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I examine the distributional consequences of technological change in a
framework that nests Roy’s (1951) and Becker’s (1973) classical models:
workers self-select into two sectors and then match with heterogeneous
firms within each sector. In this model, technological change can be de-
composed into changesin (i) the degree to which sectors covet the same
skill sets and (ii) the extent to which output varies with skill in each sec-
tor. By deriving monotone comparative statics results for each of these
two types of changes, I am able to provide a comprehensive account
of the distributional consequences of technological change.

I. Introduction

Changes in technology make some skill sets more valuable while render-
ing others obsolete, which can have dramatic effects on the distribution
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of wages. The advent of computers, for example, first increased the
return to cognitive skill (Bound and Johnson 1992; Katz and Murphy
1992; Juhn, Murphy, and Pierce 1993), then led to the replacement of la-
bor in routine manual tasks (Autor, Levy, and Murnane 2003; Autor, Katz,
and Kearney 2006; Acemoglu and Autor 2011), and most recently caused
an increase in return to those skills that computers find difficult to emu-
late: noncognitive skills in general and social skills in particular (Deming
2017; Edin etal. 2017). Over the same time span, the distribution of wages
changed significantly: first, upper-tail wage inequality increased rapidly;
later—in the 1990s—this increase was accompanied by a fall in lower-tail
inequality, leading to a rise in wage polarization.

The overall distribution of wages was affected by changes to both the
between-and the within-sector (or between-and within-occupation) distri-
butions (Mouw and Kalleberg 2010; Akerman et al. 2013; Helpman et al.
2016)." The literature attributes changes in between-sector distributions
to changes in the relative productivity of sectors or occupations (task-
biased technological change). The widespread changes in within-sector
distributions are interpreted as evidence of increases in the return to cog-
nitive skill across all sectors (skill-biased technological change).

While this interpretation is natural, it ignores the possibility that sector-
specific technological change can have ripple-through effects and can af-
fect within-sector distributions in the rest of the economy. In particular, if
a change in technology increases the return to cognitive skill in some but
not all sectors, it must affect which workers self-select into which sectors.
As workers possessing different skill sets tend to be imperfect substitutes
(see Katz and Murphy 1992), these changes to workers’ self-selection will
affect the relative wages of workers with high and low cognitive skill levels
across all sectors. To investigate such effects, one requires a model with
multivariate skills, multiple sectors, and imperfect substitution of workers
within sectors; however, no comparative statics results are available for
this class of models in the existing literature.

In this paper, I derive monotone comparative statics results with re-
spect to changes in technology. My framework nests the classical models
of Roy (1951) and Becker (1973) by introducing within-sector assign-
ment of workers to firms into a model of workers’ self-selection into sec-
tors. Firms differ in their univariate productivity and operate in one of
two sectors—manufacturing or services; workers differ in their multivar-
iate skills. The output produced by a worker-firm match depends on the
firm’s productivity and sector and the worker’s skill. In the competitive
equilibrium, both workers and firms take wages as given, each worker
self-selects into the sector that pays a higher wage for her skill, and each
firm hires at most one worker to maximize profits.

! Throughout the paper, I use the term “sectors” for the two broad types of jobs in my
model, but they could equally well be interpreted as occupations.
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I assume that firms from the same sector agree on how to rank workers
with respect to the output they produce and that highly ranked workers
and highly productive firms are complements. As a consequence, highly
productive firms hire highly ranked workers in equilibrium, as in the
model of Becker (1973), and thus—given workers’ sectoral choices—the
assignment of workers to firms within a sector can be determined with-
out knowing the wage functions. As in the models of Sattinger (1979) and
Tinbergen (1956), the wage function’s slope is then equal to the rate of
change of output with respect to the worker’s skill (keeping constant the
firm matched with that worker), which is entirely characterized by her rank.
The wage received by each worker after joining a sector can thus be written
as afunction of only the worker’s rank within that sector, ensuring that—for
given wage functions—workers’ self-selection into sectors is determined ex-
actly as in the model of Roy (1951). Finally, the baseline comparative statics
results assume that the sum of the measures of manufacturing firms and
services firms is equal to the measure of workers.

In my model, technology is reflected by the mapping from a worker’s
skill and a firm’s productivity (and sector) into the output they jointly
produce. Crucially, any change to this mapping can be decomposed into
(i) a change in how similarly the two sectors rank workers and (ii) a
change in the degree to which output varies with rank in each sector.”
By deriving results concerning changes to both of these aspects of tech-
nology, I am able to provide a full account of the distributional implica-
tions of technological change. The more significant contribution is the
derivation of the results regarding the similarity of rankings, as this aspect
of technology has thus far received little attention in the literature. How-
ever, my model’s predictions differ from the predictions of single-sector
assignment models and standard selection models in regard to each of
the two types of changes. Many of these differences derive from the fact
that workers are perfect substitutes within sectors in the standard selec-
tion models (e.g., Heckman and Sedlacek 1985; Heckman and Honoré
1990; Gould 2002; B6hm 2020). In my model, workers with very different
ranks are imperfect substitutes within sectors: while each firm is nearly
indifferent between the worker matched to that firm and workers with
close rankings, hiring a worker with a very different ranking would cause
the firm to have significant losses.

To understand what happens to output and the distribution of wages if
sectors start ranking workers more similarly, suppose that it has become
more likely that a high-ranked manufacturing worker is ranked highly in
services as well. This change on its own is akin to a fall in the sum of skill
supplies in the two sectors: initially, when the two sectors ranked workers

* While the output produced by the lowest-ranked worker may change as well, this would
result only in a shift of the distribution of wages by a constant.
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differently, there were plenty of high-ranked workers to go around, and
each sector was able to hire many workers that it regarded highly; after
the change, the two sectors have to settle (in total) for more of the low-
ranked workers. As far as the distribution of wages is concerned, this
change has a composition effect and a wage effect. The composition effect
holds constant the wage paid to workers of each rank. The literature has
established that if the two sectors start valuing the same skill sets in a sym-
metric self-selection model with lognormally distributed skills, then the
composition effect increases the variance of log wages (Owen and Steck
1962; Heckman and Honoré 1990; Gould 2002).° However, by focusing
on the variance, these papers have missed the fact that the composition
effect has a different impact on lower-tail than on upper-tail inequality:
as the sectors hire more workers of low rank, the median-earning worker
is of lower rank than previously, which decreases the median wage compared
with the lowest and highest wages in the economy. As a result, lower-tail
wage inequality falls, whereas upper-tail inequality increases.

The wage effect varies the wage paid to workers of a given rank and has
not previously been studied in this context. To better analyze the change
in within-sector distributions, I hold the between-sector distribution con-
stant by focusing on the case where wages in the two sectors change by the
same amount for marginal workers (i.e., those indifferent between the sec-
tors). In that case, an increase in the similarity of rankings implies that firms
in the two sectors increasingly compete for the same workers, which—be-
cause of the imperfect substitution of workers within sectors—increases
both upper- and lower-tail inequality: the wages of the highest earners in-
crease more than those of medium earners, and the wages of high and me-
dium earners increase by a greater proportion than those of the lowest earn-
ers. The latter in particular is in stark contrast to the standard self-selection
models, in which wages would increase by the same proportion for workers
of all ranks. Overall, upper-tail wage inequality increases, as the composi-
tion and wage effects work in the same direction, whereas lower-tail wage
inequality falls because the (first-order) composition effect dominates the
(second-order) wage effect.

My model’s predictions also differ from the predictions of standard
models in regard to changes in the extent to which output varies with
rank. To see why, suppose that the difference in the output produced
by workers of any two ranks has increased in services. In a single-sector
assignment model, the only available margin of adjustment would be a
change to wages—and the difference in wages between workers of any
two ranks would increase (Costrell and Loury 2004; Gabaix and Landier

* Owen and Steck (1962) derive order statistics for normally distributed variables with no
reference to technology or wages. Heckman and Honoré (1990) are interested in wages,
but they do not relate their theorem 2 to changes in technology. Gould (2002) provides
the technology interpretation for the results of Heckman and Honoré (1990).
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2008; Tervio 2008). With two sectors, however, self-selection changes
as well: services draws in marginal high-ranked workers from manufac-
turing, whereas marginal low-ranked workers leave services. As a result,
wage inequality increases in both sectors; however, the increase in services
is smaller than in a single-sector model. There is also a change in the
between-sector distribution of wages, as the wages of low-ranked workers
increase in manufacturing relative to services. In particular, if the lowest-
paid workers were concentrated in manufacturing initially, lower-tail
between-sector inequality decreases. While standard self-selection mod-
els are able to produce qualitatively similar changes in the between-sector
and within-services wage distributions, their predictions concerning the
within-manufacturing distribution will differ from mine in at least one
respect: in standard models, manufacturing wages would increase by the
same proportion for workers of all ranks. In my model, the wages of high-
ranked workers change by a different proportion than those of low-ranked
workers, because of the imperfect substitution of workers within sectors.

Overall, my findings imply that the difference in outcomes of sector-
(or task-) and skill-biased technological change is much less clear-cut
than the literature suggests. The distribution of wages is determined,
among other things, by how similar a worker’s ranking in services relative
to that in manufacturing is, which can be affected just as well by a tech-
nological change originating in one sector as by a change originating
in both sectors. Specifically, a services-specific technological change may
create demand in services for skill sets that initially were valued only in
manufacturing, which can easily increase wage inequality to a similar (or
greater) degree in manufacturing as in services. Thus, the fact that wage
inequality increased by more in one sector than in another provides little
evidence as to which sector was more affected by technological change,
and the fact that wage inequality increased across all sectors does not prove
that skill-biased technological change affected production in all sectors.*
Similarly, skill-biased technological change makes all sectors value the
same skill sets, which can decrease lower-tail wage inequality. This finding
is in contrast to the standard view in the literature (see, e.g., Acemoglu
and Autor 2011; Lindenlaub 2017) that one needs task-biased technolog-
ical change (i.e., a change in the productivity of low-paying occupations
relative to medium-paying occupations) to account for decreases in lower-
tail wage inequality.

