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Abstract:

The probability of an observed financial return being equal to zero is not necessarily zero, or constant. In ordinary models
of financial return, however, e.g. ARCH, SV, GAS and continuous-time models, the zero-probability is zero, constant or
both, thus frequently resulting in biased risk estimates (volatility, Value-at-Risk, Expected Shortfall, etc.). We propose
a new class of models that allows for a time varying zero-probability that can either be stationary or non-stationary.
The new class is the natural generalisation of ordinary models of financial return, so ordinary models are nested and
obtained as special cases. The main properties (e.g. volatility, skewness, kurtosis, Value-at-Risk, Expected Shortfall) of
the new model class are derived as functions of the assumed volatility and zero-probability specifications, and estimation
methods are proposed and illustrated. In a comprehensive study of the stocks at New York Stock Exchange (NYSE) we
find extensive evidence of time varying zero-probabilities in daily returns, and an out-of-sample experiment shows that

corrected risk estimates can provide significantly better forecasts in a large number of instances.
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1 Introduction

It is well-known that the probability of an observed financial return being equal to zero is not necessarily zero.
This can be due to liquidity issues (e.g. low trading volume), market closures, data issues (e.g. data imputation
due to missing values), price discreteness and/or rounding error, characteristics specific to the market, and so
on. Moreover, the zero-probability may change and depend on market conditions. In ordinary models of financial

risk, however, the probability of a zero return is usually zero, or non-zero but constant. Examples include the

*We are grateful to the Editor, three reviewers, Christian Conrad, Christian Francq, participants at the PUCV seminar in statistics
(August, 2018), French Econometrics Conference 2017 (Paris), HeiKaMEtrics Conference 2017 (Heidelberg), VieCo 2017 conference
(Vienna), the CFE 2016 conference (Seville), the CEQURA 2016 conference (Munich), the CATE September 2016 workshop (Oslo),
the CORE 50th. anniversary conference (May, 2016, Louvain-la-Neuve), the Maastricht econometrics seminar (May, 2016), the
Uppsala statistics seminar (April 2016), the CREST econometrics seminar (February 2016), the SNDE Annual Symposium 2015
(Oslo) and the IAAE Conference 2015 (Thessaloniki) for useful comments, suggestions and questions.



Autoregressive Conditional Heteroscedasticity (ARCH) class of models of Engle (1982), the Stochastic Volatility
(SV) class of models (see Shephard (2005)), the Generalised Autoregressive Score (GAS) or Dynamic Conditional
Score (DCS) model proposed by Creal et al. (2010) and Harvey (2013), respectively, and continuous-time models
(e.g. Brownian motion).* A time varying zero-probability will generally lead to biased risk estimates in all of

these model classes.

Several contributions relax the constancy assumption by specifying return as a discrete dynamic process.
Hausman et al. (1992), for example, allow the zero-probability to depend on other conditioning variables (e.g.
volume, duration and past returns) in a probit framework. This was extended in two different directions by
Engle and Russell (1998), and Russell and Engle (2005), respectively. In the former, the durations between price
increments are specified in terms of an Autoregressive Conditional Duration (ACD) model, whereas in the latter
price-changes are specified in terms of an Autoregressive Conditional Multinomial (ACM) model in combination
with an ACD model of the durations between trades. Liesenfeld et al. (2006) point to several limitations and
drawbacks with this approach. Instead, they propose a dynamic integer count model, which is extended to the
multivariate case in Bien et al. (2011). Rydberg and Shephard (2003) propose a framework in which the price
increment is decomposed multiplicatively into three components: Activity, direction and integer magnitude.
Finally, Kiimm and Kiisters (2015) propose a zero-inflated model for German milk-based commodity returns
with autoregressive persistence, where zeros occur either because there is no information available (i.e. a binary

variable), or because of rounding.

Even though discrete models in many cases provide a more accurate characterisation of observed returns,
the most common models used in risk analysis in empirical practice are continuous. Examples include ARCH,
SV, GAS/DCS and continuous-time models. Arguably, the discreteness point that causes the biggest problem for
continuous models is located at zero. This is because zero is usually the most frequently observed single value
— particularly in intraday data, and because its probability is often time varying and dependent on random
or non-random events (e.g. periodicity), or both. A non-zero and/or time varying zero-probability may thus
severely invalidate the parameter and risk estimates of continuous models, in particular if the zero process is
non-stationary. We propose a new class of financial return models that allows for a time varying conditional
probability of a zero return. The new class decomposes returns multiplicatively into a continuous part and a
discrete part at zero that is appropriately scaled by the conditional zero-probability. The zero and volatility
processes can be mutually dependent, and standard volatility models (e.g. ARCH, SV and continuous-time
models) are nested and obtained as special cases when the conditional zero-probability is constant and equal to
zero. Hautsch et al. (2013) propose a model for volume which uses a decomposition that is similar to ours. In
their model the dynamics is governed by a logarithmic Multiplicative Error Model (MEM) with a Generalised
F as conditional density, see Brownlees et al. (2012) for a survey of MEMs. Our model is much more general

and nests the specification of Hautsch et al. (2013) as a special case: The dynamics need not be specified in logs,

*See Bauwens et al. (2012) for a survey of these models.



the density of the continuous part (squared) need not be Generalised F, our framework also applies to return
models (not only MEMs), and the model class is not restricted to ARCH-type models. Another attraction
of our model is that many return properties (e.g. conditional volatility, return skewness, Value-at-Risk and
Expected Shortfall) are obtained as functions of the underlying volatility model. Moreover, our model allows for
autoregressive conditional dynamics in both the zero-probability and volatility specifications, and for a two-way
feedback between the two. Finally, a recent strand of the continuous-time literature introduces the idea of “stale”
price increments, see e.g. Bandi et al. (2017), and Bandi et al. (2018). This can be viewed as a continuous-time

analogue of our discrete-time framework.

Our results shed light on the effect and bias caused by zeros in several ways. First, for a given volatility
level, our results imply that a higher zero-probability increases both the conditional skewness and conditional
kurtosis of return, but reduces return variability when defined as conditional absolute return (see Proposition
2.1). Second, we derive general formulas for Value-at-Risk (VaR). They show that the bias induced by not
correcting for zeros depends, in nonlinear ways, on the volatility bias caused by the misspecified model and/or
estimator, and on the exact shape of the conditional density. In other words, whether the estimated risk is too
low or too high will depend on a variety of factors that would vary from application to application. Nevertheless,
for a given level of volatility, our results show that risk — when defined as VaR — will be biased downwards for
rare loss events (5% or less) if zeros are not corrected for (see Section 2.3). Third, we derive general formulas
for Expected Shortfall (ES). Since the formulas depend on the value of the VaR, also here the bias depends,
in nonlinear ways, on the volatility bias caused by the misspecified model and/or estimator, and on the exact
shape of the conditional density. Notwithstanding, for a given level of volatility, our results show that risk —
when defined as ES — will be biased downwards (i.e. just as for VaR) for rare loss events (10% or less) if zeros
are not corrected for (see Section 2.4). Fourth, since the models and/or estimators that are commonly used by
practitioners can lead to severely biased risk estimates — in particular if the zero-probability is non-stationary, we
outline an estimation and inference procedure that reduces the bias caused by a time varying zero-probability,
and which can be combined with well-known models and estimators (see Section 2.5). Section 3 contains a
detailed illustration of our results and methods applied to the daily returns of three stocks at the New York
Stock Exchange (NYSE). The stocks have been carefully selected to illustrate three different types of zero-
probability dynamics. Finally, in a comprehensive study of the stocks at the NYSE (see Section 4) we find that
24.4% of the daily returns we study are characterised by a time varying zero-probability. The actual proportion
is likely to be higher, since the stocks we omit from our analysis — stocks with less than thousand observations
in the in-sample — are likely to be characterised by a high zero-probability, and therefore also of a time varying
zero-probability. Next, an out-of-sample experiment shows that corrected risk estimates can provide significantly

better forecasts in a large number of instances.

The rest of the paper is organised as follows. Section 2 presents the new model class and derives some

general properties, and the formulas for zero-corrected VaR and ES. The section ends by outlining situations



where volatility estimates are not biased even though the zero-probability is time varying (and stationary), and
by outlining a general estimation and inference procedure that reduces the volatility bias caused by zeros when
the zero-probability is non-stationary. A main attraction with the procedure is that it can be combined with
common models and methods. Section 3 contains the detailed illustration of the results and methods of Section
2. Section 4 contains a comprehensive study of stocks at the NYSE, whereas Section 5 concludes. The Appendix

contains the proofs and additional auxiliary material.

2 Financial return with time varying zero-probability

2.1 The ordinary model of return

The ordinary model of a financial return r; is given by

re = oy, Eii(wy) =0, Ei_q(wi) =02

w

Pt,l(wt :0) =0, tEZ, (1)

where o, > 0 is a time varying scale or volatility (that does not need to equal the conditional standard deviation).
The subscript ¢ — 1 is notational shorthand for conditioning on the past. Unless we state otherwise, the past
will be the sigma-field generated by {r, : u < t}, and when needed we will denote this sigma-field by F;_,. The
wy is an innovation and P;_q(w; = 0) is the zero-probability of w; conditional on the past. We refer to (1) as

)

an “ordinary” model of return, since the zero-probability of return r; is 0 for all ¢. An example of an ordinary

model is the GARCH(1,1) of Bollerslev (1986), where

Jt2 =ap + alrtz—l + 510—?—17 wy ~ N(07 1) (2)

Another example is the Stochastic Volatility (SV) model, where

In Uf =ag + 1 lnaf_1 + nug_1, we ~ N(0,1), Vg ~ N(O,a?}), (3)

with v; being independent of w; for all pairs 4, j. Other examples of ¢; include quadratic variation and other
continuous-time notions of volatility, the Gaussian log-GARCH models proposed independently by Geweke
(1986), Pantula (1986) and Milhgj (1987), the EGARCH model of Nelson (1991) with w ~ GED (where GED
stands for Generalised Error Distribution), the mixed data sampling (MIDAS) regression of Ghysels et al. (2006),
and the Dynamic Conditional Score (DCS)/Generalised Autoregressive Conditional Score (GAS) models of
Harvey (2013) and Creal et al. (2013).



