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Abstract. Factor models (FM) are now widely used for forecasting with large
set of time series. Another class of models, which can be easily estimated and used
in a large dimensional setting, is multivariate autoregressive models (MAR), where
independent autoregressive processes are assumed for the series in the panel. When
applied to big data, the estimation, model selection and combination of both models
can be time consuming. We assume both FM and MAR models are misspecified and
provide a scoring rule which can be evaluated on an initial training sample to either
select or combine the models in forecasting exercises on the whole sample. Some
numerical illustrations are provided both on simulated data and on well known large
economic datasets. The empirical results show that the frequency of the true positive
signals is larger when FM and MAR forecasting performances differ substantially

and it decreases as the horizon increases.

Keywords: Factor models, Large datasets, Multivariate autoregressive models,

Forecasting, Scoring rules, VAR models.
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1 Introduction

The recent fast growth in (real-time) big data allows researchers to model and predict
variables of interest more accurately and suggests that there are large potential gains
from using a big set of variables instead of a single univariate time series models in

many inference applications. Consequently, new big databases have been developed

and studied for economic problems, see, for example, Mﬁmﬂ );

Mmﬂ (lZQlAI), Mmmm&mﬁ 2Ql.4| Emamd_L_e&lrJ (lZQlAI Some leading
examples in macroeconomics are |Stock and Watson (IJE)j Iilld Banbura et al
2010); Koop and Korobilid (2013): Stock and Watsod (2019). However, there are

many issues still open when working with big datasets, including high-dimensional

modeling and lack of inference efficiency. We refer to |Grangell (ILM) for an early
discussion of these issues, and to |Litterman (|L9§d), Sims and Zha (|L9_9§), IKﬂﬁ

) for a discussion from a Bayesian perspective.

Various papers advocated the use of regularization techniques to deal with

the overparameterlzatlon and overﬁttmg issues such as Lasso and Bayesian Lasso

, adaptive Lasso, and elastic net and

adaptive elastic net (IZmumd_H.asluA lZsmamd.ZhanQ |20£)d |Gefang, [2Ql.4|)

Other approaches consider stochastic search variable selection (IGeorge et alJ 2008;

, |2Ql§4) graphical models @hﬂgwﬂ, |2Q163|Jﬂ, |Blan£hl_e:cjl.|2 ZQLd),

random projections , ), Bayesian nonparametrics
), Bayesian nonparametrics Lasso and spike-and-slab priors (Billio et alJ 21!15;

Bassetti et alJ, 2020), hierarchical prior modelling (Billio et aJ 201 d Other

approaches rely on various forms of prior restrictions on the parameters (see,
e.g. IKMIJ, 2!!15; Koop and KQrleg 2!!15 KQrQbiliA, 2!]1&). Finally, forecast

combinations are also often applied to deal with large datasets, see, for

example, (ISMM&&QA, [2@_4]; |Rafterv et alJ, |2Qld hﬁmmnd_&ugbﬂifj, [Zﬂd;
(Giroen et all, 2013; (Conflitti et all, 2015; Casarin et al., 2015).

In this paper we focus on two simple models that are widely used in forecasting:
factor models (see, e.g. ISIQQKMLSLHJ |20£d [ZDDAI M mm
[ZQld bjgmkmdmmﬂd |2Ql£ll [ZQ]j with reduced number of factors (FM), and

multivariate autoregressive models (MAR), where no interaction is assumed between
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the series in the panel, (e.g., see|Penny and Harrison, [2006; Hytti et al.,[2006). MAR
models have been successfully used in various fields such as ecology (Lves et all,
2003) and neuroimaging (Harrison and Friston, 2003) and revealed their potential
when applied to large set of time series. We refer to |Gabriel Fagan (2006) for the
use of time series models by the European Central Banks and to [Reinsel (1983);
Carriero et al! (2016); (Cubadda and Guardabascio (2017) for extensions and recent
applications to economics. In order to obtain some theoretical results and having in
mind applications to very large set of time series, in this paper we will focus on a
parsimonious specification of MAR. We assume a diagonal MAR model where lagged
interactions among variables are excluded (Marcellino et all, [2006). The model is
very simple and can be extended along various directions, for example by including,
lagged interactions, exogenous covariates and interaction between covariates.