The rest of the paper is organized as follows. Section II further discusses
the related literature. Section III develops the model and characterizes the
unique equilibrium. Section IV derives comparative statics results con-
cerning changes in ranking similarity and the degree to which output

* Both assumptions are widespread in the empirical literature on wage inequality. In
some cases they are stated explicitly (e.g., Kaplan and Rauh 2013), but in most cases they
are implicit (e.g., Bohm, Metzger, and Stromberg 2018).
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varies with rank. Section V uses a special case of the model to demon-
strate how changes to the surplus function (the mapping from a worker’s
skill and a firm’s productivity into output) can be decomposed into the
two types of changes considered in section IV and then uses the results
from section IV to derive the distributional impact of sector- and skill-biased
technological change. Section VI discusses what happens if (@) the mea-
sures of firms and workers are not equal or () firm entry is endogenous.
Section VII concludes, and appendix A provides proofs of the comparative
statics results.

II. Related Literature
A.  Roy-Like Assignment Models

In addition to the standard selection models, which I discussed at length,
the literature on self-selection includes the so-called Roy-like assignment
models (e.g., Teulings 1995, 2005; Costinot and Vogel 2010; Acemoglu
and Autor 2011), in which there is a single ranking of workers and the as-
signment of workers to a continuum of sectors is determined by compara-
tive advantage. While, technically speaking, workers are perfect substitutes
within sectors in these models, Costinot and Vogel (2010) point out that
with a continuum of sectors, broadly defined real-world sectors (such as
manufacturing) should be mapped into more than one sector in the
model. Under this interpretation, workers would be imperfect substitutes
within manufacturing, similarly to my model. However, the Roy-like as-
signment models lack the main mechanism driving my results (changes
in ranking similarity), and the comparative statics results available for
these models either rely on strong functional form restrictions (Teulings
1995, 2005) or ignore composition effects (Costinot and Vogel 2010).

B.  Differential Rents Assignment Models

My baseline model provides a two-sector version of the Becker (1973) and
Sattinger (1979) assignment models, while the endogenous entry exten-
sion provides a two-sector version of the Costrell and Loury (2004) model.
In addition to the body of work that assumes one-dimensional skills, which
I have already discussed, Tinbergen (1956) and Lindenlaub (2017) study
the determinants of the distribution of wages in a single-sector, multivar-
iate differential rents assignment model. The paper by Lindenlaub (2017)
is particularly relevant, as it investigates the impact of skill-and task-biased
technological change on the distribution of wages. Lindenlaub (2017)
and this paper make different trade-offs to ensure tractability: Linden-
laub’s model could be reinterpreted as a model where firms are divided
into a continuum of sectors, but her model is solved—and comparative
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statics are provided—only for the very special Gaussian-quadratic case.” For
example, the Gaussian-quadratic specification does not allow for skill-
biased technological change that has any impact on sorting, which leads
to the conclusion that technological change must be task biased to in-
crease wage polarization.

C.  “Becker Meets Roy” Models

My paper is not the first to combine assignment and self-selection in order
to consider changes to both between- and within-group distributions.
Grossman, Helpman, and Kircher (2017) study the impact of trade liber-
alization on within-industry and within-occupation distributions in a
model with assignment between workers and managers and endogenous
choice of firm size. However, they focus on trade rather than technology,
and their model assumes a single ranking of both workers and managers,
so that the key mechanism driving my results is absent. Dupuy (2015),
McCann et al. (2015), and Mak and Siow (2017) also develop models in
which workers self-select into sectors and occupations and match with
firms. While the models in Dupuy (2015) and Mak and Siow (2017) share
many features with my framework, none of those three papers provides
any comparative statics results.’

III. The Model

In this section, I set up the model, characterize the equilibrium, prove its
uniqueness, and compare it to the equilibria of the models in Sattinger
(1979) and Roy (1951).

A, Setup

There are two sectors (manufacturing and services) and two populations
(workers and firms).

Workers—There is a unit measure of workers, each endowed with a vec-
tor of basic skills x = (x;, %, ..., xy) € L, © R¥. Denote the distribution of
x by F. Workers can either work for a firm and receive a market wage or re-
main unemployed and receive a reservation wage (normalized to zero).

> The quadratic surplus function coupled with the normal skill distribution implies a sur-
plus function that is not monotonic in workers’ skills, even after the addition of nonin-
teraction skill terms. For example, the estimated surplus function—see table 10 in Lin-
denlaub (2017)—is nonmonotonic in manual skill.

® Dupuy (2015) investigates the impact of multiplicative changes to the production func-
tion on selfsselection and wage inequality. However, unlike this paper, Dupuy (2015) does
not show the equilibrium effect of such changes, providing only a first-order result. That is,
the results in Dupuy (2015) consider only the first step in the following equilibrium adjust-
ment process: the change in production function affects wages, which affects sorting, which
affects wages, etc., until a new equilibrium is reached.
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Firms—There is a measure R of firms, each endowed with a vector
(z,i) € L x {M, S}, where z denotes the firm’s basic productivity, i €
{M, S} denotes the sector in which the firm operates (manufacturing
orservices), and I, © R.The (exogenous) distribution of (z, 7) is denoted
by H,, and the measure of firms in sector ¢ is denoted by R; > 0, with
Ry + Ry = R. Each firm hires at most one worker. A worker-firm pair
produces surplus according to the basic surplus function II: [, x I, x
{M, S} = Ry. For example, if a manufacturing firm with basic productiv-
ity zhires a worker with basic skill x, they produce surplus II(x, z, M). The
fact that the basic surplus function depends on the sector means that
workers’ basic skill and firms’ basic productivity might be used differently
in each sector. If a firm does not hire a worker, it receives a reservation
profit normalized to zero.

1. Assumptions

I assume that within each sector all firms rank workers in the same way
and all workers rank firms in the same way.” As sectors are traditionally
defined with respect to the goods produced and firms producing similar
goods are likely to highly value the same types of workers, this appears
to be a reasonable simplifying assumption.® Formally, firm (z, ) ranks
workers according to the function v,(x,z) = Pr(II(X, z, i) <II(x, z, 7)),
and worker x ranks firms in sector i according to the function %;(x, z) =
Pr(I(x, Z, i) <II(x,z14)) + Pr(Il(x, Z, i) = 1(x,2,7), Z < z).°

AssumpTION 1 (Common rankings). The rank v,(x) of worker x
depends on the firm’s sector but not on its productivity (v;(x) =
v(x, 2) = v(x,72) for any z, 2 € I), and the rank %,(z) of firm (z, i) does
not depend on the worker (h(z) = hi(x,z) = h(X,z) foranyx, X' € [).

It follows that a worker’s ranks v,,, vs and a firm’s rank 4, contain all rel-
evant information about x and z, respectively; henceforth, I will refer to
them as skill and productivity.'” We can now define the surplus function
mi(vi(x), hi(z)) = II(x, z, i); note that m, is increasing in both the worker’s
skill and the firm’s productivity by the definitions of v, h. Additionally, I
require 7; to be twice continuously differentiable and supermodular.

AssuMPTION 2 (Properties of surplus). The surplus function w;:
[0,1]° — R, satisfies

7 Chiappori, Oreffice, and Quintana-Domeque (2012) refer to this assumption as the
separability of surplus.

% Alternatively, this assumption is equivalent to defining a sector as a collection of firms
that rank (and are ranked by) workers in the same way and then assuming that there are
only two sectors. All results from sec. IV.A easily generalize to the case on N sectors, but the
problem studied in sec. IV.B is intractable with more than two sectors.

? The second term in A(x, z) is a tiebreaker needed to allow for surplus to increase weakly
in h,.

1 Note that v; bears a close resemblance to the “task” ¢ in Heckman and Sedlacek
(1985), in that both are a univariate sufficient statistics for the worker’s multivariate skill.
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i. differentiability (,is twice continuously differentiable),
ii. increasingness ((0/0v;)m; > 0, (8/0h;)m; > 0), and
iii. supermodularity ((&*/(0v,0h;))m; > 0)."

Supermodularity ensures that highly productive firms benefit more
from hiring high-skilled workers, and thus within-sector matching is pos-
itive and assortative. This brings tractability. However, as workers em-
ployed by similar firms must be close substitutes in production, the mono-
tonicity of the matching function implies that workers of similar rank are
closer substitutes than workers of very different rank: in equilibrium,
each firm’s profit is unimodal in the worker’s skill (see app. OA.1 for a
proof; apps. OA.1-OA.6 are available online). This pattern of substitu-
tion drives most of my results; for example, changes in skill supply can af-
fect the relative wages of the highest- and lowest-ranked workers only if
they are imperfect substitutes.

AssumMprTION 3 (Properties of the copula). The distributions Fand H,
and the surplus II are such that the joint distribution C of (uy, vs) €
[0,1]* and the sectoral distributions H; of &; € [0, 1] satisfy

i. differentiability (are twice continuously differentiable) and
ii. full support (have strictly positive, finite density on their respective
supports).'

The full support assumption implies that the marginal distributions of
ranks vy, vs and Ay, A are standard uniform. Thus, Cis a joint distribu-
tion function with standard uniform marginals, which is—effectively—
the definition of a copula (Sklar 1959). Full support precludes perfect
positive and negative dependence between skill: the copula is given by
min{uvy, vy in the former case and by max{vy + vs — 1, 0} in the latter,
and thus the density is concentrated only on the diagonal (vy = vs) and
the antidiagonal (vy = 1 — vy). However, assumption 3 otherwise allows
for very general dependence structures. For example, for Cbelonging to
the family of Gaussian copulas, it allows for any correlation parameter
pe(—1,1).

I will refer to the formulation of the model in terms of v,, 4, and =; as
the canonical formulation, because it defines equivalence classes: any
two models with the same canonical formulation will give rise to the same
wage and output distributions.

AssumPTION 4 (Nondegenerate solutions). For i, je {M, S} with
j# i, either R, <1orm(0,1 —1/R") <m(1,1).

" Common rankings ensure that m, is strictly increasing in v, but (6/0v;)/m; > 0 is a
stronger requirement.

* In the case of C, it suffices for both conditions to hold on (0, 1)* In particular, all re-
sults hold for Gaussian copulas.
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This assumption is necessary and sufficient for all equilibria of this
model to be nondegenerate, so that a positive measure of workers is em-
ployed in each sector.