2.2 A model of return with time varying zero-probability

Let r; denote a return governed by

Ty = OtZt, oy >0, te Z, (4)
Zt = ’tht’ﬂ'ﬂl/Q, Et,l(wt) = 07 Et,l(wf) = 0'120, Pt,l(wt = 0) = 07 (5)
I, € {O, 1}, Tt = Pt—l(It = 1), 0<my <1. (6)

Again, the subscript ¢ — 1 is shorthand notation for conditioning on the past, and again the past is given by the
sigma-field generated by past returns, i.e. F/_;. The indicator variable I; determines whether return r; is zero
or not: ry # 0 if I; =1, and r; = 0 if I; = 0. This follows from P;_;(w; = 0) = 0, which is an assumption that
is needed for identification (it ensures zeros do not originate from both w; and I;). The probability of a zero
return conditional on the past is thus mg; = 1 — 1. The motivation for letting 71; enter the way it does in z;
is to ensure that Var;_1(z) = 02 (see Proposition 2.1 below). In particular, if o2 = 1, then we can interpret o;
and o} as the conditional standard deviation and variance, respectively. Note that (4) — (6) do not exclude the
possibility of I; being contemporaneously dependent on the value of wy, e.g. that small values of |w;| increase
the probability of I; being zero. A specific example is the situation where w; conditional on the past is standard
normal, and I; = 1 if |w| > 0.05 and 0 otherwise (so that m; = 0.96 for all ¢). Note also that (4) — (6) do not
exclude the possibility of o; being contemporaneously dependent on w; or I;, or both. Finally, we will refer to

. ~ 1/2
‘zero-corrected” return, since r; = r,nrlt/ whenever I # 0.

4

ry = oyw; as “zero-adjusted” or
An attractive feature of (4)—(6) is that many properties can be expressed as a function of the underlying
models of volatility and the zero-probability. In deriving these properties we rely on suitable subsets of the

following assumptions.

Assumption 1 (regularity of distribution) Conditional on the past Fj_;:
(a) The joint probability distribution of w; and I; is regular.

(b) The joint probability distribution of vy and I is regular.

Assumption 2 (identification) For all t: E;_1(w|I; = 1) = 0 and E;_1(w?|l; = 1) = 02, with 0 < 02 < o00.

Assumption 1 is a technical condition ensuring that probabilities conditional on the past can be manipulated
as usual, see Shiryaev (1996, pp. 226-227). In what follows, (a) will usually be needed when deriving properties
involving z;, whereas (b) will usually be needed when deriving properties involving 7. Assumption 2 states that,
conditional on both F/_; and I; = 1, the expectation of w; is zero, and the expectation of w} exists and is
equal to o2 for all . The motivation behind this assumption is to ensure that z; exhibits the first and second
moment properties that are typically possessed by the scaled innovation in volatility models. In particular, if

02 =1 (as in the ARCH class of models), then o; and o7 will usually correspond to the conditional standard



deviation and variance, respectively. The assumption can thus be viewed as an identification condition. The
conditional zero-mean property will usually ensure that returns are Martingale Difference Sequences (MDSs).
It should be noted, however, that Assumption 2 is used only once in the proofs of our results, namely in the
proof of Proposition 2.1. In other words, Assumption 2 is not required for the other propositions. Proposition

2.1 collects some properties of z; that follow straightforwardly.

Proposition 2.1 (properties of z;) Suppose (4) — (6), Assumption 1(a) and Assumption 2 hold. Then:
(i) If E;_1]z| < oo for all t, then {z} is a Martingale Difference Sequence (MDS).

(ii) If By_1|2%| < oo for allt, then Var,—1(z:) = o2, for allt, and {2} is covariance-stationary with E(z;) = 0,

Var(z) = o2 and Cov(zy, z—;) = 0 when j # 0.
(i1i) If Er_1]z7| < oo for some s > 0, then Ey_1(z}) = ﬂ%?is)ﬂEt_l(wﬂIt =1).
() If By_1|z{| < 0o for some s > 0, then Ei_1|z|° = 71'%?_3)/2Et_1(|wt|5\[t =1).
Proof: See Appendix A.1.

Property (i) means that {z;} is a MDS even if 7, is time varying. Indeed, it remains a MDS even if {I;}
is non-stationary. Usually, (i) will imply that {r;} is also a MDS, e.g. in the ARCH class of models, since
there E;_1(r;) = 04 E;_1(2;), see Assumption 4 and Proposition 2.4. Property (ii) means that o2 corresponds
to the conditional variance in ARCH models, and that the unconditional second moment — if it exists — is
not affected by the presence of time varying zero-probability. For example, in the semi-strong GARCH(1,1) of
Lee and Hansen (1994), where z; is strictly stationary and ergodic with o7 = ag + aqri_; + B107_ |, we have
Vari_1(ry) = 0? and Var(r;) = ag/(1 — a1 — B1) regardless of whether 7, is constant or time varying. Also,
if the zero-probability is periodic (as is common in intraday returns) or downwards trending (as in some daily
returns) so that I; is non-stationary, then Property (ii) means that z; will still be covariance stationary even
though I; and z; are not stationary. The implications of I; being non-stationary is discussed in Section 2.5.
Property (iii) means higher order (i.e. s > 2) conditional moments (in absolute value) are scaled upwards by
positive zero-probabilities, whereas the opposite is the case for lower order (i.e. s < 2) conditional moments.
In particular, both conditional skewness (s = 3) and conditional kurtosis (s = 4) become more pronounced.’
Similarly, property (iv) means that higher order (i.e. s > 2) conditional absolute moments are scaled upwards
by positive zero-probabilities, whereas the opposite is the case for lower order (i.e. s < 2) conditional moments.

In particular, for a given volatility level o; the conditional absolute return (i.e. s = 1) is scaled downwards.

TWhether this implies that higher order conditional moments of return r; become more pronounced or not depends on the
specification of o and 714, and on the nature of their inter-dependence.



2.3 Value-at-Risk (VaR)

For notational simplicity we will, henceforth, denote the cumulative distribution function (cdf) of a random
variable X; conditional on F;_; as Fx,(z), hence omitting the subscript ¢ — 1. Conditional on both F;_; and

I; = 1, we will use the notation Fxt‘l(x).

Proposition 2.2 (cdfs of 2; and ;) Suppose (4) — (6) hold, and let 1{,>0y denote an indicator function equal

to 1 if x > 0 and 0 otherwise:

(i) If also Assumption 1(a) holds, then the cdf of z: at t conditional on F|_y is
@) = Fupn@mf’)me+ Lasop(1 = m). (")
(i) If also Assumption 1(b) holds, then the cdf of vy at t conditional on Fj_ is

Fr(x) = Frplem]?)me + Lo (1 —m). ®)

Proof: See Appendiz A.2.

Natural examples of I, |; and Fy,|; are, respectively, N(0,1) and N (0, o?).
If Fx,(x) denotes the cdf of a random variable X; conditional on the past F]_;, then its lower c-quantile
with ¢ € (0,1) is given by
X =inf{x e R: Fx,(z) > c}. 9)

We will write F' )}tl (¢) = X+ even though the inverse of F'x does not exist, and we will refer to F);tl(c) as the
generalised inverse of F,(z), see e.g. Embrechts and Hofert (2013). In order to derive general formulas for
quantiles and VaRs, we introduce an additional, technical assumption on the distributions of w; and r;. The

assumption can be relaxed, but at the cost of more complicated formulas.

Assumption 3 Conditional on the past F;_; and I; = 1:

(a) The cdf of wy, denoted F,, |1, is strictly increasing.
(b) The cdf of rt, denoted Fx,),, is strictly increasing.

The assumption is fairly mild, since it holds for most of the conditional densities that have been used in the
literature, including the standard normal, the Student’s ¢ and the GED, and also for many skewed versions. In
particular, the assumption does not require smoothness or continuity. A consequence of (a) and (b) is that F,
and F,, are both increasing. Accordingly, their lower and upper c-quantiles — as defined in Acerbi and Tasche

(2002, Definition 2.1, p. 1489) — coincide. This simplifies the expressions for the quantile, VaR and ES.



Proposition 2.3 (quantiles and VaRs) Suppose (4) — (6) hold and that ¢ € (0,1):

(a) If also Assumptions 1(a) and 3(a) hold, then the cth. quantile of z; conditional on the past F|_; is

Zer = Fole)
7r1_t1/2Fu711|1(C/7r1t) ZfC < Fwt‘l(O)WM
= 0 if B 1(0)m1e < ¢ < Fyy1(0)m1e + mor (10)

Wi1/2F71 [M} if ¢ > Fyu,1(0)m1 + 7ot

wy|1 Tt
and the 100 - (1 — ¢) % Value-at-Risk (VaR.) of z, conditional on the past F|_y is —zc.

(b) If also Assumptions 1(b) and 3(b) hold, then the cth. quantile of ry conditional on the past Fj_ is

Tep = Fr_l(c)
ﬂﬂl/zF;:lll(c/mt) if ¢ < Fr1(0)my;
= 0 if Fr1(0)m1y < ¢ < Fr1(0)me + o (11)

Lol Doy [w} if ¢ > Fr,1(0)mys + mot,

7|1 T1t

and the 100 - (1 — ¢) % Value-at-Risk (VaR.) of ry conditional on the past Fj_q is —Tc.

Proof: See Appendix A.3.

The expression for 7. ; is not necessarily the most convenient from a practitioner’s point of view. Indeed, in some
situations it is desirable to be able to write 7. = 0¢2.+, so that the estimation of oy and z.; may be separated

into two different steps. The following assumption ensures that 7., can indeed be written as o:2.