We derive a scoring rule for FM and MAR models. Various scoring rules
have been proposed in the literature (Mitchell and Hall, 2005; |Gneiting and Raftery,
2007; \Gneiting and Ranjan, 2011, 2013; [Lerch et al.; 2016), but in order to preserve
some analytical tractability of the comparison we consider mean square errors
(MSEs) of the vectors of point forecasts generated with the two models. MSEs
are the forecast error second moments and their trace is often used to evaluate
the forecast accuracy. See Hendry and Martinez (2017) for a discussion and an
alternative proposal in term of MSE determinants.

We expect that the use of a reduced number of factors in the FM model and of
prior parameter restrictions in the MAR model, may lead to model misspecification.
Thus, in this paper we follow some forecast analysis studies, see, e.g./Schorfheide
(2005), and score the two models under the assumption they are misspecified.
Our new model-specific scoring rule for FM and MAR models indicates that the
forecasting performances of the models depend crucially on the parameters setting
of data generating process. More specifically, the goodness of the forecasting depends
on the level of simultaneous or lagged dependence between the series. The proposed
scoring rule is well suited for big data applications since it can be used on a
initial set of observations to choose the forecasting model on the remaining set of
data. It can be generalized to models that include autoregressive and factor models

features, such as the multivariate index-augmented autoregression (MIAAR) models
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of |[Cubadda and Guardabascid (2019). Also, the scoring rule can be applied to
combine forecasts as well (e.g., see Bates and Granger, 1969; Diebold and Pauly,
1987, 11990; |Geweke and Amisand, [2010). See also |Kapetanios et al. (2015);
Bassetti et al. (2018) for generalized combination schemes and Billio et al| (2013);
Pettenuzzo and Ravazzolo (2016) for forecast combination based on time-varying
weights.

We provide an illustration of the theoretical results and study the reliability of the
proposed scoring rule through some simulation experiments and three applications to
widely used datasets. The first database includes the quarterly [Stock and Watson
(2004) series; the second one the monthly [McCracken and Ng (2015) series; the
third one a set of cross-country series downloaded from Bloomberg which represent
a three-country extension (EU, US and Japan) of the previous two datasets. We
find that our scoring rule provides detects ex-ante the more accurate model in all
these exercises. The reliability of the proposed scoring rule increases when accuracy
differs substantially across models and it decreases as the horizon increases.

The paper is organized as follows. Section [2] introduces some notation and the
models discussed in this paper. Section [3] derives the scoring rule. Section (4] applies
the proposed scoring rule to simulation exercises. Section [B] exhibits some empirical

results on well studied macroeconomic datasets. Section [Bl concludes.

2 Forecasting models

We introduce some notation and define the factor (FM), vector autoregressive (VAR)
and independent multivariate autoregressive (MAR) models used in this paper.
Let {x;:};>0 be a n-dimensional real-value random process. In what follows, we
assume the process is weak stationary and has zero mean and variance-covariance
matrix E(x;x;) = ['x and auto-covariance function E(x;x;,;) = I'x;, j € Z with
Px;=T%_
We denote with a; and \;, ¢ = 1,...,n, the eigenvectors and eigenvalues,
respectively of I'x such that
I'va; = \a;. (1)



Let A be the orthogonal matrix with the normalized eigenvectors a;, i = 1,...,n,
in its columns and A the diagonal matrix with the eigenvalues \;, i = 1,...,n on
the main diagonal, where we assume the eigenvalues are in a decreasing order, i.e.
AL > Ay > ... > A\, It follows that the decomposition

I'yA=AA (2)

holds true.
Under suitable conditions, the process {x;};>¢ can always be represented by
using a set of factors f,,; = (fis, ..., fut) and a factor loadings matrix A such that
Xy = Afn,ta t = 1,2,...,T. (3)

In order to obtain a representation of {x;};>o on a lower dimensional space, we
use the subset £, = (fi4,..., fue) of the first k latent factors in £, ;, with & < n,
and assume that the factors have an autoregressive dynamics. In our empirical
applications the k factors are used to forecast n* < n variables of interest, whereas
our theoretical results are presented for n* = n, for the sake of simplicity and without

loss of generality. Our FM model is defined by:

x; = A+ & (4)
frr = Pefeicr+Mee, M ~ WN(O,Xg) (5)

t = 1,...,T, where Ay is submatrix of A such that A = (Ag|An—k), {&}i>1
is an idiosyncratic component with E(&) = 0, Cov(&,&) = 0, t # s and
V(&) = 3¢y, and WN(0,X;) denotes a white noise process with mean 0 and
variance-covariance matrix ;. Furthermore, we assume the factors fi; admit the
infinite MA representation N
oy = Z W, i Mhe,t— - (6)
§=0
In the forecasting practice the factors f; are first extracted and then predicted out

of sample with a dynamic model (e.g. a VAR model). Predictions are then used



to generate forecasts for x;. The regression model x; = (I,, ® f; ;) B¢ + ét is usually

employed to recover relationship between dependent variables and the factors.