2. Supply, Demand, and Equilibrium

Supply of skills—A worker with skill (v, vs) who joins sector ireceives the
competitive wage w;(v;), where w, :[0, 1] — R. Workers sort into the sector
that maximizes their wages. A worker with skill (v, vs) joins manufactur-
ing if wy (vy) > max{ws(vs), 0}, joins services if ws(vs) > max{wy(vu), 0},
and remains unemployed otherwise."?

The supply of skill of rank v, in sector i, S;(v;), is defined cumulatively
as the measure of workers ranked higher than v; who join sector i for
given wage functions wy, ws'*

SM(UM) = Pr(VM > Uy, wM(VM) > ws(Vs), wM(VM) > 0), (1)

SS(US) = Pr(Vs 2 s, wM(‘/M) < wS(VS), ws(Vs) > O)~ (2)

Note that S;(0) gives the total measure of workers who joined sector .

Demand for skills—The demand for skills in each sector is determined
by the firms’ hiring decisions, which in turn are driven by profit maximi-
zation, with firms taking the wage function as given. Firm #%; earns profit
r;(h;) and hires worker v;k(h,-,), where 1,:[0, 1] - R and v :[0,1] — 10, 1],
with

n(h) = maxm (o, h) = w(v). (3)
v (b)) € arg maxm,(v, b)) — wi(v). (4)
vel0,1]

Demand for skills is defined analogously to skill supply. The demand for
skill of rank v; in sector i, D,(v;), is equal to the measure of sector ¢ firms
that hire workers ranked higher than v, for a given wage function w;

Di(v) = R, Pr(v; (H)) = v, r,(H,) > 0). (5)

This definition assumes that profits are strictly increasing in productivity,
which is the case as long as (8/0h)w; > 0. A more general definition,

15 If wy(vs) = ww(vu), the worker could join either sector; however, as the set of all such
workers is of measure zero in equilibrium, we can assign all of them to manufacturing with-
out loss of generality.

'* Throughout the paper, uppercase letters refer to random variables and lowercase let-
ters refer to their realizations.
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which holds even when surplus does not depend on productivity, is pro-
vided in appendix OA.1."

The competitive equilibrium—I focus on the competitive equilibrium,
which is defined as follows.

DeriNiTION 1 (Equilibrium). An equilibrium is characterized by

i. two skill supply functions S; :[0, 1] —[0, 1], consistent with workers’
sorting decisions and given by equations (1) and (2);
ii. two skill demand functions D; :[0, 1] — [0, 1], consistent with firms’
profit maximization and given by equation (5); and
iii. two wage functions w;:[0,1] — R, which clear the markets:
Si(v;) = Di(v;) for i € {M, S} and all v; € [0, 1].

It is worth noting that because this model is an assignment game, the
competitive equilibrium coincides with the core (Gretsky, Ostroy, and
Zame 1992).

B.  Equilibrium Characterization

To characterize the competitive equilibrium, I employ a two-step strategy.

First step.— In the first step, I treat the sectoral supply functions as given
and find the wage functions for which demand equals supply. Let the crit-
ical skill v be the skill of the least skilled worker who joins sector

v = sup{ve[0,1]:S5(v) = Si(0)}. (6)

In equilibrium, S,(0) cannot be greater than R; > D;(0), as otherwise the
market would never clear; I will restrict attention to supply functions that
meet this condition.

When the supply of skill is fixed, the model becomes equivalent to two
independent single-sector assignment models. It is well known that in a
single-sector model supermodularity of surplus implies that workers and
firms match positively and assortatively (Becker 1973; Sattinger 1979);
that is, the most productive firm matches with the worker of highest skill,
the second-most-productive firm matches with the second-most-skilled
worker, and so on. The first-order condition of the firm’s hiring decision
is then

15 Additionally, my definition implies that v, is a function, which excludes the possibility
of impure assignments. This greatly simplifies notation and is without loss of generality, be-
cause there will always exist a pure equilibrium assignment, and—by proposition 3 in Chiap-
pori, McCann, and Nesheim (2010)—in my model the wage function is identical for all
equilibrium assignments. Legros and Newman (2002) make a similar point for (super-
modular) one-sided matching markets.
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Sl ) = o (ol - 20

The difference in wages paid to workers of marginally different skill is
equal to the difference in the surplus they produce, evaluated for the firm
thatis the optimal match for one of them. The optimal match depends in
turn on the supply of skills in that sector: the fewer high-skilled workers
available, the better the match that can be secured by any worker. Overall,
the wage earned by a worker of skill v; can be found by integrating equa-
tion (7) from v to v;:'°

w,(v;) = Jt%m (v,l — Slgj)) dv + wi(v)). (8)

The wage paid to the worker with critical skill v is equal to the work-
er’s share in the surplus produced by the worst match, and wi(v}) €
[0, 7(v;, 1 — §;(0)/R;)]. In particular, if workers are in short supply
(S:(0) < R)), then competition drives the profits of the least productive
matched firm to zero and w;(vf) = m(v{,1 — S;(0)/R;).

Second step.—In the second step, I treat the wage functions wy, ws as
given and derive the corresponding sectoral supply functions, starting
with the critical skill v§;, vi. Note that a worker with a critical services skill
prefers to join services over joining manufacturing or remaining unem-
ployed and thus earns a wage that is greater than the reservation wage
(zero) and the lowest offered wage in manufacturing (w,(0))."” Further-
more, she must be the least skilled worker who can earn a wage greater
than max{wy(0), 0} in services, as otherwise, by continuity of ws(-), a pos-
itive measure of workers with skill lower than v would also join services.
This reasoning leads to the following lemma (a formal proof of this and
other results from this section is provided in app. OA.1).

16 Technically, for v, such that (8/6v;)S;(v;) = 0 market clearing requires only that w,(v,)
is weakly greater than the right-hand side. The assumption that w,(v;) is equal to the right-
hand side facilitates the derivation of more intuitive expressions and is without loss of gen-
erality: as w;(v;) can be strictly greater than the right-hand side only for such v, for which no
workers join sector i, any lower wage (including the one equal to the right-hand side)
would result in the same sorting. Therefore, for any equilibrium in which w;(v,) is greater
than the right-hand side for some v, there must exist an equilibrium with identical supply
and demand functions and a wage function for which w;(v,) is equal to the right-hand side
for all v.

17 Note that the lowest paid wage in manufacturing is wy(vj;) > wy(0). This is because
workers with vy < vy, choose not to join manufacturing; however, even if they joined man-
ufacturing, the lowest wage they could be offered is w,,(0).
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LemmA 1. The critical skill in sector i depends on the wage functions
Wy, ws as follows:

v = min{v € [0, 1] : wi(v,) > max{w;(0),0}}, 9)

with 7,7 € {M, S} and i # j. Further, wy(vy) = wg(vs).

By equation (8), wages are strictly increasing in each sector. This has
two importantimplications for sorting. First, any worker with services skill
us > vg can earn a strictly positive wage and will never choose to remain
unemployed. Second, for any such worker there will exist a cutoff value
V(vs) of the manufacturing skill such that she will strictly prefer to join
services if vy < Y(vs) and strictly prefer to join manufacturing if vy >
¥(vs). Therefore, the sorting of workers to sectors can be expressed
by the means of the critical skills v, v and the separation function
v :[vg, 1] = [v§, 1], which takes the services skill as an argument and re-
turns the corresponding cutoff value of the manufacturing skill. For-
mally, the separation function depends on wages as follows:

lp(US) = maX{UM € [Uﬁl, 1] : wM(UM) < wS(U.s)}~ (10)
Note that for values of v such that ws(vs) < wu(1), this implies that
ws(vs) = wy(Y(vs)). (11)

Figure 1 shows how the critical skills and separation function deter-
mine the sorting of workers to sectors. Services are populated by workers
with us > v§ and vy < ¥(vs). Manufacturing is populated by workers with
vy > vy and vy > Y(us). The remaining workers are unmatched, and
their number is equal to C(vy, v5) = 1 — §(0) — Su(0). The number
of workers in each sector depends on the position of the separation func-
tion: if ¥ shifts up, then the number of workers in services (manufactur-
ing) increases (decreases). The exact relation between ¥ and the supply
of skill is specified in the following lemma.

LemMA 2. Given the critical skills v,, vsand the separation function
¥, the supply of skill in manufacturing and services is respectively

o X "0 X
C(r,¢(r))dr, v= v, [ — C(Y(r), r)dr, v > v§

Su(v) = [ Ovn "si(w) = § oo S (12)
Su(vh), v < Uy Ss(v5), v < s

where ¢ :[vy;, 1] =[5, 1] depends on ¢ as follows:

¢('UM) = Sup{vs € ['Ug, 1} : \//(US) < 'UM}~

In equilibrium, the separation function and critical values determine
the supply of skill in each sector, the supply of skill determines wages,
and wages determine the separation function and critical values. Thus,
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FiG. 1.—Separation function and self-selection. The solid black line depicts the separa-
tion function . The white (light gray) area below (above) ¥ depicts the space of workers
joining services (manufacturing), and the gray area in the lower left corner depicts the
space of workers who remain unemployed. The vertically (horizontally) hatched area rep-
resents the space of workers with skill vy > 0.8 (vy > ¥(0.8)) who join services (manufactur-
ing); their supply depends on how many workers reside in this space, with Ss(vs) +

Su(P(vs)) =1 — C(¥(vs), vs).

the equilibrium separation function can be found by substituting the sup-
ply functions from equation (12) into equation (8) and then substituting
the resulting wage functions into equations (9) and (10).

THEOREM 1. An equilibrium exists. The equilibrium supply and de-
mand functions are unique.

The proof (see app. OA.1) entails constructing a map, the fixed point
of which solves equation (10), and finding a norm for which this map is a
contraction mapping.'® This proves that ¢(-) is unique given (v}, v§)—
and that it is continuous in both v}, and v5. To show that the equilibrium
supply and demand functions are unique, it suffices to prove that equa-
tion (9) has a unique solution given ¥(-; vy, v§). However, if Ry + Ry =
1, then the wage functions are uniquely determined only up to the lowest
wage w;(vf).