Assumption 4 o, is measurable with respect to F;_;.

The assumption is fulfilled by most ARCH models, but not necessarily by SV models. The assumption is only

needed to prove Propositions 2.4 and 2.6.

Proposition 2.4 Suppose (4) — (6) and Assumptions 1, 8 and 4 hold. If ¢ € (0,1), then r.;, = oy2c,., where zc,

is given by (10).
Proof: See Appendix A.4

Note that we need both the (a) and (b) parts of Assumptions 1 and 3 for the proposition to hold.
Figures 1 and 2 provide an insight into the effect of zeros on VaR for a fixed value of volatility o;. Figure
1 plots VaR (i.e. —z.) for different values of ¢ and my, and for three different densities of w;: The standard

normal, the standardised Student’s ¢ with five degrees of freedom, and the standardised skew Student’s ¢ with five



degrees of freedom.* When ¢ € {0.05,0.01}, then VaR always increases when the zero-probability mg; increases.
By contrast, when ¢ = 0.10 then VaR generally falls, with the exception being when w; ~ N (0, 1). There, VaR
first falls and then increases in mg;. In summary, therefore, the main implication of Figure 1 is that the effect of
zeros on VaR, for a given level of volatility, is highly non-linear and dependent on the density of w;. Nevertheless,
if ¢ is sufficiently small, then the figure suggests VaR usually increases when the zero-probability increases. In
other words, if VaR is not corrected for the zero-probability, then risk — defined in terms of VaR — will be
biased downwards. Figure 2 provides an insight into the relative size of the bias. The figure contains the ratio
of the incorrect VaR (numerator) divided by the correct VaR (denominator). That is, wc;/zc,, where we; is
the cth. quantile of w;. Of course, w.+ = 2.+ when m; = 1. The plot reveals that, in relative terms, the effect
depends, in non-linear ways, on ¢, mo; and the density of w;. Nevertheless, one general characteristic is that
when ¢ € {0.05,0.01}, then the largest effect on VaR occurs when w; is normal. That is, the most commonly

used density assumption.

2.4 Expected Shortfall (ES)

Let Fx(x) and x. denote the cdf and c-quantile of a random variable X, and let 1{x<z.} denote an indicator
function equal to 1 if X < z. and 0 otherwise. Following Acerbi and Tasche (2002, Definition 2.6, p. 1491), we

define the Expected Shortfall at level ¢ € (0,1) for a random variable X as

BSe = = [B(X1{xcr) + 7 (e~ Fx(ao)] (12)

The last term in the definition, i.e. x.(c — Fx(z.)), is needed if Fx is discontinuous. This may complicate
the expressions for ES. considerably. As a mild simplifying assumption, therefore, we introduce a continuity

assumption on F,,|; and Ff,|;, which ensures that the term is zero for F, and Fi,.

Assumption 5 Conditional on the past Fj_; and I; = 1:
(a) The cdf of wy, denoted by F1, is continuous and has density with respect to the Lebesgue measure.
(b) The cdf of r¢, denoted by Fx,q, is continuous and has density with respect to the Lebesgue measure.

The assumption is mild in the sense that it is assumed in most of the empirical applications that compute
VaR and ES. That the assumption indeed ensures that z. (¢ — Fx(x.)) is zero for both z; and ry, is shown in

Appendix A.5 (see Lemma A.2).

Proposition 2.5 (ES) Suppose (4) - (6) hold and that ¢ € (0,1):

¥The skewing method used is that of Ferndndez and Steel (1998), and it is implemented by means of the corresponding functions
in the R package fGarch, see Wuertz et al. (2016).
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(a) If Assumptions 1(a), 3(a) and 5(a) also hold, then the 100- (1 —c)% Expected Shortfall (ES.) of z

conditional on the past Fi_, is —c ' Ey_1(2¢|2t < 2ct), where

Ei_1(zt)z < zep)
W}fEt—l (wtl{thFu]ll(C/Mt)}) if ¢ < lel(o)ﬂ'lty

= W%t/zEtfl (wilpw,<0y) if Fup(0)miy < ¢ < Fujp(0)mie + o, (13)

1/2 .
Trlt/ Bt (wtl{thF?ll[(C—ﬂm)/ﬂu]}) ifez lel(o)ﬂ-lt 7ot

w

(b) If Assumptions 1(b), 3(b) and 5(b) also hold, then the 100- (1 —c)% Expected Shortfall (ES.) of r¢

conditional on the past F}_y is —c ' Ey_1(re|re < rey), where

Ei_1(re|re <mey)
7(-}15/2Et71 (ﬁl{?tgp;—‘ll(c/ﬂlt)}> ch < FFH(O)’R—M,

= W}fth (Tilir<oy) i Fru(0)my < ¢ < Frp(0)myy + mor, (14)

1/2 ~ .
1 Bia (Ttl{FtSF:I[(C—Tf()f,)/‘ffu]}) if ¢ 2 Fyp(0)mie + mor,

7|1

Proof: See Appendix A.5.

Just as with the expression for the quantile r.; in Proposition 2.3, the expression for E;_1(r¢|ry < rcy) is
not necessarily the most convenient from a practitioner’s point of view. Indeed, in many situations it would
be desirable if we could write E;_q(r¢|ry < 71¢y) as opEyi_1(zi|ze < z¢t), so that the estimation of o, and
Ei_1(zt|z < zct) may be separated into two different steps. If we rely on all of the assumptions stated so

far, apart from Assumption 2, then we can indeed write the expression in this way.

Proposition 2.6 Suppose (4) - (6), and Assumptions 1 and & — 5 hold. If ¢ € (0,1), then Ey_1(r¢|ry < 1ey) =

o Ei_1(z)z < zey), where Ey_1 (2|2 < zcy) is given by (13).
Proof: See Appendix A.6.

For a given volatility level o, ES is determined by the ES of z;, i.e. —c 1 E;_1(2¢]2 < Ze,t) from Proposition
2.5(a). Figure 3 plots this expression for different values of ¢ and 7, and for different densities of w; (the same as
those for VaR above). Contrary to the VaR case, here the effect is always monotonous for ¢ € {0.10,0.05,0.01}:
ES increases as the zero-probability increases. In other words, risk — defined as ES — will be biased downwards
if it is not corrected for the zero-probability. Figure 4 provides an insight into the magnitude of the bias in
relative terms. The plots contain the ratios of ES of z;: The numerator contains ES under the assumption
that m; =1, i.e. —c_lEt,l(wt|wt < we¢), whereas the denominator contains ES of z; adjusted for zeros, i.e.

—c_lEt,l(zt|zt < zct). Of course, the expressions are equal when 7y, = 1. The plots reveal that, in relative
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terms, the smaller the ¢, the larger the effect. The largest effect occurs when ¢ = 0.01 and w; is normal, just as

in the VaR case.

2.5 Estimation of volatility

The o can be specified in terms of a wide range of volatility models. If {z;} is a MDS that is strictly stationary
and ergodic, for example, then the result by Lee and Hansen (1994) means that o; can be specified as a
GARCH(1,1) in the usual way, i.e.

o = ag + oy + fiojy, (15)

since Gaussian QML then provides strongly consistent and asymptotically normal estimates of g, a; and B1. Of
course, this holds even if z; is non-normal and skewed in unknown ways (in fact, the conditional third and fourth
moments of z; can even be time varying). Escanciano (2009) and Francq and Thieu (2018) extend this result
to the GARCH(p, q) and GARCH(p, ¢)-X specifications, respectively. In particular, the latter accommodates
asymmetry (i.e. “leverage”) and stationary covariates (‘X’), including past values of I}, as conditioning variables.

Another example of oy with z; stationary is a log-GARCH(1,1) that “skips” the zeros, i.e.

no? =ag+a1l;_Inr? |+ Bino’ |, (16)

where I; In7? = In7r? if I; = 1 and 0 otherwise. A MEM version of this specification was proposed by Hautsch
et al. (2013) for volume, and according to Francq and Zakolan (2019) an extended version of the specification
is strictly stationary and ergodic.

If the zero process {I;} is not stationary, however, then z; is not strictly stationary. The zero process can
be non-stationary if, say, the zero-probability is periodic (as in intraday returns), or if it is trending upwards
or downwards over time because of general market developments (e.g. the influx of high-frequency algorithmic
trading, increased trading volume, increased quoting frequency, lower tick-size, etc.). In this case, an alternative
approach to the specification of o; is to formulate it in terms of zero-corrected return 7, = o,w;. For example,

the GARCH(1,1) model in terms of zero-corrected return is given by

o} =g +aiTi_y + Bror_q, (17)

whereas the zero-corrected log-GARCH(1,1) model is given by

Ino? =ap+ayIn72_, + BiInc? ;. (18)

If 7; were observed, then estimation could proceed as usual by, say, maximising Z?Zl In f7 (7;), where f7, is a

suitably chosen density. In practice, however, 7; is not observed. Instead, therefore, we propose an approximate
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estimation and inference procedure that consists of first replacing 7; with its estimate rﬁit/ 2, and then to treat

zeros as “missing”:

1. Record the locations at which the observed return r; is zero and non-zero, respectively. Use these locations

to estimate 7y;.

2. Obtain an estimate of 7; by multiplying r; with ?r\it/ 2, where 71; is the fitted value of 71, from Step 1. At

zero locations the zero-corrected return 7; is unobserved or “missing”.
3. Use an estimation procedure that handles missing values to estimate the volatility model.

Sucarrat and Escribano (2017) propose an algorithm of this type for the log-GARCH model, where missing
values are replaced by estimates of the conditional expectation (see also Francq and Sucarrat (2018)). If Gaussian
(Q)ML is used for estimation, then this can be viewed as a dynamic variant of the Expectation Maximisation
(EM) algorithm. A similar algorithm can be devised for many additional volatility models, including the GARCH
model, subject to suitable assumptions. Appendix B contains the details of the algorithm together with a small
simulation study, whereas Section 3 illustrates the usage of the algorithm. It should be noted that the algorithm
does not necessarily provide consistent parameter estimates — in particular if the zero-probability is large. The
reason for this is that the missing values induce a repeated irrelevance of initial value problem, see the discussion

in Sucarrat and Escribano (2017).