Remark 1. We shall notice that this model does not allow for extracting further
information from the data than the one encoded in the matriz Ay. The least square
estimator By of Bk is equal to vec (A}) (see Appendiz A). Thus the forecasting
performance depends crucially on the predictability of the factors and the choice

of the reduced number of factors k to use for forecasting the n* variables of interest.

The second forecasting model used in this paper is a MAR, which is defined as
Xy = <I>Xt_1 + :, ne ~ WN(O, 277) (7)

t=1,2,...,T, where & = diag{(¢1.1,...,¢1,)'} is a diagonal coefficient matrix and

3, = diag{(c?,...,02)'} is a diagonal variance-covariance matrix. We assume the

rn

process {X;}+>0 admits the infinite MA representation

Xt = Z \I]m,jnt—j- (8>
=0

We will compare the FM and MAR models under the assumption they are
misspecified. We assume that data generating process (DGP) for {x;};>0 comes

from a VAR process of the first order with infinite MA representation
x; =Y Uxje—;, &~ WN(OX,) (9)
=0

The difference between a MAR model and a VAR relates to the assumptions on lags

order and on ¥,. Appendix A describes the linkage between a factor model and a
VAR(1) model.

3 Forecast accuracy

Let x; 4o denote the s-step-ahead forecast for x;,;, made at time ¢ with a given
model j, with j € {k,m}, where k indicates the factor model and m the MAR
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model. We define the mean square forecast error (MSE) as
MSE(s) = E (%45 — Xjupslt) (Kews — Xjagspr)' ), s=1,2,... (10)

The following theorems give the MSE for FM and MAR models and two useful
decompositions, which will be used to evaluate the model’s forecast accuracy. The
MSE is derived under the assumption that the data generating process is a VAR

process.

Theorem 1. Assume x; follows the model in Eq. [ The MSE’s trace for the FM

can be decomposed as follows
s—1
tr(MSE(s)) = tr <Eﬂ (€k.tcrslt€hpisy) + pr,jzexlf{X,j) (11)
§=0
where Chttslt = Xitslt — Xk, t4s|t-
Proof: see Appendix A.

Theorem 2. The MSE’s trace for the MAR model is

n 2_s
tr(MSE,(s)) = tr (E (em,t+s|te/m,,t+8\t)) + Z 0]2' (1 - %Aé) (12)

g:

7j=1 J

where €p st = Xiqslt — xjﬂ‘t and xjﬂ‘t s the forecast under the assumption of
MAR dynamics and ;1 ts the j-th element of the main diagonal of the MAR first
order autocorrelation matriz I'y, = diag{(v11,...,Vn1)'} and 0]2- is the j—th element

of the main diagonal of the covariance matriz ¥, = E (nm;).

Proof: see Appendix A.

The following properties of the factors fj ; will be used to derive the main result
of the paper. It can be shown that, under our assumption on the DGP, and the
assumption on the factor loading matrix A, the sets of factors f,; and f; satisty

the following conditions

1. B(f,,f,,) = ATxA= A



2. E(fify. ) = [k, where we defined I'y = diag{(A1, ..., )’}
3. E(fk,tfllf,t—l—j) = de', Vi € Z.
4. A;FXJAk = Fk71 and A;frxAk = Fk

We assume both FM and MAR models are misspecified and provide in the
following theorem a scoring rule which is a function of the FM and MAR parameters.
The rule can be computed on an initial training sample to either select or combine
the models on the whole sample and in out-of-sample forecasting exercises. Also,

the rule can be applied recursively in sequential forecasting exercises.

Theorem 3. Let € 1yt = Xiqs|t — Xk tslt: ©myits = Xits —Xpp, and X;,  be the value
of the process under the assumption of MAR dynamics. If the following inequality
18 satisfied:

tr (B (enesiihirste)) = 17 (E (emorsii€hnseap)) < (13)

n 2s

—1\s - s i

tr (il ) Tn(Tan T ))) = D07 =5
j=1

then tr(MSEg(s)) < tr(MSE,(s)).