C. Sattinger and Roy

The first step in my characterization strategy is very similar to Sattinger
(1979), and the second step is very similar to Roy (1951). This is not a
coincidence: the model nests both one-sector assignment models and Roy’s

' The norm I use is Bielecki’s norm for a sufficiently high parameter A.
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model of selfselection.” In this section, I compare the wage functions—
appendix OA.1.1 provides the comparison of production functions.
Sattinger (1979)—The model reduces to the single-sector assignment
model if one sector does not employ any workers. This can happen if
either assumption 4 is not satisfied or there exist no firms in services
(Rs = 0). In either case, wages in manufacturing are represented by

Uy 6vM M

8 w0 1—-v
wi?T(UM) = J M (U,l - R ) dv + wM(v;l/l)a (13)

where vj; = max{0,1 — Ry}, with wy(vj;) = 0 if Ry < 1 and wy(v,) =
mu(0,1 — 1/Ry) if Ry > 1.

Roy (1951)—The model reduces to Roy’s model if firms are identical
within each sector, so that the surplus produced by any match depends
only on the worker’s skill (i.e., (86/0h;)m; = 0), and additionally there is
an abundance of firms in each sector (R; > 1). Under these assumptions,
firms earn no rents and workers receive the entire surplus, so that
w;(v;) = m,(v;,0). This is exactly as in Roy’s model. In other words, Roy-
like models can be seen as two-sector matching models in which all firms
from the same sector are homogeneous.*

IV. Comparative Statics

In this section, I provide comparative statics results for changes in the
interdependence of workers’” skills (sec. IV.A) and for sectorspecific
changes in the surplus function (sec. IV.B). In all comparative statics ex-
ercises in this paper, I compare the equilibria of two specifications of the
model: the old and the new. The old specification is denoted by 6, and
the new one by 6,. For example, C(6,) is the old copula of skills, and C(6,)
is the new one. Most of the time, I will focus on small changes to the
copula and surplus, using the following families of functions: C(f) =
6C(0,)+(1 — 6)C(6,) and m;(0) = Om:(6s) + (1 — 6)m:(6,).

A.  Interdependence of Skill

The interdependence of v,, vs captures how similarly the two sectors
rank workers. In section IV.A.1, I derive the relationship between skill

¥ Formally, it does not fully nest the actual models by Sattinger and Roy. Sattinger allows
for cases in which there is unemployment even though some firms remain unmatched,
whereas my assumption of positive surpluses implies that unemployment is possible only
if all firms are matched. Roy uses bivariate lognormal distribution of skills, which violates
the differentiability assumption at v; € {0, 1}; however, Roy’s model can be approximated
arbitrarily well by using bivariate lognormal distribution, truncated arbitrarily high and ar-
bitrarily close to zero. This is done in sec. V and app. OA.3.

# The Cobb-Douglas lognormal (CDL) specification from sec. Vwith R; > 1 and az = 0
provides a good example.
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interdependence and the sum of equilibrium skill supplies in the two
sectors, and in section IV.A.2 T explore the implications of this relation-
ship for the distribution of wages. Note that since the marginal distribu-
tions of skill are standard uniform by construction, they are held con-
stant throughout.

1. Concordance and the Supply of Skill

I will use the concordance ordering as the notion of interdependence.

DEFINITION 2 (Scarsini 1984). Copula C(6,) is more concordant than
copula C(6,) if C(vy, vs,0s) = C(vw, vs, 1) for all (v, vs) € [0, 1]2.

Concordance is a natural nonparametric partial ordering of interde-
pendence. An increase in the concordance of skills captures the fact that
there are fewer workers who are highly ranked in manufacturing but
have low rank in services; equivalently, there are more workers who have
high (or low) rank in both sectors:

A

PT(VM > oy, Vs < 'Us) = Uu — C(UM, Us),
PT(VM < oy, Vs < Us) = C(UM, Us),
PT(VM > oy, Vs 2 'Us) = C(UM, Us) +1— vy — us.

For multivariate normal variables, an increase in the copula’s concor-
dance is equivalent to an increase in the correlation coefficient p (Joe
1997).*' In general, an increase in concordance of the copula of a mul-
tivariate distribution implies an increase in all the standard measures of
interdependence: Kendall’s 7, Spearman’s p (Nelsen 1999), the Gini co-
efficient of association (Nelsen 1998), and linear correlation (keeping
marginals fixed). Figure 2 depicts the contour sets for Gaussian copulas
with different correlation values and demonstrates how the same value
of Cis attained by lower pairs (v, vs) as correlation increases.

A fall in the concordance of skill increases the sum Sy (y(vs; 61)) +
Ss(vs) of equilibrium skill supplies in the two sectors; it follows from
lemma 2 that

0 0
%(SM(IP(US; 0);0) + Ss(vs; 0)) = ~ %

Intuitively, if the concordance of skill is very high, then a select few work-
ers are good at everything, while the rest are good at nothing. In con-
trast, if the concordance of skill is very low, then most workers are good
at one type of job but are bad at the other. Since each worker can hold
only one job, the latter case results in a larger number of workers per-
forming a job at which they are good.

C(Y(uvs; 0), vs;0).  (14)

*' By Sklar’s (1959) theorem, the copula Cof any continuous bivariate distribution func-
tion H with marginals H,, H, is defined uniquely by C(H; (x,), Ho(x2)) = H(x, x3).
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Fic. 2.—Concordance: a contour plot. Contour plots for C(vy, vs) = 0.3 for three bivar-
iate Gaussian copulas with correlation coefficient p equal to (from left to right) 0.8, 0, and
—0.8.

As a change in concordance affects the sum of skill supplies, it must
also affect the total surplus produced in the economy. The total surplus
is equal to the sum of the average wage and the (appropriately weighted)
average profit earned in each sector:

T(C) = Ec(w(Vy, Vs)) + Y, RiEypy(max{r,(H;),0}),

ie{M.S}

where the subscript on E denotes the cumulative distribution function
(CDF) with respect to which the expectation is taken and w(Vy, Vs) =
max{wM( VM), w( Vs), O}-

Let us first consider the effect that a change in concordance has on the
total surplus in a standard Roy’s model—thatis, when firms are abundant
and homogeneous within sectors (see sec. III.C). In such a case, wage
functions are exogenous and there are no profits, implying that the total
surplus is equal to the average wage Ec(w(Vy, Vs)). To see the impact of a
change in concordance on the average wage, consider an arbitrary wage
level x > 0. Self-selection implies that only workers with skill such that
wy (vm), ws(vs) < xwill earn less than x. Therefore, the economy-wide dis-
tribution of wages is simply
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Fy(x) = Pr(w(Viy, Vs) < x) = Clwy (x), ws'(x)). (15)

Therefore, in a Roy’s model, a fall in concordance causes a first-order
stochastic dominance improvement in the distribution of wages, which
increases the average wage. Intuitively, if wages in manufacturing and ser-
vices are perfectly positively correlated, then effectively each worker re-
ceives a single draw from the distribution of wages. If instead concordance
falls and wages in services become independent of wages in manufactur-
ing, then each worker gets two chances to draw a wage—and, because of
self-selection, keeps the higher one. Clearly, expected wages must always
be greater in that case.

In the general model (i.e., when firms are heterogeneous), the analysis
becomes only marginally more complicated. Of course, now a change in
concordance affects the wage functions as well and therefore also affects
firms’ profits. However, because the total surplus can be written as the so-
lution of a minimization problem with respect to the wage functions (by
the Monge-Kantorovich theorem), the envelope theorem implies that
the new effects are of second order.** Formally, we can write

T(C) = inf Ec(w(Vu, Vs))

Wy, Ws

+ 2 REU[O,I] (max{o, maXﬂ'i('Ui, I‘I,) - ﬂ/,'(UJ}) 5
i (M,S) v e[01]

where the infimum is over integrable functions wy, ws:[0, 1] — R, with

w(Va, Vs) = max{wu(Vu), w(Vs), 0}. We can apply theorem 2 in Milgrom

and Segal (2002) to get

1
0
T(C(0) = T(C0)) = || 5 B (Vs Vir)dr, (10
0
where w(:, -; 7) denotes the equilibrium wage function for copula

rC(0y) + (1 — r)C(6)).

It therefore follows from equation (15) that a fall in concordance of
the joint distribution of skills increases total surplus in every specifica-
tion of the model. In appendix OA.2, I show that this implication goes
in the other direction as well: total surplus increases in every specifica-
tion of the model only if concordance falls.

2. Wage Polarization

I'will now address the impact that an increase in skill concordance has on
wage polarization. To the best of my knowledge, there does not exist a

* For an introduction to the Monge-Kantorovich theorem, see chap. 2 of Galichon
(2016). In my case, the formulation of the theorem from Chiappori, McCann, and Ne-
sheim (2010, theorem 1) can be applied directly, as Chiappori, McCann, and Nesheim
(2010) explicitly allow for unmatched agents.
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standard, formal definition of wage polarization; hence, I will provide my
own definition. In doing so, it will be convenient to focus on the inverse
wage distribution W(¢) = min{x > 0: Fy(x) > ¢}, which returns the ¢th
quantile of the wage distribution (e.g., W(0.5) is the median wage).

DeriNITION 3 (Wage polarization). Wage polarization increases in
absolute terms if (i) there exists 7€ (0,1) such that the difference
W(¢) — W(0) falls for all ¢ € (0,7) and (ii) the difference W(1) — W(0)
increases. Wage polarization increases in relative terms if conditions i
and ii hold for log W(¢).