3 An illustration

The aim of this section is to provide a detailed illustration of the results and methods of the previous section.
To this end, we use the daily returns of three stocks listed at the NYSE. The stocks have been carefully selected
to illustrate three different types of zero-probability dynamics. The first stock, General Electric (GE), is a high-
volume stock, since its trading volume averages about 68 million USD per day over the sample. The second stock,
Vonage Holdings Corporation (VG), a cloud communication services company, is a medium-volume stock, since
its traded volume on average is about 2.2 million USD per day over the sample. The third stock, The Bank of
New York Mellon Corporation (BKT), a financial products and services firm, is a low-volume stock, since its
trading volume averages about 0.18 million USD per day over the sample. The daily returns are computed as
(InS¢ —In S;_1) - 100, where S; is the stock price at the end of day ¢. Saturdays, Sundays and other non-trading
days are excluded from the sample, and the sample period is 3 January 2007 — 31 December 2014. The sample
period thus coincides with the in-sample analysis in Section 4. The source of the data is Bloomberg, and the
data was obtained with the R package Rblpapi (Armstrong et al. (2018)) on a Bloomberg terminal. Descriptive
statistics of the returns are contained in the upper part of Table 1. The statistics confirm that the returns exhibit
the usual properties of excess kurtosis when compared with the normal distribution, and ARCH as measured
by first order autocorrelation in the squared return. The fraction of zeros over the sample is 1.5% for GE, 7.4%

for VG and 12.8% for BKT.
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3.1 Models

The middle part of Table 1 contains estimates of three logit models for each return:

Constant: h: = po,

ACL(1,1): he = po+p1si—1 + Che—1, s = (It — m1e) //T1eTot,

Trend: he = po+ At%, t"=1t/T, t* € (0,1].

In all three the conditional zero-probability m; is given by (1 — 714) with 71 = 1/(1 4 exp(—h¢)). In the first
model the zero-probability is constant, whereas in the second it is driven by a first order Autoregressive
Conditional Logit (ACL) specification. The ACL is the binomial version of the Autoregressive Conditional
Multinomial (ACM) of Russell and Engle (2005). In the third model the conditional zero-probability is governed
by a deterministic trend (t* is “relative time”). To select the specification that best characterises the zero-
probability, we use the Schwarz (1978) information criterion (SIC), whose values are contained in the second-
to-last column of the middle part in Table 1. For GE returns it is the first specification that fits the data best,
for VG it is the second, and for BKT it is the third. In other words, according to the SIC, the conditional
zero-probability of GE returns is constant, the conditional zero-probability of VG returns is time varying and
stationary, whereas the conditional zero-probability of BKT returns is time varying and non-stationary. The
first row of graphs in Figure 5 contains the fitted conditional zero-probability 7y; of the selected models. For
GE returns it is constant at 1.5%. For VG returns it varies between 5.6% and 25.9%, and the dynamics is
characterised by clustering. That is, a high 7; tends to be followed by another high one, and a low 7y; tends to
be followed by another low one. The fitted conditional zero-probability of BKT returns exhibits a clear upwards
trend. It starts at a minimum of 8.4% in the beginning of the sample, and increases gradually to a maximum of

18.4% at the end of the sample.

The bottom part of Table 1 contains GARCH(1,1) estimates of the return series. We fit an Ordinary
GARCH-specification to all three return series, whereas to BKT returns we also fit a zero-corrected GARCH-

specification. The Ordinary specification is given by

Ordinary: o =ag+oqri | + prol . (19)

If z; is strictly stationary and ergodic, then the results by Escanciano (2009), and Francq and Thieu (2018)
imply that Gaussian QML provides consistent parameter estimates (subject to additional regularity conditions)
even if my; is time varying. As noted above, however, I; is non-stationary for BKT. This means that z; is not
strictly stationary, and so the results by Escanciano (2009), and Francq and Thieu (2018) are not applicable. To

accommodate the non-stationarity of I in the BKT case, we also fit a zero-corrected GARCH(1,1) specification
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to its returns:

O-corrected: 0} =ag+aiTi + Bior . (20)

The parameters are estimated by Gaussian QML in combination with the missing values algorithm outlined in
Section 2.5. The algorithm proceeds by replacing 7; with its estimate %}t/ 27“,5 whenever r; # 0, while treating
zeros as missing observations. The 714’s are those of the Trend model. Next, the missing values are replaced by
estimates of their conditional expectations, i.e. Ey_1 (7?) = 52. Since Gaussian QML is used in the estimation, the
algorithm can be viewed as a dynamic variant of the Expectation-Maximisation (EM) algorithm (see Appendix
B for more details). The nominal differences between the parameter estimates of the Ordinary and 0-corrected

specifications may appear small. However, as we will see, these nominal differences — together with the different

treatment of zeros — can lead to substantially different risk estimates and risk dynamics.

3.2 Volatility

For GE and VG, estimates of o2 are unaffected by zeros (subject to the assumption that z; is strictly stationary
and ergodic). For BKT, the difference between the estimates is z; = 8t2,0-adj — 02, where Etz’o_adj is the estimate
produced by the zero-corrected GARCH, and o7 is the estimate obtained under the erroneous statistical
assumption that the zero-probability is stationary. So z; can be interpreted as an estimate of the error incurred
by the ordinary GARCH. The second row in Figure 5 contains graphs of the errors. For GE and VG, the
errors are all 0 over the sample, since estimates of o7 are unaffected by zeros. The Mean Error (ME) provides a
measure of the overall or unconditional error, whereas the Mean Absolut Error (MAE) provides a measure of the
day-to-day or conditional error. For BKT, the ME and MAE are computed as TS 2 and T-1 S0 |z,
respectively. Accordingly, a negative value on ME means the incorrect risk estimate is, on average, higher than
the zero-corrected one. In the graphs, the values in square brackets are p-values associated with tests of ME and
MAE. For both ME and MAE the tests are implemented via the OLS estimated regression z; = p + u; with
standard error of the Newey and West (1987) type. For ME, Hy: =0 and H4 : u # 0. For MAE, to avoid
non-standard inference, we specify the null as Hy : p = 0.01, i.e. away from the lower bound 0 of the permissible
parameter space, and the alternative as H4 : u > 0.01. The ME is —0.013 and significantly different from zero
at the most common significance levels. The value of —0.013 means the risk, as measured by the conditional
variance, is estimated to be too high by 0.013 points on average if the zeros are not corrected for. However, the
graph shows that, on a day-to-day basis, the differences can be much larger in absolute value: The maximum
difference is 0.37 points, whereas the minimum is —1.33 points. In other words, on a day-to-day basis, the
difference can be very large with substantial implications for risk analysis. The MAE, which provides an overall
measure of the day-to-day differences, is 0.04 and significantly greater than 0.01 at all the usual significance

levels.
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3.3 Value-at-Risk (VaR)

To illustrate the effect of time varying zero-probability on VaR, we choose ¢ = 0.025. This corresponds to the
97.5% VaR. The differences between the estimated VaRs are contained in the third row of graphs in Figure 5.
The difference or error at ¢ is given by x; = 7ey — Tc t,0—aqj, Which is equivalent to x¢y = =7t 0—adj — (—Te,t)-
That is, zero-corrected VaR minus incorrect VaR. Since return r; is expressed in percent, the difference x; can
be interpreted as the percentage point difference between the VaRs, and 100 - x; can be interpreted as the basis
point difference. For GE, VG and BKT, 7, is computed as 7;z., where 0y is the fitted value of (19), and Z, is
the empirical c-quantile of the residuals Z;. Subject to suitable regularity assumptions, z; provides a consistent
estimate, see e.g. Francq and Zakotan (2015), and Ghourabi et al. (2016). For GE and VG, ?c,m,adj is computed

~~ ~ . . . . . —1/2 -
as 0t2c,t, where 2., is obtained using the relevant formula in (10), i.e. 7y, / F

wlll(c/mt). To estimate F;|11(C/7T1t)

at t we use the empirical ¢/7-quantile of the zero-corrected residuals @y (zeros excluded). For BKT, ?c,t,Ofadj
is computed as 0t 0—adjzc,t, Where 04 0_qq; is the fitted value of (20), and Z.; is computed in the same way as
for GE and VG. Again we use the ME as an overall or unconditional measure of the errors, and MAE as an
average measure of the day-to-day differences. We also implement tests of ME and MAE in the same way as
above (Section 3.2).

Unsurprisingly, both ME and MAE are essentially 0 for GE, although the latter is statistically significant at
the usual significance levels. For VG, the tests of ME and MAE are both significant at the usual levels, and both
are equal to 0.09. That is, on average the incorrect VaR is 0.09%-points lower than the zero-corrected VaR, both
overall and on a day-to-day basis. The reason they are identical is that the zero-corrected VaR is always higher
than the incorrect VaR over the sample. The maximum difference over the sample is 1.21%-points. For BKT,
the tests of ME and MAE are also significant at the usual levels, and their values are both negative and equal
to —0.25 when rounded to two decimals. On a day-to-day basis the discrepancy can be as large as —1.91. The
negative sign on ME is opposite to that of VG. In other words, the presence of a time varying zero-probability

may bias VaR either upwards or downwards.