Proof: see Appendix A.

The inequality shows that in the presence of misspecification one model is not
always superior to the other in terms of MSE and its forecasting performance
crucially depends on the covariance and auto-covariance structures in the series.
In the following sections, we show how to use the inequality to score the FM and
MAR models or to combine their forecasts (see [Billio et al) (2013)). Our empirical
applications will show that the inequality can be successfully used in a context of

large datasets.



4 Simulation results

We generate a dataset of 57 time series of 290 time observations each from a VAR
model of the first order

x; = Bx;_1 + &, € S WN(O, 3.) (14)
We consider two sets of experiments. In the first set we study the effect of the
correlation between idiosyncratic error terms on the reliability of the proposed

scoring rule. We assume the variance-covariance matrix is parametrized in the

variance and correlation parameters, o € (—1,1) and o2, respectively, as follows
Yo =0 (I + o(et = 1)) (15)

where ¢ = (1,...,1)" is the unit vector and I,, the identity matrix. As regards the

coefficients matrix, we assume
d=(X'X)'XY (16)

where Y and X are two random matrices of dimension 7" x n with i.i.d. entries
generated from a standard normal N (0, 1). Two experiment settings are considered:
“weakly correlated noise” (9 = 0.2), and “strongly correlated noise” (¢ = 0.7). In
all settings 02 = 3. For each settings MAR and FM models have been estimated on
25 expanding window samples and forecasts generated for 12 steps ahead.

In the second set of experiments we study the effect of the lagged dependence
between series on the reliability of our scoring rule. We assume the VAR
coefficient matrix is parametrized in the variance and causality parameters, a and

B, respectively, as follows
¢ = (al, + B — 1)) (17)

where v and 3 are such that the process is weak stationary. We consider the following

settings: a = 0.01 and a = 0.5 with 8 = (1 — a — 0.01)/n. The covariance matrix
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Y. is parametrized in g and o? as in the first set of experiments, with ¢ = 0.9 and
o =3.

We evaluate the trace of the mean square error, tr(MSE;(s,i)), for all
subsamples i = 1,...,25, horizons, s = 1,...,12, and models j € {k,m}. For
each pair (s,1), we compute the following scoring rule

>
2
W

Cl(s,i) = tr (ﬁk T — (fn,lf,;l)an((fn,lfgl)/)S) +3 62
obtained from the inequality in Th. B where we set

— / - ,
Up = E (ek’t'i's'tekvt‘f‘s\t) , Un=E (em,t+3|tem7t+s\t) :

If C' < 0 then FM is underperforming MAR. In our applications, evaluating ﬁm
and ﬁk would require the estimation of a VAR on n variables, which might be not
feasible for large n, thus forecasting error estimates are obtained with a VAR model
on the n* variables of interest.

We study the reliability of the proposed scoring rule by evaluating the frequency
of the true positives and false negatives in our 25 samples. More specifically, we
count the proportion of times the ordering of the models induced by the scoring rule
C agrees with the one induced by their MSE, that is

f(s) = 21—5 ZH(tr(MSEk(s,z')) < te(MSE,(s,i)))I(C(s,i) < 0)  (18)

+2—15 ;H(tr(MSEk(s,i)) > tr(MSEpn(s,i)I(C(s,i) > 0).

We also compute the average performance

1
f=152_10) (19)

In Fig. [ we report the frequency, f(s), (vertical axis) at different forecasting

horizons, s, (horizontal axis) for the three datasets (different rows). Our results
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show that the reliability of the scoring rule changes over the horizons and depends
crucially on the dependence structure between the series. The left plot shows that
larger simultaneous dependence, o = 0.7, induces an increase in the reliability on
the short-term horizons. In the right plot, one can see that larger lagged dependence

levels, a = 0.5, has impact on both long- and short-term horizons.