Definition 3 captures the most salient empirical facts about wage po-
larization: the decrease in lower-tail wage inequality and the increase in
overall and upper-tail inequality (see fig. 9 in Acemoglu and Autor [2011]
and the accompanying discussion).*

I will decompose the change in the inverse wage distribution into the
(first-order) composition effect and the (second-order) wage effect. This is
the same in spirit as the empirical decomposition proposed by Machado
and Mata (2005), with the crucial difference that the notion of skill Ma-
chado and Mata (2005) use in their application is one-dimensional and
thus the driving force is changes in the marginal distribution rather than
concordance. For ¢ > C(vj;, v5), itis the case that Fyy (W (¢)) = ¢; differen-
tiating this with respect to 6 and rearranging yields

Ly = —wi 5% Clom (1), v5(0); 0)

composition effect

(17)
+ pult) g () + () 5 (1),

wage effect

where v;(¢) = w;'(W(t)) denotes the skill in sector 7 of a worker occupy-
ing quantile ¢ and p,(f) denotes the probability that a worker at the ¢th

# First, note that my definition does not require that W(0.5) — W(0) decreases, which
did happen in the 1990s in the United States. This will happen in my model for plausible
parameterizations (see fig. 3A), but this outcome is not universal. Second, notice that I fo-
cus on wage rather than job polarization, i.e., the fall in employment in medium-paid occu-
pations (Goos and Manning 2007). These two are related but not the same. For example, in
my model there are just two sectors/occupations, so there can be no job polarization, and
yet there will be wage polarization. Empirically, Goos and Manning (2007) provide evidence
of increased job polarization in the United Kingdom but find no evidence of increased wage
polarization. Finally, observe that my definition of a fall in relative lower-tail inequality im-
plies that the least earning workers earn a higher proportion of the income earned in the
lower tail of the wage distribution. To see this, consider a conditional Lorenz curve
CL(;7) = (JyW(s)ds)(J, W(s)ds)™", which measures how much income earned by workers
of rank 7 or lower accrues to workers of rank ¢ or lower. Notice that (8/0t)CL(t;7) =
W(0)(JyW(s)ds)';a fall in In W(£) — In W(0) for all £ < 7 implies that W(¢)/ W(0) falls as
well, from which it follows that (8/00)(8/0t) CL(0;7) > 0.



000 JOURNAL OF POLITICAL ECONOMY

percentile of the wage distribution works in sector i. A detailed derivation
can be found in appendix OA.2.

Composition effect.—This effect holds constant the wage functions w;(v;)
and captures the fact that as concordance increases, the two sectors end
up hiring (in total) fewer workers of high skill, which places a worker of
given skill (v, vs) at a higher percentile in the distribution of wages.
Therefore, the median-earning worker is of lower skill than previously,
which decreases the median wage compared with the lowest and highest
wages in the economy. As a result, lower-tail wage inequality falls, whereas
upper-tail inequality increases. Note that in Roy’s (1951) model, only the
composition effect is present.

Wage effect—This effect captures the impact of the changes in the wage
functions wy(vy), ws(vs) induced by the change in the copula. Itis equal
to the sum of the changes to wy(vy), ws(vs) weighted by the probability
that a worker who occupies rank ¢ works in sector 7.

The impact that the wage effect has on wage inequality can be further de-
composed into the within- and between-sector components. The within-sector
component measures how much wage inequality is affected by changes to
the gradients of the within-sector wage functions. Specifically, it captures
by how much the gradient of the wage effect at rank ¢ would increase if
wage functions changed symmetrically across sectors and the change to
their gradient was equal to the average of the actual changes (weighted
by the probability that a worker of rank ¢ works in a given sector). The
between-sector component measures how much wage inequality is af-
fected by the fact that wage functions change asymmetrically across the
two sectors. In particular, it can be interpreted as the change in the gradi-
ent of the wage effect at rank ¢ if wages in both sectors changed by a con-
stant and this constant was different for manufacturing than for services.
Formally:

0 0 0 o
=, (1) =5 wivi(l)) = (1) = Uill) 72— wm (Uil
5 3 O gu) = 3 505000 o)
wage effect (1): within-sector component ( 1 8)
0 0

+ Epm(t) % (wn (Y(ws(1))) — ws(vs(1))) -

(2): between-sector component

Suppose that the change in concordance has no effect on between-sector
inequality, which is ensured if wages in both sectors change by the same
amount along the separation line:

0

%(WM(\I/(US)) — ws(vs))) = 0 (19)
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for all vs > v5(f) and all 0 € [0, 1]. This condition is met, for example,
if the two sectors are symmetric—that is, if Ry = Ry, my = m, and
C(x,y;0;) = C(y, x;0;). If equation (19) is satisfied, the change in skill
supply must be of the same sign in both sectors, as otherwise wage gradi-
ents would change by different amounts (by eq. [8]). Thus, the supply of
skill falls in both sectors by equation (14), and the gradient of the wage
function increases for all skill levels. It follows that the wage effect can
increase wage polarization only if it changes the between-sector distribu-
tion of wages, typically by increasing wages by more in the sector that em-
ploys most of the lowest and highest earners (see app. OA.2 for a numer-
ical example).

Overall effect—1In the existing literature, an increase in wage polariza-
tion is always caused by the between-sector component of the wage effect
(see, e.g., Costinot and Vogel 2010; Acemoglu and Autor 2011; B6hm
2020). However, I have shown that if the change in the distribution of
wages is driven by an increase in skill concordance, then the composition
effect also contributes to the increase in polarization. In fact, it is pre-
cisely the case in which the between-sector component of the wage effect
does not change for which it can be shown that—under fairly mild con-
ditions—wage polarization must increase overall. This is not obvious, be-
cause in this very case the increase in polarization caused by the compo-
sition effect is counteracted by the increase in lower-tail inequality coming
from the within-sector component of the wage effect.

To simplify the exposition and highlight the key mechanisms, I will fo-
cus on the case where the total measure of firms is equal to the measure
of workers, which is a standard assumption in the literature on worker-
firm assignment (see, e.g., Mailath, Postlewaite, and Samuelson 2013,
2017; Lindenlaub 2017). To avoid the problem of indeterminate lowest
wage, I will restrict attention to the equilibria in which workers have all
the bargaining power. These assumptions are relaxed in section VI.

ASSUMPTION 5. Ry + Ry = 1, and w;(v{) = min, . 5m;(v;,0).

Additionally, to show that W(¢) — W(0) decreases for all ¢ < (rather
than only for some), I impose a mild regularity condition: I say that an
increase in interdependence is regular if there exists v € (v, 1) such that
C(Y(us; 01), vs; 05) — C(Y(us; 61), vs; 61) is weakly increasing on v € (vg, ?)
and is strictly increasing on a subinterval of v € (v§, ©). This excludes
pathological cases, where the difference in derivatives oscillates between
positive and negative values in any neighborhood of zero.**

* This condition is satisfied by all commonly used copulas, including all of the one-
parameter families listed in chap. 4 of Joe (1997) that satisfy assumption 3—i.e., families B1—-
B8 and B10. It is possible that the condition is not needed at all, but all my attempts to prove
this have failed.
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ProposITION 1 (Wage polarization). Suppose that assumption 5 is
satisfied, the concordance of the skill distribution increases regularly, and
equation (19) holds. Then (i) wage polarization increases in both absolute
and relative terms, with both W(¢) — W(0) and log W(¢) — log W(0) strictly
falling for some ¢ € (0, 7). If, in addition, (6°/(dv:0h))m; > 0 for i € {M, S},
then (ii) W(1) — W(0) and log W(1) — log W(0) strictly increase.

The impact of an increase in concordance on the inverse distribution
of log wages is depicted in figure 3A. If there is no change in between-
sector inequality, then the competition for marginal workers (i.e., those
whose skills lie on the separation line) must change symmetrically across
sectors. In particular, as the sectors start agreeing to a great extent on
which workers are most skilled, the competition for these workers must
increase. As high- and low-ranked workers are imperfect substitutes, this
increases the wages of high earners by a greater proportion than those
of the lowest earners; the lowest wage in particular continues to equal
mi(v{(61),0). Lower-tail inequality falls because the increase in concor-
dance affects the wage function through the wage gradient and thus
has only an indirect impact on wage levels (i.e., the wage effect is of sec-
ond order), whereas the composition effect is a direct consequence of
the increase in concordance (and thus is of first order). This intuition
can be glanced from equation (17), which for ¢ close to zero implies that*

Ly < 2 Clug(e), () Jwii 1= 30 gmwn | <0 (20
a0 =0\ o Redvons \"" TR ) 2T
—_— (2)<0

=0 (1)=0

The increase in concordance changes the matching between workers and
firms, which in turn affects the gradient of the wage function. However,
the change in the gradient accumulates only gradually over skill levels
(term [1]). Conversely, the composition effect is always finite (term [2]),
and thus for ranks arbitrarily close to zero the wage effect is arbitrarily
small compared with the composition effect (see fig. 3B).

The conclusions of proposition 1 are unique to models that combine
assignment and self-selection. In standard self-selection models, workers
are perfect substitutes within each sector, and so the range of log wages
(log W(1) — log W(0)) would remain unchanged, which is inconsistent
with the empirical trends in the last decades. And while it is true that a fall
in the supply of skill would increase polarization and inequality in a single-
sector assignmentmodel (which has notbeen pointed out before),, workers

# Equation (20) follows from substituting eq. (19) into eq. (17), using eqq. (14) and (19)
to bound (8/80)(8/0vs) ws(vs), and finally using the regularity condition to bound the entire
expression. A detailed derivation is provided in the proof of proposition 1 in app. A.
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dix OA.4.
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must self-select into particular sectors or tasks for the increase in concor-
dance to cause a fall in sectoral skill supplies in the first place.*

B.  Changes to the Reduced Surplus Function

In this section, I investigate the effects of sector-specific changes to the
surplus function. Under assumption 5, which will be maintained in this
section, the crucial feature of the surplus function that determines work-
ers’ self-selection is their vertical differentiation.

DErINITION 4 (Vertical differentiation). Workers in services become
(strictly) more vertically differentiated if, for any ks €[0,1] and any
vs €10, 1],

0 0
a—vs 71'5(1/5, hs; 92) > (>) (9_vg WS(US, hs; 91)-

Workers become more vertically differentiated in services if the differ-
ence in the surplus they produce increases for all levels of skill and all
firms. An increase in vertical differentiation can be caused by a number
of changes to the fundamentals: a change to the actual production pro-
cess (see sec. V), a fall in the price of an input that is a complement to
skill, or an increase in the price of output produced in services. The dis-
tribution of skill v, in sector ¢ will be denoted by G;(v;), with

Gi(v,) = Pr(V; < vlw(Vi) = w(V)), ws(Vi) = 0),

where j #i. Under assumption 5 all workers are employed, and hence a
worker of skill v; is matched with a firm of productivity G(v) =1-—
Si(v;)/R:. The within-sector distribution of wages is denoted by Fy;(x) =
G;(w;'(x)), and the inverse distribution of wages in sector iis denoted by
Wi(t) = w(G'(1)).