3.4 Expected Shortfall (ES)

To illustrate the effect of zeros on ES, we choose ¢ = 0.025. This corresponds to the 97.5% ES. The differences
between the estimated ESs are contained in the bottom row of graphs in Figure 5. The difference at ¢ is given
by xz; = E/JTS“C%O,adj — B/TTS”CJ/, where ﬁgc,t70,adj is the zero-corrected ES and EtS'c’t is incorrect ES. Also here can
x; and 100 - x; be interpreted as the percentage point and basis point difference, respectively. For GE, VG and
BKT, ﬁgc’t is computed as —c_latﬁt,l(zﬂzt < Z,t), where 7, is the estimate from (19), and Et,l(zt|zt < z)
is computed as the sample average of the residuals Z; that are equal to or lower than z. as defined above
(i.e. the empirical c-quantile of the residuals z;). Subject to suitable regularity assumptions, Et,l(zt|zt < z.)
provides a consistent estimate, see e.g. Francq and Zakolan (2015). For GE and VG, the zero-corrected estimate

ESct,0-adj is computed as —c 16, By 1 (2t]2t < 204), where Ey_1(2¢|2: < z.4) now is obtained via the relevant
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formula in (13), i.e. ﬁit/2Et,1 (wtl{thF;:“(c/Mt)})' To estimate Fujtl‘l(c/mt) at t we use the empirical ¢/74-
quantile of the zero-corrected residuals w; (zeros excluded). Next, we estimate E;_; (wtl {w, < F;tl‘l(c /mt)}) at
t by forming an average made up of the non-zero residuals @: T, 'S =1 Wil (@ <P (e/R) where T} is
the number of non-zero observations (i.e. Ty = Y 1 | I), F\;jl(c/%lt) is the estimate of F;tlll(c/mt)7 and the
symbolism Y 7,—1 means the summation is over non-zero values only. For BKT, the zero-corrected estimate
E‘\Sc,t,ofadj is computed as —c’lgtﬁo,adjﬁt,l(zﬂzt < Zct), where G4 0_qq; is the estimate from (20), and where
E\t,l(zt\zt < zc,t) is computed in the same way as for GE and VG. Again we use the ME as an overall measure,
and MAE as an average measure of the day-to-day differences. Tests of ME and MAE are implemented in the
same way as above.

As indicated by the bottom row of graphs in Figure 5, for GE the ME and MAE are both essentially 0. The
test of ME, however, reject the null at the usual significance levels. Note that, here, the difference is not due to
a time varying zero-probability, but the discreteness in the cumulative density function. For VG, the ME and
MAE are —0.06 and 0.08, respectively, and the null is rejected at the usual significance levels in both tests. The
negative sign on ME means the incorrect ES is biased upwards by about 0.06%-points on average. However, as
the graph show, on a day-to-day basis it can be about 1.1%-points in absolute value. Interestingly, the negative
sign of the overall bias is opposite to its VaR case, since there the sign of the overall bias is positive. For BKT,
the ME and MAE are both 0.73, and also here is the null rejected at the usual significance levels in both tests.
The positive sign on ME means the incorrect ES is, on average, 0.73%-points lower. On a day-to-day basis,
however, the graph reveals the difference can be as large as 4.3%-points in absolute value. The positive sign on
ME is opposite to that of VG. So just as for VaR, the presence of a time varying zero-probability may bias ES
either upwards or downwards. Finally, the positive sign of the overall bias on ME for BTK is opposite to its

VaR case, since there the sign of the overall bias is negative.

4 The importance of time varying zero-probabilities at the NYSE

The New York Stock Exchange (NYSE) is one of the largest stock exchanges in the world measured by market
capitalisation. The period we study is 3 January 2007 — 4 February 2019, i.e. a maximum of 3043 daily
observations before lagging and differencing. Weekends and non-trading days are excluded from the sample.
We split the sample period in two. The first part, the in-sample period, goes from the start of 2007 until the
end of 2014 (up to 2014 observations before lagging and differencing). This part is used to identify the zero-
probability dynamics that characterises each stock return. The remaining part (up to 1029 observations) is used
for the out-of-sample comparison. To ensure that a sufficient number of observations is used for the in-sample
identification, we exclude all stocks with less than 1000 observations in the in-sample period. This leaves us with
1665 stocks out of the about 2300 stocks listed at NYSE in February 2019. It is reasonable to conjecture that
this induces a selection bias: The stocks that are left out are more likely to be characterised by a time varying

zero-probability. To identify the type of zero-probability dynamics exhibited by each stock, we use the strategy
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of Section 3.1. That is, we fit three logit-models to each return (Constant, ACL(1,1) and Trend), and compare
their fit by means of the Schwarz (1978) information criterion. The source of the data is Bloomberg, and the
data were downloaded with the R package Rblpapi (Armstrong et al. (2018)) on a Bloomberg terminal.

Table 2 contains the identification results. Out of the 1665 stock return series, 1259 are found to have
a constant zero-probability, 228 are found to have a time varying zero-probability of the ACL(1,1) type, and
178 are found to have a trend-like time varying zero-probability. That means 24.4% of the stocks we study at
NYSE are characterised by a time varying zero-probability. As noted above, the actual proportion is likely to
be higher, since the stocks we omit from our analysis are likely to be characterised by a high zero-probability,
and therefore also by a time varying zero-probability. This conjecture is supported by Table 2: The average
of the zero-proportions is higher among the stocks characterised by ACL and trend-like dynamics (2.6% and
3.2% in comparison to 1.9%). As expected, the average daily trading volume is lower among the stocks with
a time varying zero-probability. However, the relationship between zero-proportions and daily average volumes
is maybe not as strong as expected. Across all stocks, the sample correlation is —0.14. Among the stocks with
a constant zero-probability, the correlation is —0.13. Among the stocks with time varying zero-probability, the

correlation is —0.21 for the stocks with ACL-like dynamics, and —0.28 for the stocks with trend-like dynamics.

4.1 Out-of-sample forecasting of volatility

To shed light on the importance of a time varying zero-probability in out-of-sample volatility forecasting,
we compare the 1-step ahead volatility forecasts of an ordinary GARCH(1,1) with that of a zero-corrected
GARCH(1,1). We use the same approach as in Section 3.2. Recall that the QMLE estimates of an ordinary
GARCH(1,1) are valid when the zero process is stationary, even if the the zero-probability is time varying.
Accordingly, we restrict the comparison to the 178 stock returns that are characterised by a non-stationary zero
process. The ordinary GARCH(1,1) is thus estimated under the erroneous statistical assumption that the zero
process is stationary, whereas the zero-corrected GARCH(1,1) accommodates non-stationarity by means of the
method proposed in Section 2.5.

Let 3i2t70_adj denote the fitted zero-corrected volatility of stock i, and let o2 denote the fitted ordinary
volatility of stock i, t =1,2,...,T;, where T; is the number of out-of-sample observations for stock i. Note that
T; varies slightly across the 178 stocks, but is usually 1029 (the minimum T; across the stocks is 988). For each
out-of-sample day ¢t =1,2,...,T;, we fit an ordinary and a zero-corrected GARCH(1,1) model to each stock
return, and then generate 1-step forecasts of volatility. The sample used for estimation and forecasting consists
of the observations preceding ¢. So the sample size increases with ¢ as more observations become available. It
is unclear whether and to what extent standard volatility proxies made up of high-frequency intraday data
provide accurate estimates of volatility in the presence of time varying and non-stationary zero-probabilities.
So the best measure of volatility at hand is probably the estimate provided by the zero-corrected model. Let
Tit = 3§t70_adj — 0% denote the 1-step forecast error at t. The ME and MAE are computed as ZZ;I x4/ T; and

> ity |wit|/T;, respectively. The former provides a measure of the overall or unconditional error, whereas the
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latter provides a measure of the day-to-day or conditional error. Tests of ME and MAE are implemented as in
Section 3.2.

The results are contained in the upper part of Table 3. The average of the MEs is —0.059, the maximum
ME is 2.832 and the minimum is —1.686. In other words, although the average of the MEs is negative, the
results do not suggest that there is a clear tendency in the sign of the bias. Out of the 178 tests with Hy : pu; = 0
and H4 : p; # 0, the null is rejected 149 times at the 10% significance level, 140 times at 5% and 127 times at
1%. This is substantially more than what is expected by chance: If p; = 0 for all 7, then one should on average
expect 17.8 false rejections at the 10% significance level, 8.9 false rejections at 5% and 1.78 false rejections at 1%.
Accordingly, the large number of rejections provide comprehensive evidence of an overall or unconditional effect
of time varying zero-probability. As for a day-to-day effect, the average of the MAEs is 0.302, the maximum
MAE is 4.092 and the minimum is 0.008. Out of the 178 tests with Hy : p; = 0.01 and H4 : p; > 0.01, the null is
rejected 175 times at the 10% and 5% significance levels, and 173 times at 1%. By chance, one would on average
expect the same number of false rejection as in the ME tests. So the results provide even more comprehensive

evidence of a day-to-day discrepancy than in the unconditional case.

4.2 Out-of-sample VaR forecasting

To shed light on the importance of a time varying zero-probability in the out-of-sample forecasting of VaR,
we compare the incorrect 1-step ahead VaR forecasts with the zero-corrected ones. The comparison is made
for all the n = 406 stocks with a time varying zero-probability. As in Section 3.3, we choose ¢ = 0.025, which
corresponds to the 97.5% VaR. Let —7¢ ;¢ 0—aq; denote the zero-corrected 97.5% VaR of stock i at ¢, and let

—Te,it denote the incorrect 97.5% VaR of stock ¢ at t. The ME and MAE are computed as Zil x4 /T; and

Zil |zi¢| /T, respectively, where @iy = —T¢ it,0—adj — (—Te,it) = Te,it — Te,it,0—adj 1S the error at t. Tests of ME
and MAE are implemented as above. For each out-of-sample day ¢t =1,2,...,T;, forecasts are obtained as

described in Section 3.3. The sample used for estimation consists of the observations preceding ¢, so the sample
size increases with ¢ as more observations become available, just as in the out-of-sample forecasting of volatility
above.

