IW1EE) G, )
Proof. If d(pu,v) = +oo the inequality is trivially true, so we can assume d,/ (u,v) < o0
moreover since pu,v € LE for any G € [1, 4], w.l.o.g. we can assume equality holds in (A.3).
Let m € II(u, v) be an optimal coupling of (u,v) for d.(u,v) and let N C R be as in (A.2);
since p, v are absolutely continuous w.r.t. Lebesgue, it holds that m((N x R%) U (R4 x N)) = 0.
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Therefore we can apply (A.2) for any fixed x € R? to find

e =)@l = | [ oo =) = bla = )] micy. =)

< / ly — 2| (MDb(z — y) + MDb(z — 2)) m(dy, dz)
R2d

IN

</de ly — 2| m(dy, dz)) 1/r! (/de |MDb(z — y) + MDb(z — 2)|” m(dy, dz)) 1/r
=) [(/Rd MDY= y)|ru(dy)>l/r + (/Rd | M Db(x — z)|TV(dZ))1/T].

Observe that
([, Db = pruan) = (2007 /o)
and by assumption (A.3) and Young’s inequality it holds
1M Db % )"z = [1MDB]" 5 gl S WMDB| ) Nl = 1M Dbl g Il

Together with a similar estimate for [M Db|* v and the property |[M Db|[» < [|b]|,;1.», combining
everything we arrive at

1 1
16 (1= )|z < MBIy 20 (] /T+ vl /r) dpr (1, v)
which is the claim. O

Corollary A.9. Let o € R, (p,q,r,s) as in Lemma A.8. Then there exists a constant C,
depending on d and the above parameters, such that for any b € By, and p,v € L

1/r 1/r
b (5= )l ot < Clbllg, (1l + 1115 ) d (o)

Proof. Let A;b denote the Littlewood-Paley blocks of b, then Aj(bx (n—v)) = (Ajb) * (n—v).
By the previous lemma and Bernstein estimates, one has that

10A50) * (= )lls S 1458l 1o (Ll + 11177) o (1, v)
S 2 A0l (el + 1V015s) de (i, v);

moreover assumption (A.3) implies s > p. Therefore we have

. o\ s
o5 Gr =z, = (3 [0 (= ] )

_— s\ 1/s §
S (Z 1297 25b) 1 | ) (leallys” + 1117) o ()

- p 1/p . .
< (S frtashas]”) (el + 1w135) doter)

which gives the conclusion. O
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