ProPOSITION 2. Suppose that assumption 5 is satisfied and work-
ers in services become more vertically differentiated. Then (i) Gg(vs)
falls for all vs and (ii) Gy(vy) increases for all vy. As a consequence,
(iii) (0/0un)wm(vn) increases for all vy > v, (6,) and (iv) Wy, (1) — Wy, (0)
increases. In services, (v) Ws(1) — Wy(0) increases by more than Wy, (1) —
Wi (0). Furthermore, if v5(6,) > 0 and the increase in differentiation is
strict, then (vi) there exists a ¢ > 0 such that W(¢) — W(0) falls for all
t € (0,7), so that wage polarization increases in absolute terms. Finally,
if m5(v5(01), 0505) > ws(vs(0:),0501) = my(vi(61),0), then conditions iv—
vi hold for log W(t) as well.

As workers in services become more vertically differentiated, the distri-
bution of skill improves in services and deteriorates in manufacturing,

* The self-selection could take place within firms. In fact, an assignment model with
within-firm self-selection is mathematically equivalent to the symmetric case of this model.
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both in the sense of first-order stochastic dominance. This result can be
best understood by focusing on the impact on the demand for skills.
How do services firms’ hiring decisions change after an increase in ver-
tical differentiation but before the wage functions have time to adjust?®’
Under assumption 5, all firms want to hire some worker, and hence their
hiring decisions depend on the differences in surplus only; the levels
play no role at all. And because the difference in surplus produced by
different workers has increased but the difference in wages has not, all
firms want to hire a worker of higher skill than in the old equilibrium:
the demand for skill shifts upward. This is depicted in figure 4A. The
shift in skill demand draws in marginal high-skilled workers into services
and causes marginal low=skilled workers to leave for manufacturing,
which is depicted in the right panel of figure 4B. Naturally, wages in-
crease more (decrease less) for services workers of highest skill than
those of lowest skill, as the former are now in higher demand; accord-
ingly, the wage range increases. In manufacturing, the supply of skill
falls, and thus workers of all skill levels are matched with more productive
firms than previously, which—by the supermodularity of surplus—in-
creases the difference in wages earned by workers of any two skill ranks.
It follows that the highest wages increase more than the lowest wages,
in manufacturing and overall.

The change in overall wage inequality can be decomposed into the
within- and between-sector components (see eq. [18]). The fall in lower-
tail inequality is because of the latter component. The condition v§(6,) >
0 implies that the least earning workers are all employed in manufacturing
(ps(0) = 0), while workers who earn slightly higher wages can be found in
both sectors. Therefore, the average wage among low-earning workers (i.e.,
those below the 7th percentile) is lower in manufacturing than in services.
Recall that marginal low-skilled workers leave services for manufacturing;
hence, the wages of low earners increase more in manufacturing, and
between-sector lower-tail inequality falls. This causes an overall fall in
lower-tail wage inequality, because the change in within-sector inequality
is very small for low-earning workers, as (a) the change in wage inequality
inservices enters with a very low weight (ps(0) = 0) and () the increase in
the wage gradient in manufacturing is very small for low-skilled workers
((62/(60614\4))wM(vA,,(O)) = 0).

Finally, the impact of a change in surplus on the difference in log wages
(log W(z) — log W(0)) depends on the change in W(¢) — W(0) and the
change in the lowest wage. The condition s(v§(6,),0;0y) > ws(vs(61),
0;0,) > mux (v (61),0) ensures that the lowest wage is given by the surplus
produced by the least skilled manufacturing worker and hence either falls

¥ That is, if firms still have to pay wage w(vs; 0,) for skill vy
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Fic. 4.—Changes in hiring decisions and the separation function. In A, the solid
black line depicts ws(v*(%),6:) — ws(v, 8,), the dashed gray line depicts w5(v* (h), &, 6,) —
ws(v, b, 0,), and the dashed-dotted light gray line depicts ws(v*(h), &, 6;) — ws(v, h, 05).
The skill of the worker hired by firm % in the old equilibrium is denoted by v": the firm
prefers all workers with skill v € (v*, v') over worker v* after the increase in differentiation
but before wage functions have time to adjust. B, Change in the equilibrium separation
function: the solid black line depicts ¥/(-; 6,), and the dashed gray line depicts ¥/(-; 0,).

(if v5; > 0) or remains constant. Thus, the results regarding changes in
wage range and lower-tail inequality also hold in logs. The impact of an in-
crease in vertical differentiation on the inverse distributions of log wages
in the economy and each sector is depicted by the dashed-dotted line in
figure bA.
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The conclusions of proposition 2 differ from what would happen in
either the standard Roy’s model or a single-sector assignment model.
Single-sector assignment models are silent on the spillover effect in the
other sector. In particular, they cannot produce a fall in (absolute) lower-
tail wage inequality in response to an increase in the gradient of the sur-
plus function. In the standard Roy’s model, firms earn no rents and work-
ers always receive the entire surplus; as a result, sorting depends only on
the level of surplus, not on its gradient. In particular, an increase in the
level of surplus in services would raise wages in that sector and the least
skilled manufacturing workers would leave for services ((8/60)v;, > 0);
as a result, overall lower-tail wage inequality would increase and the
wage range in manufacturing would fall (see proposition OA.3; proposi-
tions OA.1-OA.13 are available online). In the self-selection models with
endogenous wages and perfect substitution of labor within sectors, the
change in sorting would further depend on the concavity of the aggregate
production function in each sector; however, perfect substitution of labor
ensures that changes in surplus in services would have no effect on the gra-
dient of log wages in manufacturing. Table OA.1 (available online) sum-
marizes the predictions of my model, a single-sector assignment model
and Roy’s self-selection model for the two comparative statics exercises
conducted in this section.

V. Sector- and Skill-Biased Technological Change

In this section, I'will use the results from section IV to explain how a change
to the basic surplus function IT'in one or both sectors affects the distribu-
tion of wages in a simple CDL specification of the model.

Cobb-Douglas lognormal—The basic surplus in each sector is a (shifted)
Cobb-Douglas function of cognitive (x;) and noncognitive (xy) basic
skills, as well as the firm’s basic productivity (z): II(x, z, i) = a&“xy*z* +
A;, where o, A; = 0. The two basic skills are jointly lognormally distrib-
uted, with logx ~ N(p,, I); basic productivity z, conditional on the firm
operating in sector i, is univariate lognormally distributed, with log z ~
N(uir, 1).

Denote the Cobb-Douglas skill composite used in sector i by v/(x) =
xg“xy". The vector of indexes v/ = (log vy, log v) is jointly normally
distributed, with mean p; = aicp.c + aivptey, standard deviation o; =
Vaic + diy, and correlation p = (ayease + auvasy)(1/0405). Normaliz-
ing v/ and z|i so that their marginal distributions are standard uniform
yields the following canonical formulation of the model:

’7r,-(v,¢, h,) — ei’"(1l,)a,+u,+a,y(q)"(h,)erwr) + Ai
C(UM> Us) = q’p(q’_l(UM), ‘b—l(vs)),
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change in 7, The specifications for which these figures were created are reported in ap-
pendix OA.4.

where ¢, represents the CDF of a standardized bivariate normal distribu-
tion with correlation p and @ represents the CDF of the univariate stan-
dard normal distribution.?®

In what follows, I assume that assumption 5 is satisfied and that the
modelisinitially symmetric. The latter ensures that any increase in concor-
dance is without effect on the between-sector distribution (needed for
proposition 1) and that services hire no more low-income workers than
manufacturing (needed for proposition 2, result vi). Services are labeled as
the relative noncognitive-skill-intensive sector, so that oy /oty > otse/ e

Sector-specific technological change—Suppose that services become more
cognitive skill intensive—that is, o increases slightly. Such a change
affects the surplus function through p, and o, and the copula of skills
through p. As services are relative noncognitive skill intensive, the con-
cordance of skills increases:

* The Gaussian-exponential specification does not satisfy assumption 2, as the surplus
function is not defined for v; = 1 and not differentiable for v, € {0, 1}. Formally, I solve
this problem by working with a surplus function with an additional truncation parameter
a;, which approaches 7, as @, — 0 (see app. OA.3 for details). Then, in simulations I simply
set a; close to zero.
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d p= O‘SN(‘XMCOfSK;M 172 amlxsc) > 0. (21)
dase 050y

The gradient of the surplus function in services increases for vs >
O(—((os/asc)pxc + (1/05))) and falls otherwise:

(s ) = W ("‘ Fage® () + osuxc). (22)
To ensure that the gradient increases for all vs and thus that workers
become more vertically differentiated in services, I further assume that
pxe > 0 and age = 0 initially.?

An increase in oy raises the return to skill and causes sectors to rank
workers more similarly. Therefore, it follows from propositions 1 and 2
that, as shown in figure 5A, the change in concordance (dashed gray line)
and the change in the surplus function (dashed-dotted light gray line)
have the same effect on the overall distribution of wages (solid black
line): they raise overall wage polarization and increase the wage range in
both sectors. Notice that while the change in the surplus function increases
the wage range in services more than in manufacturing, the change in con-
cordance increases the wage range symmetrically across sectors. In the pa-
rametrization used to create figure 54, most of the increase in wage range
in services is caused by the increase in concordance; as a result, the wage
range increases by the same order of magnitude in both sectors. Indeed,
there exist asymmetric parameterizations in which wages of highest earn-
ers increase more in manufacturing than in services (see fig. OA.1, avail-
able online). This suggests that empirical studies attempting to infer the
causes of increased wage inequality from cross-sector comparisons (e.g.,
Kaplan and Rauh 2013; B6hm, Metzger, and Stromberg 2018) should ex-
ercise a certain degree of caution: the fact that inequality rose more in fi-
nancial services than in other sectors does not imply that the underlying
technological change has its origin in that sector.