The middle part of Table 3 contains the results. The average of the MEs is 0.004, and they range from
—0.241 (minimum) to 0.434 (maximum). As for volatility, the results do not suggest a clear tendency in the sign
of the bias across stocks. Out of the 406 tests of ME, the null is rejected 328, 307 and 269 times at the 10%,
5% and 1% significance levels, respectively. Again, this is substantially more rejections than what is expected
by chance: If y; = 0 for all 4, then one should on average expect 40.6, 20.3 and 4.06 false rejections, respectively.
The average of the MAEs is 0.050, and they range from 0.000 (minimum) to 0.692 (maximum). Out of the
406 tests of MAE, the null is rejected 255, 254 and 248 times at the 10%, 5% and 1% levels, respectively. Just
as for ME, this is substantially more than what is expected by chance. All-in-all, therefore, the large number
of rejections — both for ME and MAE — provide comprehensive support of the hypothesis that an appropriate

zero-correction can improve out-of-sample VaR forecasts significantly.
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Table 4 provides some diagnostics on the VaR forecasts. The table contains the results of two tests proposed
by Christoffersen (1998): The unconditional coverage test and an independence test. In both tests one should —
on average — expect 40.6, 20.3 and 4.06 false rejections, respectively, at the 10%, 5% and 1% significance levels,
respectively. In the first test there are 62, 36 and 14 rejections, respectively, for the unadjusted model. For the
zero-corrected model there are 67, 44 and 13 rejections, respectively. The number of rejections is thus slightly
higher for the zero-corrected model at 10% and 5%, and slightly lower at 1%. All-in-all, the number of rejections
are not substantially higher than what one should on average expect by chance. This means both methods
produce, in general, good VaR forecasts in the unconditional coverage sense. For the independence test, the
number of rejections is identical for the two models, and substantially higher than one should expect by chance.
However, it should be noted that independence may not be required by either method. The large number of
rejections nevertheless suggests there is room for improved risk estimates, e.g. by adding lagged covariates in

the volatility and/or zero-probability specifications.

4.3 Out-of-sample ES forecasting

In this subsection we shed light on whether a correction for the time varying zero-probability improves the
out-of-sample forecasting of ES. We use the same approach as for VaR: The incorrect 1-step ahead forecasts
are compared out-of-sample with the zero-corrected ones. The comparison is made for all the n = 406 stocks
return with time varying zero-probability. Again we choose ¢ = 0.025, which corresponds to the 97.5% ES. Let
ﬁ?c,it,o_adj denote the zero-corrected 97.5% ES forecast of stock ¢ at ¢, and let ﬁgc,it denote the incorrect
97.5% ES forecast of stock i at t. The forecasts are computed as in Section 3.4, so the difference or error is given
by x; = E/Itgc’mo,adj — @c7it. The ME and MAE, and their associated tests, are defined in the same way as
earlier. Finally, as for volatility and VaR, the sample used for estimation consists of the observations preceding

t. So the sample size increases with ¢ as more observations become available.

The bottom part of Table 3 contains the results. The average of the MEs is 0.004, and the MEs range from
—0.340 (minimum) to 0.691 (maximum). So yet again there is no clear tendency with respect to the sign of the
bias across stocks. Out of the 406 tests of ME, the null is rejected 255, 232 and 205 times at the 10%, 5% and
1% levels, respectively. Again, this is substantially more than what is expected on average by chance (40.6, 20.3
and 4.06 false rejections, respectively, under the null). The average of the MAEs is 0.074, and they range from
0.001 (minimum) to 0.926 (maximum). Out of the 406 tests of MAE, the null is rejected 328, 245 and 70 times
at the 10%, 5% and 1% significance levels, respectively. Albeit this is substantially more than what is expected
by chance, the number of rejections is notably smaller than for ME at the 1% level. This may suggest that
the improvement induced by zero-correcting is — in general — small in nominal terms. Nevertheless, all-in-all,
the results provide comprehensive support of the hypothesis that an appropriate zero-correction can improve

out-of-sample ES forecasts significantly.
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5 Conclusions

We propose a new class of financial return models that allows for a time varying zero-probability that can
either be stationary or non-stationary. Standard volatility models (e.g. ARCH, SV and continuous-time models)
are nested and obtained as special cases when the zero-probability is zero or constant, the zero and volatility
processes are allowed to be mutually dependent, and properties of the new class (e.g. conditional volatility,
skewness, kurtosis, VaR, ES, etc.) are obtained as functions of the underlying volatility model. Analytically,
our results imply that, for a given volatility level, a higher conditional zero-probability increases the conditional
skewness and kurtosis of return, but reduces return variability when defined as conditional absolute return.
Moreover, for a given level of volatility and sufficiently rare loss events (5% or less), risk defined as VaR or ES
will be biased downwards if zeros are not corrected for. Empirically, the sign and size of the bias will depend
on a number of additional circumstances and how they interact: The magnitude of the zero-proportion, the
stationarity properties of the zero process, the exact type of the zero-probability dynamics, the exact volatility
model and/or estimator, and on the conditional density of return. To alleviate the unpredictable biases caused
by non-stationary zero processes, we outline an approximate estimation and inference procedure that can be
combined with standard volatility models and estimators. Finally, we undertake a comprehensive study of the
stocks listed at the New York Stock Exchange (NYSE). We identify 24.4% of the daily returns that we study
to be characterised by a time varying zero-probability. However, the actual proportion is likely to be higher,
since we restrict our analysis to stocks with more than 1000 observations in the in-sample. Next, we conduct an
out-of-sample forecast evaluation of our results and methods. Our results show that zero-corrected risk estimates
provide an improvement in a large number of cases.

Our results have several empirical, theoretical and practical implications. First, we found a widespread
presence of time varying zero-probabilities in daily stock returns at NYSE, which is one of the most liquid
markets in the world. In less liquid markets, in other asset-classes, and at higher frequencies (i.e. intradaily), the
proportion of zeros is likely to be substantially higher, and the zero-probability dynamics is likely to be much
more pronounced. Accordingly, our results are likely to be of even greater importance in markets that are not
as liquid as the NYSE. Second, the widespread presence of a non-stationary zero process prompts the need for
new theoretical results. This is because most models, estimators and methods are derived under the assumption
of a stationary zero process. Finally, at a practical level our results suggests more attention should be paid to
how market quotes and transaction prices are aggregated in order to obtain the asset prices reported by data
providers, Central Banks and others. In particular, if a non-stationary zero process is the result of specific data

practices, then it may be worthwhile to re-consider these.
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A  Proofs

A.1 Proof of Proposition 2.1

Throughout, E;_1(w; - 0|I; = 0)mo; with s > 0 stands for F;_;(w;f - 0) whenever mo; = 0.
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(i) Assumption 2 and F;_1|z:| < oo imply that

Ei 1(z) = Wftl/zEt—l(tht)
= 7T1_tl/2 (Et_l(wt . 1|It = 1)7T1t -+ Et_l(wt . 0|It = 0)7’(’025)

= 0

for all t. Accordingly, {z:} is a MDS.

(ii) Assumption 2 and E;_1|2?| < co imply that

Eia(2) = my Bia(wil})
= a7} (Et_l(wf AL = Dy + By (w? - 0|1 = 0)w0t>

_ —-1( 2
= (met>

2

- O'w.

for all t. Next, since {z;} is a MDS and Var;_1(z;) = o2, for all ¢, we have (for all t) that E(z) =0,
E(z2?) = 02 and Cov(zt—i, zt—j) = 0 for all i # j. So {z:} is covariance-stationary.
(iii) Since F_1]z7| < oo, we have that

Ei1(2) = 1, Beo1(wiL)

’7Tl_ts/2 (Et,l(wf . 1|It = 1)7T1t + Etfl('wf . O‘It = 0)71'0,5)

= 7 PE, ()|l = 1)

for all ¢.

(iv) If Ey_1|z{| < oo, we have that

Bl = i PEo (L)
= 7T1_t8/2 (Et—1(|wt|s LI = D) + B (Jwe]® - 0], = O)ﬂ'm)

= 7 PE (lw L =1)

for all t. The notation E;_j(|we|® - 0|y = 0)mg; stands for E;_1(|wg|® - 0) whenever 7y, = 0.
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A.2  Proof of Proposition 2.2

Let X; = thtwl_tl/z, and let P,_1(X; < x) denote the cdf of X; at ¢ conditional on F_;. By Assumption 1(a)

this conditional probability is regular. Hence:

P (X <z) = Pt—l(wtftﬂl_tl/Q < z)
= Ptfl(wtltﬂ';tl/z <z, I, =1)+ Ptfl(wtjtﬂ'igl/2 <, 1 =0)
= Pt—l(wtﬂ-l_tl/2 SZL',It: 1)+Pt—1(0§z71t:0)

= Ptfl(wtﬂftlp <z, I =1)4 lo<zmos

Pt—l(wtﬂl_tl/Q <z, = 1)m + lo<zmor

P_q(wy < z/melly = D)mg + Lo<amor

—
=

= Fy,p(xyme)me + lo<eTor,

where we have used (a) P(A) = P(ANB) + P(ANB°), (b) I, =1 in wylyry,"/? in the first term and I, = 0
in the second term, (c¢) for 0 >z we have P,_1(0<zN;=0)=P,_1(0NIL=0)=0, and for 0 <z we
have P,_1(0 < x,I; =0) = P,_1(QN{l; = 0}) = P._1(I; = 0) = mo¢, where § is the whole outcome set of the
underlying probability space, (d) the assumption 71; = P;_1(I; = 1) in (6) implies that 71; is measurable with
respect to F;_;.

Replacing w; with 7 so that X; = r¢, and assuming Assumption 1(b) instead of Assumption 1(a), gives (8).

A.3 Proof of Proposition 2.3

Let f,g denote two functions, and let fog denote function composition so that fog(x)= f(g(x)). The

statements in the following Lemma will be used in the proofs of Propositions 2.3 and 2.5.

Lemma A.1 Let £ ~U[0,1], let F be a cdf, and let F~1 be the generalised inverse of F as defined in (9).