INSERT FIGURE [l HERE

5 Empirical results

We consider some well known datasets used in macroeconomics. The first one is
an extension of the [Stock and Watson (2005) (SW dataset), which consists of 144
major macroeconomic time series sampled at quarterly frequency from 1959Q1 to
2011Q2. The dataset includes only revised series and not vintages of real-time
data, when data are revised. The predictors include series in 14 categories: real
output and income; employment and working hours; real retail, manufacturing
and trade sales; consumption; housing starts and sales; real inventories; orders;
stock prices; exchange rates; interest rates and spreads; money and credit quantity
aggregates; price indexes; average hourly earnings; and miscellaneous. In order to
deal with stationary series, we apply the series-specific transformation suggested in
Stock and Watson (2005)E

The second dataset is the one described in McCracken and Ng (2015) (NM
dataset). The dataset includes 120 time series sampled at monthly frequency
from September 1992 to November 2016 and covers most of the time series used
in the previous database. It exhibits some important appealing features. First, it is
updated monthly using the FRED database. Second, it is publicly accessible in an
easy manner, facilitating comparison of related research and replication of empirical
work. McCracken and Ng (2015) show that factors extracted from this dataset
share the similar predictive content as factors based on the Stock and Watson (2005)
dataset.

1As in IStock and Watson (2005), we applied both outlier-adjusted and outlier-unadjusted
versions of the series and findings are similar.
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The third dataset used is a collection of 68 macroeconomics series from
Bloomberg (BL dataset), sampled at monthly frequency from September 1993 to
November 2017 for the US, EU and Japan. Precisely, it includes 31 variables for
the US; 17 for EU; 18 for Japan; and the two exchange rates euro/yen and euro/US
dollar. The list of variables is similar to the previous databases and contains different
measures of core and headline prices; labor market variables; imports and exports;
industrial production; consumption; sales; leading indicators; and several interest
rates. See Tables for the complete list of variables.

INSERT TABLES HERE

For each dataset we estimate the FM and MAR models on 25 sub-samples of
increasing size. On each sub-sample we forecast n* variables of interest (see Tab. [)

12 steps ahead.
INSERT FIGURE 2 HERE

The variables of interest of each dataset include both macroeconomic and

financial indicators, that is:

SW: Industrial Production; Unemployment Rate; CPI-All Items; Fed Funds Market
Rate.

NM: Real Personal Income, Industrial Production Index, Unemployment Rate,
Effective Federal Funds, and CPI-All Items.

B: Personal Consumption expenditures (US), Harmonized Index of Consumer
Price (EU), Consumer Price Index All Items (JP), Industrial
Production(US,EU,JP), 2-Years Treasury (US), 2-Years Governative Bonds
(EU, JP), and Unemployment Rate (US, EU, JP).

We report in Figure Bl the 25 sets of 12-step-ahead forecasts (red lines) for various
US variables obtained by fitting FM (first line) and MAR (second line) models on
the SW, NM and BL datasets. We report in Fig. [ the sequences of generated
forecasts from the two models for two variables of interest, industrial production
and unemployment rate, for the twelve horizons and the three databases. Also, the

forecasts for the EU and Japan variables are reported in Figure [l
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INSERT FIGURES HERE

In the FM we choose the number of factors (column & in Tab. B]) such that it
is the same in all datasets and the percentage of variance explained is above the
75% (column V' in Tab. [B)). We evaluate the mean square error expressions given in
Th. [H2, MSE;(s,i), for all subsamples ¢ = 1,...,25, horizons, s = 1,...,12, and
models j € {k,m}.

INSERT TABLE B HERE

The average MSE over samples and horizon is reported in Tab. [B whereas
the horizon-specific MSE averaged over samples is reported in the first and second

column of Fig. [Gl
INSERT FIGURE B HERE

The main evidence is that the FM performs on average less accurately than the
MAR in all three databases. The difference varies across database: average MSE
for the FM equal to 0.097 versus average MSE for MAR equal to 0.094 in the SW
database; average MSE for the FM equal to 0.039 versus average MSE for MAR
equal to 0.034 in the NM database; MSE for the FM equal to 0.021 versus average
MSE for MAR equal to 0.017 in the B database. In the NM the loss is economically
important and up to 8%; difference is smaller for the SW database where the two
models perform similarly. Looking to Fig. Bl the MAR outperforms on average
the FM mainly at short horizons in the SW and NM database. Maximum and
minimum errors of the two models are more comparable over horizons. In the case
of the Bloomberg database, MAR provides more accurate forecasts more uniformly
across horizons. Therefore, our finding is similar to recent literature on the lack
of superior forecast abilities of the FM models, when used for some variables or
forecast horizons, see, for example, [Medeiros et all (2018).