Suppose instead that services become even more noncognitive skill
intensive—that is, agy increases slightly. As a result, the return to skill in-
creases (eq. [22]) but sectors rank workers less similarly (eq. [21]). In
such a case, the changes in the surplus function and concordance work
in opposite directions, and the impact on wage polarization and inequal-
ity is ambiguous. In particular, figure 5B depicts a parametrization of
the model for which the effect of the change in concordance dominates
and both wage polarization and upper-tail wage inequality fall. This case
matches well the recent findings that noncognitive skills became more

* While this assumption is necessary to ensure an increase in vertical differentiation, it
can easily be shown that the conclusions of proposition 2 hold for any sufficiently large in-
crease in o
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importantin the 2000s and 2010s in the United States and Sweden. On one
hand, these changes increased wages in high-paying occupations other
than science, technology, engineering, and mathematics (Deming 2017),
which should have increased upper-tail wage inequality. On the other
hand, the increase in the return to noncognitive skills was particularly pro-
nounced in occupations that were already noncognitive skill intensive
(table Vin Deming 2017; table 4 in Edin etal. 2017), which would decrease
skill concordance and thus also upper-tail wage inequality. Figure 2 in Edin
etal. (2017) shows that wage polarization and upper-tail inequality in Swe-
den have indeed fallen in the 2000s and 2010s.

Skill-biased technological change—Finally, consider technological change
that makes both sectors more cognitive skill intensive but is not biased
toward either sector. Specifically, suppose that o, asc increase in such
a way that 7y = 7y after the change; this is the case if and only if p,c =
0 and oy as a function of oy satisfies doye/dose = o /ae. Of course,
as a result, the gradient of surplus falls for low-skilled workers and in-
creases for high-skilled workers in both sectors (by eq. [22]), which leaves
sorting unaffected. Further, the concordance of skill increases, as dp/
doge = (al\l(z/ai)(aiwca&v - aMNaSC)Q > 0.

Therefore, skill-biased technological change increases wage polariza-
tion unambiguously, as both the change in concordance (by proposi-
tion 1) and the (symmetric) change in surplus (by eq. [22]) cause an in-
crease in polarization. This is depicted in figure 5C; note that while the
change in surplus produces a small fall in lower-tail inequality on its
own, one needs the increase in concordance of skill to match the empir-
ical fact that the increase in wages was smallest for wages close to the me-
dian.* Crucially, skill concordance is certain to increase precisely because
skill-biased technological change is not biased toward any sector, which is
possible only if the increase in cognitive skill intensity is weaker in the rel-
atively cognitive-skill-intensive sector. Therefore, the fact that the rise in
the return to cognitive skills took place across all sectors (Bound and John-
son 1992; Juhn, Murphy, and Pierce 1993) makes it more, rather than less,
likely that skill-biased technological change contributed to the increase
in wage polarization in the 1990s.

VI. Extensions and Generalizations

In this section, I briefly discuss the consequences of relaxing some of my
assumptions. The results on which this discussion is based can be found
in appendix OA.5, which also includes a discussion of a dynamic version
of the model.

* This is not an artifact of the parametrization used to create fig. 5C but holds true in

general. The reason is that dw(0.5, 7;) /dese > 0 and the skill of the median-earning worker
is greater than 0.5.
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A, Scarce and Abundant Jobs

I will first relax assumption 5 and allow for jobs being either scarce
(Ry + Ry < 1) or abundant (R, + Ry > 1).

1. Scarce Jobs

In the scarce jobs case, the number of workers in each sector is fixed (as in
the baseline), but the wage of the lowest-ranked employed worker is equal
to the reservation wage. All results concerning changes in the distribution
of skill and upper-tail wage inequality—thatis, proposition 1 (ii) and prop-
osition 2 (i—v)—carry through unchanged. The results concerning lower-
tail wage inequality are ambiguous: intuitively, if there are few firms, then
most workers receive the reservation wage and the matched workers are
effectively in the upper tail of the overall wage distribution, and hence
wage inequality either remains unchanged (for those earning the reserva-
tion wage) or increases (for everyone else).

2. Abundant Jobs

In the abundant jobs case, the lowest wage is still equal to min,c (s
mi(vf, 1 — §;(0)/R;), but the number of workers in each sector is endoge-
nous. The change in wages can be decomposed into the standard baseline
effect and the new size effect. Formally, consider an intermediate specifica-
tion of the model (0;) in which the initial surplus function in services
is shifted upward by a constant (my (v, A 05) = T (0u, b 61) + A) in
such a way that the measure of workers in each sector is the same as in
the final specification (S;(0;65) = S;(0; 6,)). We can then decompose the
gradient of the inverse wage distribution:

W' (t;09) — W' (t;60,) = W'(t;05) — W (t;05) + W (t;05) — W'(£;6,). (23)

baseline effect size effect

Skill interdependence—If equation (19) is satisfied, then after an in-
crease in the concordance of the skill distribution, either there is no ef-
fect on the size of either sector or the model behaves like Roy’s model.
Proposition 1 carries through unchanged in either case.

Changes in surplus function—As explained in section IV.B, the inten-
sive margin of the demand for skill depends on the vertical differentia-
tion of workers. The extensive margin (how many firms want to hire a
worker), however, depends on the level of surplus as well. In general,
if workers become more vertically differentiated and the surplus pro-
duced by the lowest-ranked worker (ms(vs(6:),1 — (S5(0;6:)/Rs))) in-
creases, then the supply of skill (Ss(-)) increases in services for all skill
ranks. In such a case, the baseline effect is exactly as in proposition 2.
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The size effect increases wage levels in both sectors but more so in ser-
vices, in the sense that the separation function ¥ shifts upward. Further-
more, it increases the wage gradient ((6/dv;)w;) in manufacturing and
decreases it in services. Therefore, if vg > 0, then both components of
equation (18) become positive for small zand the impact of the size effect
on lower-tail wage inequality is positive (proposition OA.8). Thus, the
overall effect depends on whether the baseline or the size effect domi-
nates, which in turn depends on the increase in workers’ vertical differen-
tiation relative to the increase in surplus levels.

B.  Endogenous Entry

To model firm entry, I build on the approaches of Hopenhayn (1992) and
Melitz (2003). There is an unlimited supply of potential firms that are ex
ante identical. If a potential firm decides to enter sector ¢, it pays cost ¢; > 0
and draws productivity k; from a standard uniform distribution. Firms
enter the sector that maximizes their expected profits net of entry cost
(if any), where the expected profit in sector 7 is defined as

1

T = J max{r,(%),0} dh.
0

Compared with definition 1, the equilibrium must satisfy one additional

condition: if entry is positive in sector ¢ (R; > 0), the expected profit must

equal the cost of entry: 7, = ¢;.

The equilibrium exists and is unique (theorem OA.2, available online)
and efficient (proposition OA.9). In contrast to the baseline, wages are
uniquely determined even if Ry + Ry = 1 in equilibrium, because con-
stant average profits pinpoint the split of surplus in the least productive
match. To derive comparative statics results, I assume—analogously to
assumption 5—that the equilibrium measure of firms across the two sec-
tors is equal to the measure of workers. This is ensured if, for example,
mi(1,1) — m(1,0) < ¢, for both i € {M, S} and 7,(0,0) > ¢, for some i €
{M, S}. Notably, under this assumption the model nests the Costrell
and Loury (2004) assignment model (app. OA.5.3).

The change in wages can again be decomposed, this time into the base-
line effect and the entry effect. The intermediate specification still shifts the
initial surplus function in services by a constant, this time in such a way
that entry is the same as in the final specification (R;(6;) = Ri(6)). Then
the wage gradient can be written as

0 0 0 0
a_u wi(vi; 02) - a—vz wi(vi; 01) = 6_u wi(vi; 02) - a_u wi(vi; 03)
a baseline effect a
+ 0 w;(v;; 05) — 0 wi(v; 0,).

entry effect
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Skill interdependence—If surplus is additively separable ((6*/0vih;)m; =
0), then the endogenous entry extension is equivalent to Roy’s model
and proposition 1(i) holds unchanged. If surplus is strictly supermod-
ular ((6*/0uih;)m; > 0), then equation (19) ensures that an increase in the
concordance of the skill distribution has no effect on firm entry. Thus,
the change in the wage gradient is as in the baseline, and the results about
the impact of concordance on absolute wage polarization are unchanged
compared with the conclusions of proposition 1. The results regarding
relative wage polarization differ: with endogenous entry, high- and low-
ranked workers are complements rather than imperfect substitutes (prop-
osition 2 in Costrell and Loury 2004), so that a worsening of the skill
distribution in a sector increases the wages of high-ranked workers but de-
creases the wages of low-ranked workers. Thus, lowest wages increase as a
result of higher concordance, which contributes to a decrease in relative
lower-tail wage inequality. In the symmetric case, however, it can be shown
that if the lowest wage was sufficiently high initially or the supermodular-
ity of surplus is sufficiently weak, then lower-tail inequality falls in relative
terms as well (proposition OA.10).

Changes in surplus functions—With endogenous entry, the equilibrium
supply of skill in each sector depends not only on the gradient of surplus
with respect to aworker’s rank and the level of surplus but also on the gra-
dient of surplus with respect to a firm’s productivity. In particular, if the
level of surplus increases and both workers and firms become more verti-
cally differentiated in services (both (8/0vs)ws and (0/0hs)ws increase for
all (v, ) € [0, 1]*), then the supply of skill and the measure of firms must
increase in services and fall in manufacturing (proposition OA.11). In
such a case, the baseline effect’s impact on wage range and gradients is
as in proposition 2. The entry effect is identical to the effect of increasing
entry in services in the baseline while also decreasing it in manufacturing
by the same amount. As entry changes but the gradient of surplus does
not, the wage must go up for some workers and down for others; other-
wise, firm profits would not be equal to the cost of entry. The impact that
the entry effect has on the wage gradient is ambiguous: in particular, if the
changes in entry are large enough, then the entry effect must reduce wage
inequality in manufacturing and thus counteract the increase caused by
the baseline effect (proposition OA.12).