(a) We have that X := F~Y(¢) ~ F, that is, X is distributed according to F.

(b) We have {F~1(¢) <z} = {£ < F(x)} as events, for any x.

(c) We have that F o F~1(c) > ¢ for all 0 < ¢ < 1 with equality failing if and only if ¢ is not in the range of
F on [—o0,0].

(d) We have that F~' o F(z) < x for all —oo < x < 0o with equality failing if and only if F(x — ¢) = F(x) for

some € > 0.

All four statements are contained and proved in Shorack and Wellner (1986): (a) and (b) are in Theorem 1 on
p. 3, (¢) is Proposition 1 on p. 5, and (d) is Proposition 3 on p. 6.

From Assumption 3(a) and the expression for F,,(z) in Proposition 2.2, it follows that F.,(z) is strictly
increasing for x € (—00,0) U (0,00). So in these regions the inverse function exists, and solves the equation

F,,(x) = c for c. We first deal with the intervals (—oo,0) and (0, c0), and then the case corresponding to z = 0:
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1. For z € (—00,0) it follows from Proposition 2.2 that F,(x) :Fwt‘l(xﬂ'itm)mt, and hence that c <
Fy,1(0)m1s. Next: F, (z) = c & Fy,pn(zy/Ti)me =c e F |1 o Fy,1(xy/T1t) = ijtl‘l(c/mt). Since F,,|1
is assumed to be strictly increasing, we have F;tllont“(x):x by Lemma A.1 (d). So z=

—1/2
P (/).

2. For = € (0,00), then it follows from the expression of F;,(z) in Proposition 2.2 that ¢ > F,,1(0)m1¢ +
0,.- We search for the solution x to F., (x) = Fy,1(c)m1s + Mot & Fu,n(2y/T1c) = (¢ — o) /71 &

F |1F J1(Ty/Te) = FJtl‘l[(C—ﬂo7t)/7T1,t]. Since F,. 1 is assumed to be strictly increasing, we have

a

F 1on”1( z) = x by Lemma A.1 (d). Sox—ﬂlng |1[(C—7T07t)/71'17t].

]

3. For Fy,11(0)m1+ < ¢ < Fy,1(0)m1 ¢ + 7o, then there is no solution z to F,(x) = c. In this region, the
generalised inverse is by definition equal to the smallest value = such that F, (x) is more than or equal to
¢, see equation (9). Since F,(x) makes this jump at z = 0 and is therefore never equal to ¢, we get that
F_1(c) = 0 which is the smallest possible choice of = so that F,,(x) > c.

Zt

Relying on Assumption 3(b) instead of Assumption 3(a), and replacing w; with 7, and z; with ry, gives (11).

A.4 Proof of Proposition 2.4

Due to Assumptions 1 and 4 we have

Frpn(xz) = Pa(ry <zl =1)
= Pt,l(otwt S 1'|It = ].)
= Pt_l(wt S QJO't_l|It = 1)

= Fwt\l(xo-;l)7

where (4) indicates where we have used Assumption 4. Both F,,; and Fj,|; are assumed strictly increasing
in Assumption 3, so both F,, 1 and Fy,|; are invertible. Denote y = Fy,|1(x), so that Fg‘ll(y) = z. Since
Fr,1(z) = Fy,1(zo; "), this means y = Fwt‘l(acat_l), and hence F u(y) = xo; . Substituting for z (we have

that « = I~ |1( y)) in this expression and re-arranging, gives

Fr () = 0iF, ().

From this it follows that (11) can be re-written as

_1/2F~ Il(C/ﬂ'lt) ifC<F@t|1(O)ﬂ'1t

I
Q
o

if Fmt\l(o)ﬂ'lt <c< Fﬁtu(O)ﬂ'u + 7ot

it

1/2};v—|1 [w} ifCEF{Jtu(O)Wlt"‘WOt-
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That is, 7¢t = 0t2c -

A.5 Proof of Proposition 2.5
In deriving the expression for E;_1(z¢|zt < z.+) we start by showing that z.(c — Fx(z.)) in (12) is indeed equal

to zero for z;:

Lemma A.2 If Assumptions 1(a), 3(a) and 5(a) hold, then z..(c — F,,(zc1)) = 0.

Proof. (a) and (b) in Lemma A.1 imply that P;_q(z; < Fz_tl(c)) = Pt,l(FZ_tl(f) < Fz_tl(c)) =P (&<
F., o F_!(c)). Next, since £ ~ U|0,1], we have that P,_1(§ < 2) = 2l{g<z<1} + l{z>1}. Since 0 < F,, <1 we

get P,_1(§ < F., 0 F'(c)) = F., o F ! (c). Hence we are left with computing F%, o F*(c):

Case 1. If c€[0,F,,1(0)m1) U [Fy,1(0)m1 + mor, 00), which is the range of F., by Proposition 2.2 and
Assumption 5, then F., o F !(¢) = ¢ by (c) in Lemma A.1. So F *(¢)[c — Pr—1(z < F'(c))] = 0.

Case 2. If on the other hand F,,1(0)m1; < ¢ < F,,1(0)m1¢ + 7w, then F_'(c) =0 by Proposition 2.2, so
F;l(c)[c— P_y(z < szl(c))} =0.

We now turn to the three cases in (13):

Case 1: ¢ < Fy,1(0)71,. In this case F_'(c) = ﬂﬂl/zFflu(c/mt) according to Proposition 2.3, and so

—1/2 e
E(Ztl{ztgF;tl(c)}) = /Awszt (), A= (—o0,my, / Fwtlll[c/mt]).

Because ¢ < F,,1(0)m; and F_' is a non-decreasing function, we have that F_ '(c) < F,'[F,,1(0)m] = 0.

Hence, the area we integrate over only includes negative numbers. In this region
F.,(z) = Tt Fy, 1 (2y/T16) + Lo<ay Tor = T1eFo, 1 (2/T11)
with derivative equal to 7rft/ 2 Juw:1(x/T1t) by Assumption 5. So

E(Zt]‘{zt<Fz_tl(c)}):7ri{2/xfwt‘l(x Wlt)dil'.
- A

Letting w = x/m; so that = =wu/\/m; gives dx = du/\/m1;, and the area of integration is changed to

(—o0, F;tl‘l[c/ﬂu]) because, for the function u(z) = /71, we have u(—o0) = —oo and u(’]Tl_tl/2F1;t1|1[C/7T1t) =
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7r1—tl/2F1;t1‘1[c/771“/pi1t = Fujtl‘l[c/ﬂ'lt]. This gives

Fo L le/m)
wy |1
Betl <o) =7 [ (/) s () e/

F;:‘l(c/ﬂ'u)
- \/Wilt Ufwt\l(u) du
—00

= WltE(wtl{thF;tlll(c/ﬁlt)})'

Case 2: Fy,,1(0)m1 < ¢ < Fp,1(0)mys + oz In this case E(Ztl{ztgF;tl(c)}) = E(zt1{:,<0}) according to Propo-

sition 2.3, and so

0 0 0
E(eil sy <oy) = / rdF, () = / vy P (/7)) + / z ol oeay)-

— 00 —0o0

We have f—ooo ilid[ﬂ'()tl{ogw}] = Tot f]R l{xgo}l‘ dl{ogw} = WOtl{wgo}x|x=0 = O, since l{ogm} is the cumulative dis-
tribution function of a (degenerate) random variable Z with P(Z = 0) = 1. We therefore get that F(z:1;,<0}) =

fi)oo xd[my Py, (2+/T1¢)], which equals /71 E(w¢1{,,<01) by means of the same sort of calculations as in case 1.

Case 3: ¢ = Fy,1(0)m1y + mop. In this case E(zily, cp-1(0y) = E( according to
tS Lz, (€

Ztl{ztgﬂl—tlmF;tl‘l [(C—Tl'ot)/ﬂ'lt]})

Proposition 2.3. Let B := (7OO,TF1_151/2F7;1‘1[(C — mot)/ 1)) As in case 2, we use the linearity of the Lebesgue-

Stieltjes integral in terms of its measure to see that

E(zt1{2t<Fz—1(c)})=/xszt(x):/xd[thwtu(x 7T1t)]—|-/3;‘d[7'('0t1{0§x}].
- B B

B

The integral from the discrete component is computed as in case 2, and we see that

/ rd[molo<ay] = 7T0t/ Lizepy® dlio<sy = Totl{ze B} om0 = 0.
B R

As in case 1 we see that

wy

/ xd['frltht (x Wlt)] = 7{'?{2/ xf'wtll(x ﬂ-lt) dx = \/TrltE (’LUt].{wt<F71‘ [(Cfﬂ'()t)/ﬂ'lt]}) .
B B - owlt

Relying on Assumptions 1(b), 3(b) and 5(b) instead of 1(a), 3(a) and 5(a), and replacing w; with 7 and z;
with r;, gives (14).
A.6 Proof of Proposition 2.6

From the measurability of o, with respect to F{_; (i.e. Assumption 4) it follows that Ey_1(714) = ¢ Fy—1(wela),

where A denotes an event. Denote y = Fj,|1(x), so that F7:|11(y) = 2. From the proof of Proposition 2.4 in
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Appendix A.4 it follows that Fr,i(x) = Fwt|1(a:at_1) and FF:|11( ) =o0F, |1( y). Accordingly, we can re-write
(14) as

Ei_1(re|re <rey)
o <wt1 o /m)}) if ¢ < Fuy1(0)m,

= 0y Wit/ZEtfl (wtl{wtgo}) if Fw|1(0)7f1t <c< Fw,,u(o)ﬂlt + Tot,

1/2 .
Trlt/ B (wtl{thF,;‘ll[(C—WOt)/Wlt]}) if 2 Fw"ll(o)ﬂ-lt + 7o

That iS7 Et—l(rt|rt S Tc,t) = UtEt—l(Zt‘Zt S Zcﬂg).