VII. Concluding Remarks

This paper derived monotone comparative statics results with respect to
changes in technology for a selection model with imperfect substitution
of workers within sectors. The main message is that sector- and skill-
biased technological change can have similar impact on the distribution
of wages once we take into account that technological change affects the
degree to which sectors value the same skill sets.
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How could one then empirically distinguish between sector- and skill-
biased technological change? I see two paths forward. The first is to make
use of the testable implications of my model: while my results indicate that
these two types of technological change can have a similar impact on the
overall distribution of wages, they often differ in their impact on within-
and between-sector distributions and/or in the mechanisms that drive
the outcomes. For example, skill-biased technological change affects lower-
tail wage inequality within each sector, whereas sector-biased technological
change decreases lower-tail inequality by increasing wages in one sector rel-
ative to the other. Thus, to determine the causes of a change in lower-tail
inequality, one needs to check whetherit has fallen between sectors, within
sectors, or both. Similarly, if within-sector wage inequality increases across
sectors as a result of a services-specific technological change, then it will be
accompanied by changes in the sorting of workers to sectors. Skill-biased
technological change, however, could produce the same effect with mini-
mal reallocation of workers. Thus, to evaluate the causes of a widespread
increase in within-sector inequality, one should look at the magnitude of
the accompanying changes in workers’ self=selection.

Alternatively, estimating the model at two different points in time would
also reveal the causes of the observed changes in wage distributions. It is
well known that the standard self-selection model can be nonparamet-
rically identified from multimarket data (Heckman and Honoré 1990),
whereas a single-sector assignment model with random search can be non-
parametrically identified from matched employer-employee data on wages
and labor market transitions (Hagedorn, Law, and Manovskii 2017). While
combining these two results is conceptually straightforward, doing so would
require introducing within-sector random search into my model, which is
left for future research. More immediately, the frictionless model from
this paper can be estimated or calibrated parametrically. This is done in
Burzynski and Gola (2020), where we calibrate a close cousin of the model
from this paper and use it to quantify the impact of changes in migration
costs on welfare in the sending and destination countries.

Appendix A

A.  Proofs for Section 1V

To simplify notation, Iwill assume that (8/06)y(+; 8) existsand is continuous in both
vs and 0; this is proved in appendix OA.6, lemma OA.13. In addition, appen-
dix OA.5 provides proofs of more general results that do not rely on differentiability.

1. Proof of Proposition 1

i. To show that (d/d8)(W(¢) — W(0)) <0 for ¢ = 0, it suffices to show that
(d/de)W(0) = 0 and to derive equation (20). First, notice that under
assumption 5 all workers are matched, and thus C(vj, vy;) = 0 and
min{vj,, v} = 0. Together with (19), this implies that (d/df)v; = 0 and thus
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(d/df)W(0) = 0. Second, using equations (11) and (19) we can rewrite equa-
don (17) as (d/dO)W(t) = —W'(¢)(6/00) C(vm(t), vs(t)) + (6/08)ws(vs(t)).
Differentiating equation (19) yields (8/60)(0/0vs)ws(vs) = (8/0vs)¥(vs)
(0/06)(0/0um ) wu(¥(vs)), which together with equation (14) implies that
0 < (8/20)(0/0vs)ws(vs) and

6 6 ( ) < 62 1- S,‘(Ui) EC(\L(U\), vs)
000 S\ = Gosons T\ R J))ae R,

The regularity condition implies that ((8/06) C(vy(s), vs(s)))/((8/00) C(uu(t),
vs(t))) < lforall s < ¢ = 0 from which equation (20) follows. The result for
log holds because

d
35 W) — I w(0)

- ;@(W(o)d%(w(z) - W(0)) — (W(1) — W(()))diaw(o)).

ii. From i, (6/00)(1 — ((Si(v;))/R;))) = 0, and—by regularity—this inequality
holds strictly for some vs. Therefore, (d/d8)(W(1) — W(0)) > 0 follows
by inspection of equation (8) and (d/d8)(W(1) — W(0)) > 1 from equa-
tion (24).

2. Proof of Proposition 2

i. Define w5 = sup{vs € [0, 1] : y(vs) < 1} 9y = ¥(T5) and the sets E’ =
{5 € [v§, 05] :(8/00) Gs(vs) > 0} and E' = {vs € [v5, Ts] :(0/80)¢(vs) > 0 and
(6/06) Gs(vs) > 0}. Consider any v € E', and define E° = {uvs € [v;, 0s] :
vs & &'}. Suppose that E* is nonempty—then min E* exists by continuity of
Y and Gg; clearly, min = >y and [v1, min Eg] C E". Define k(vs) = (8/20)
¥(vs)(8/0um ) wm(¥(vs)), and note that differentiating equation (11) yields

that
d o2 5 2
dT)SK(vs) = mm(vs, Gs(vs)) + 20 Gs(vs) =——— avsahs ws(vs, Gs(vs))
(25)
= 2 009 2 u(09)) —F— ma($(0). Culp(o))) 2 0
Ovs 06 G (s VOl Tu(W(s), Gu(¥(vs))) =

forany vs € E’, because (8/00) Gy (¥(vs)) = —(Rs/Ru)(8/20) Gs(vs) by equa-
tion (14). As k(v;) > 0 by the definition of vy, it follows that (8/00)y(vs) > 0
for all v € [v, min E°]. However, then (8/860) Gs(min ;) = (6/00) Gs(v,) +
020/ 00)Y(7) (8 (Gvmdus)) C(Y(r), r) dr > 0 and min Es € E,, which is a

contradiction. Thus, if v, € £', then all [v, 3,) € E', and hence

o o “ &
2 6(1) = 2 G + j S Y dr> 0, (26)

which contradicts (0/30) Gs(1) = 0. Thus, E' must be empty. Suppose that
(0/00)vs < 0. This implies (a) that (8/30)y(v5) > 0 (by differentiating
C(Y(v5), v5) = Owith respect to 0) and (b) that (0/30) Gs(vs) > 0. Hence, v§ €
E', which is a contradiction. Thus, (8/860)v; > 0, and (8/80) Gs(v5) < 0. Now
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ii.

=

ii

iv.
. Suppose that (8/00)vs > 0. This implies that 75 < 1 and hence ¥(v5) = 1.
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suppose that the set Y' = {us € [v5, 5] :(8/00) Gs(vs) > 0} is nonempty. Take
some v, € Y' and define Y* = {v € [v§, w] :(8/80) Gs(v5) < 0}. By continuity
of (0/66) Gs(vs), the point v; = max Y? exists and is less than w. Therefore,
for any v € (vs, vo] we have (8/00) Gs(vs) > 0. However, as

o o X &
T Gs(vy) = T Gs(v3) + L T (r)

o).
this implies that there exists some v; € (vs, w] such that (0/30)¥(v;) > 0 and
thus v € &', which is a contradiction. Thus, (0/08) Gs(us) <0 for all us €
[vs, T5). Finally, as Gs(vs) = 1 — (1 — ws)/Rs for vs > s, it follows that
(0/00) Gs(vs) = 0 for vs > o5, and thus by continuity, (6/00)Gs(uvs) > 0 for
all v, as required.

Differentiating equation (14) with respect to 8 yields (6/00)Gy(vy) =
*(5/60)(}{;/}{,”)Gs((b(vm)) > 0.

. Result iii follows immediately from ii by inspection of equation (8).

(0/08)vs; < 0 by ii and iv follows by inspection of equation (8).

Differentiating this equation with respect to 6 yields (0/90)¥(vs) < 0. By
continuity, there then exists 6 > 0 such that (6/00)y/(vs) <0 for all v5 €
(vs — 6, v5). But this implies that (6/30)Gs(1) < 0 by i and equation (26),
which is a contradiction. It follows that (0/00)7s < 0 and thus (0/00)vy >
0. Differentiating equation (11) with respect to 0 yields

0 0 0 0 0
—(ws(@s) - 'CUM(@M)) = —'DM—IUM(@M) - %a\'a—mws(@s) > 0.

09 00 " Ouy
Note that (6/00)G;(v;) = 0 for wv > 7. Hence, (8/00)(8/0v,)wi(v;) =
(6/06)(0/0v))i(vis Gi(v;)) for v >7v; and (8/00)ws(1) = ws(vs) while
(0/00)wy (1) = wy(om). As Wi(0) = wy(vy) = ws(vs), it follows that
(0/30)(W(1) — W(0)) > (0/28)(Wy (1) — Wy (0)).

vi. As I explained in the proof of proposition 1, min{wj,, vi} = 0 under assump-

=)

tion 5. From i, we have (0/00)v; > 0, which together with v§(6,) > 0 implies
viy(0:) = v3(6:) = 0. First, this implies that

_ (8/0u) Cluis, )
0 = S vy (o))

Second, (d/d0)(6/0vy)mu(0,Gy(0)) = 0. Third, itimplies that p,,(0) = 1and
thus (6/0t)pu(0) < 0. A strict increase in differentiation implies that
(0/20)vs > 0—suppose not. Then (8/00) G;(v/) = 0 for both 7, and thus equa-
tion (25) implies that (0/06)(0/dvs)¥(vs) > 0 and thus by continuity there ex-
ists some 6 such that (6/00)y/(vs) > 0 for all vs € [v5, v§ + 6]. It follows, there-
fore, that (6/00) Gs(vs) > 0 for all us € [v§, v§ + 6], which contradicts result i.

By differentiating equation (11), we get (8/00)(wu(vy) — ws(vs)) =
(0/00)ve(0/0vs)ws(vs) — (6/00)vs(8/0vm)wwm(vsy) > 0. Thus, it follows by in-
spection of equation (18) that (9/00) W’(0) < 0, which implies the result.

Ww'(0) = 0.

i. As mg(v§(61),0;00) = ws(vs(0:),0;6,) = mu(v§i(6,),0) and v (6) < vi,(6,),

Wi(0;0,) = mu(v5(6,),0). Thus, W;(0;6,) < W;(0;6,), and iv and v follow
from equation (24). However, if v > 0, then vj,(6,) = v;(0:) = 0 and
W;(0;0,) = W;(0;6,). Thus, vi follows from equation (24) as well.
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