B Missing values estimation algorithm

Let a(() ) agk) and B%k) denote the parameter estimates of a GARCH(1,1) model after k iterations with some
numerical method (e.g. Newton-Raphson). The initial values are at k = 0. If there are no zeros, so that r, =r;

for all ¢, then the kth. iteration of the numerical method proceeds in the usual way:

1. Compute, recursively, for t =1,...,T:

~2 (k=1 k-1 (k—1)~
af:a(() )+5 )%?14‘61 )t21'

2. Compute the log-likelihood Y ;" , In f#(7;,0¢) and other quantities (e.g. the gradient and/or Hessian)

needed by the numerical method to generate a( )& a1 ) and ﬂk).

Usually, fris the Gaussian density, so that the estimator may be interpreted as a Gaussian QML estimator. The
algorithm we propose modifies the kth. iteration in several ways. Let G denote the set that contains non-zero

locations, and let T denote the number of non-zero returns. The kth. iteration now proceeds as follows:

1. Compute, recursively, for t =1,...,T":
_ 7?7 iftedG
a) r2; =
o7 ift¢ G, where 57 = @gkil) + oz(k Dz, +Bl k=1) 3? 1)

by 7 = 60 + 6V, + BV,

2. Compute the log-likelihood 7, . In f#(7;,0;) and other quantities (e.g. the gradient and/or Hessian)

needed by the numerical method to generate a( ) ) and ﬁ

Step 1.a) means that 2, is equal to an estimate of its conditional expectation at the locations of the zero values.

In Step 2 the symbolism ¢ € G means that the log-likelihood only includes contributions from non-zero locations.
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A practical implication of this is that any likelihood comparison (e.g. via information criteria) with other models
should be in terms of the average log-likelihood, i.e. division by T rather than T'.

QML Estimation of the log-GARCH model is via its ARMA-representation, see Sucarrat and Escribano

(2017). If |[E(Inw?)| < oo, then the ARMA(1,1) representation is given by
In72 = ¢o + ¢ In72_ | + Orus_q +up, ur = nw? — E(lnw?),

where ¢g = ap + (1 — B1)E(Inw?), ¢1 = oy + B1, 61 = —B1 and u is zero-mean. Accordingly, subject to suitable
assumptions, the usual ARMA-methods can be used to estimate ¢g, ¢1 and 61, and hence the log-GARCH
parameters a; and 1. To identify ag an estimate of E(Inw?) is needed. Sucarrat et al. (2016) show that, under
very general assumptions, the formula — In [Tfl Z?Zl exp(ﬂt)] provides a consistent estimate (see also Francq

and Sucarrat (2017)). To accommodate the missing values, this formula is modified to —In [T*71 3", _ exp(@¢)].

In order to study the finite sample bias of the algorithm, we undertake a simulation study. In the simulations

the Data Generating Process (DGP) of return is given by
re = o Lowery, /%, wy ~ N(0,1), t=1,...,T = 10000,
where the 0-DGP is governed by a deterministic trend equal to
me = 1/(1+exp(—he)), he=po+ At*, t"=t/T.

The term t* = ¢/T is thus “relative” time with t* € (0, 1]. We use three parameter configurations for the 0-DGP:
(po, A) = (00,0), (po, A) = (0.1,3) and (pg, A) = (0.2, 3). These yield fractions of zeros over the sample equal to
0, 0.1 and 0.2, respectively. The DGPs of the GARCH and log-GARCH models, respectively, are given by

2 _ 2 2
op = agtoari; +oy g,
2 ~2 2
Inof; = as+ailnr,_; +Ino;,_q,

with (ag, a1, 1) = (0.02,0.1,0.8) in each. We compare two estimation approaches. In the first, which we label
“Ordinary”, 7?2 is replaced by r? in the recursions. For the log-GARCH, whenever r? = 0, its value is set to
1 (i.e. the specification of Francq et al. (2013), but without asymmetry). Estimation of the GARCH model is
by Gaussian QML, whereas estimation of the log-GARCH is by Gaussian QML via the ARMA-representation,
see Sucarrat et al. (2016). The second estimation approach, which we label “Algorithm”, uses the missing
value algorithm as described in the above. Figure 6 contains the parameter biases for the GARCH(1,1) and
log-GARCH(1,1) models, respectively. A solid blue line stands for the bias produced by the algorithm (i.e.

the second estimation approach), whereas a dotted red line stands for the bias of ordinary Gaussian QML
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estimation without zero-adjustment (i.e. the first estimation approach). The figure confirms that the algorithm
provides approximately unbiased estimates in finite samples in the presence of missing values, and that the
bias is increasing in the zero-probability. Nominally, the biases produced by the ordinary method may appear
small. However, as we will see in the empirical applications, such small nominal differences in the parameters

can produces large differences in the dynamics.



Table 1: Descriptive statistics, logit models and GARCH-models of the daily returns of three NYSE-
listed stocks (see Section 3)

Descriptive statistics:

Sample Volume 52 st [ARCIZ-]I T 0s o
p—va
GE 3/1/2007-31/12/2014 67.75 4.55 12.57 1[65401(.)]1 2013 30 0.015
VG 3/1/2007-31/12/2014 2.20 32.00 75.21 %gb%? 2013 148 0.074
BKT 3/1/2007731/12/2014 0.176 0.621 21.45 3[»1.8]1 2013 258 0.128
0.00
Logit models:
Po p1 G A1 SIC Logl
(s.e.) (s.e.) (s.e.) (s.e.)
GE Constant: 4.191 0.1587 —155.961
(0.184)
ACL(1,1): 3.315 —2.624 0.278 0.1649 —154.574
(2.418) (6.331)  (0.404)
Trend: 4.736 —1.008 0.1613 —154.739
(0.421) (0.653)
VG Constant: 2.534 0.5291 —528.726
(0.085)
ACL(1,1): 0.756 0.270  0.710 0.5222 —514.163
(0.275) (0.054)  (0.106)
Trend: 2.585 —0.102 0.5328 —528.667
(0.173) (0.296)
BKT Constant: (10.%%77) 0.7696 —770.752
ACL(1,1): 0.127 0.070  0.934 0.7729 —766.476
(0.120) (0.040)  (0.062)
Trend: 2.393 —0.901 0.7659 —763.281
(0.147) (0.235)

GARCH models:

(/)é\o al B\l

(s.e.) (s.e.) (s.e.)

GE Ordinary: 0.024 0.066 0.925
(0.012) (0.016)  (0.017)

VG Ordinary: 1.031 0.190 0.795
(0.563) (0.071)  (0.071)

BKT Ordinary: 0.029 0.144  0.798
(0.011) (0.035)  (0.049)

0-adjusted: 0.024 0.148  0.804

(0.008) (0.030)  (0.041)

GE, the ticker of General Electric. VG, the ticker of Vonage Holdings Corporation. BKT, the ticker
of The Bank of New York Mellon Corporation. Volume, average daily trading volume in millions of
USD over the sample. s2, sample variance of return. s*, sample kurtosis of return. ARCH, Ljung
and Box (1979) test statistic of first-order serial correlation in the squared return. p — val, the p-
value of the test-statistic. T, number of observations before differencing and lagging. 0s, number
of zero returns. g, proportion of zero returns. s.e., approximate standard errors (obtained via the
numerically estimated Hessian). k, the number of estimated model coefficients. LogL, log-likelihood.
SIC, the Schwarz (1978) information criterion. Datasource: Bloomberg. All computations in R (R
Core Team, 2018).
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Table 2: In-sample descriptives of logit-models (see Section 4)
n avg(my;) max mp; min m; avg(vol;)  p(Tos, vol;)

All 1665 0.0211 0.1931  0.0000 1.822 -0.14
Constant 1259 0.0188 0.1311  0.0000 1.907 —0.13
ACL(1,1) 228 0.0259 0.1931  0.0015 1.580 -0.21
Trend 178 0.0317 0.1282  0.0030 1.533 —0.28

n, number of stocks. 7y, stock 7’s proportion of zero returns. avg(7y;), average
of the y;’s. max Ty;, the largest zero-proportion across stocks. min 7y, the
smallest zero-proportion across stocks. vol;, stock i’s daily average volume in
million USD. avg(vol;), average of the vol;’s. p(7o;,vol;), sample correlation
between mo; and vol;.

Table 3: Out-of-sample ME and MAE results (see Section 4)

Volatility:

n avg. max. min. n(0.10) n(0.05) n(0.01)
ME 178 —0.059 2832 —1.686 149 140 127
MAE 178 0.302 4.092 0.008 175 175 173
97.5% VaR:

n  avg. max. min. n(0.10) n(0.05) n(0.01)
ME 406 0.004 0.434 —0.241 328 307 269
MAE 406 0.050 0.692 0.000 255 254 248
97.5% ES:

n avg. maz. min. n(0.10) n(0.05) n(0.01)
ME 406 0.004 0.691 —0.340 255 232 205
MAE 406 0.074 0.926 0.001 328 245 70

n, number of stocks. avg., the average of the MEs or MAEs across stocks.
max., the maximum ME or MAE across the stocks. min., the minimum ME
or MAE across the stocks. n(a), the number of rejections of Hy at significance
level a. The tests are implemented via OLS estimated regressions with Newey
and West (1987) standard error. For ME, x;; = p; + uy with Hp @ p; = 0 and
Hy - p; # 0. For MAE, || = pq + wy with Hy @ p; = 0.01 and Ha : p; > 0.01.
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Table 4: Coverage and independence tests of out-of-sample VaR forecasts (see Section 4)

97.5% VaR:
Unconditional coverage Independence
n  n(0.10) n(0.05) n(0.01) n(0.10) n(0.05) n(0.01)
Ordinary 406 62 36 14 398 397 397
0-adjusted 406 67 44 13 398 397 397

The tests are those of Christoffersen (1998). n, number of stocks. n(«), the number of
rejections of Hy at significance level a.
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