In all three cases, predictions of MAR models are less volatile and flatter than
those of the FM (e.g., see trending behaviour of the forecasts in Fig. [2). Despite

being flatter, MAR predictions are more accurate. Selected factors explain a
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large proportion of variance in the data, but this information does not translate
automatically to accurate forecasts.

For each pair (s,7), we compute the scoring rule C' and the frequency of the
true positives and false negatives in our 25 samples at the 12 horizons, f(s) and
the average frequency across horizons, f (see column f in Tab. B]). In the third
column of Fig. [l we report the frequency (vertical axis) at different forecasting
horizons (horizontal axis) for the three datasets (different rows). The scoring rule
is re-computed at each vintage with only in-sample information up to the time of
forecasting, therefore it is an ex-ante measure.

For two databases, MN and Bloomberg, the scoring rule at short and middle
horizons has a success rate above 80%. |Aastveit et all (2018) document that a
combination of factor models with different number of factors perform accurately and
their methodology could be extended with the new scoring rule. The performance
of the scoring rule decreases at longer horizons. For the SW, performance is weaker
over all horizons, but we recall from Tab. that FM and MAR perform quite
similarly in this example, whereas MAR provides average forecasting gains in the

other two exercises.
INSERT FIGURE [6l HERE

Another interesting empirical finding allows us to shed some light on the
forecasting abilities of the factor models. The worse performance of FM with respect
to MARs is strictly related to the low predictability of the factors in despite of their
ability to explain a large proportion of variance of the panel of time series. As an
example we report here the results for the Bloomberg dataset. Figure [l shows the
increase in the proportion of the explained variance when increasing the number
of factors (dashed line, left axis). In the same figure, the total adjusted R? of the
VAR regression on the factors (averaged over horizons and variables, solid circles
line, left axis) decreases with the number of factors included, which is due to the
loss of degrees of freedoms when including new variables in the VAR. The trade-off
between loss of degrees of freedom and proportion of variance explained is reflected
by the average MSEs (averaged over horizons and variables, solid lines, right axis).
The MSEs for each variable are reported in Fig. [7l
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INSERT FIGURE [l HERE

At all forecasting horizons the average MSE (solid lines, right axis) do not
decrease monotonically with the number of factors included. More precisely, after
reaching a minimum value when 7 factors are used, the forecasting performances of
the FM deteriorate with the number of factors. Interestingly, the increase in the
MSEs is due to a decrease in the total adjusted R? (solid circles line) of the dynamic
model on the factors and to a consequent loss of efficiency in forecasting the factors.

Our results provide also some guidelines for improving the predictive ability
of FM models. In the forecasting regression, factors should be chosen specifically
for each predicted variable, by applying some model selection procedures, or by
estimating factor loading with regularizing techniques proposed in sparse factor
and principal component analysis (e.g.. see ICarvalho et al., 2008; Zou et al., 2011
Qi et al), 2013; [Lan et al!, 2014; Rockova and George, 2016). Also horizon-specific
models could be considered and the dynamic properties accounted when extracting

the factors. We leave these issues for further research.

6 Conclusion

This paper establishes a set of conditions to be satisfied for a factor model to
overperform a multivariate autoregressive model in terms of mean square forecasting
error. The condition results in a scoring rule that can be used to select between
the two models or to combine them. Furthermore, in the paper we show the
performance of the scoring rule in simulation exercises where both the factor model
and the multivariate autoregressive model are misspecified. Then, the analysis
continues with three well-known macroeconomic datasets. The empirical results
show that the frequency of the true positive signals is larger when factor model and
the multivariate autoregressive model forecasting performances differ substantially.
It also documents that factor models are not providing more accurate forecasts

uniformly across variables and horizons.
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A Proof of the results in the paper

A.1 Proof of the result in Remark 1]

Let X be the T' x n sample matrix and Ay the matrix with the first £ orthonormal
vectors of X, and F), the associated T' x k factor matrix such that

F, = XAy (A1)
The least square estimator Bk of By, in the regression model
X =FB,+§& (A.2)
is By, = (F/F,)""F/X which satisfies
FlF.By, = FiFy(FlF) 'FX = F|X (A.3)
from Eq. [A] and since (F}F)~' = A,' one obtains
B, = AJTALX'X (A.4)

which implies By, = Aj. where Ay, satisfies Eq. [A]]

A.2 Linkage factor model and VAR(1) model

Let x; be a n-dimensional real-value vector, with zero mean and stationary variance-
covariance matrix. Then:

E(x;x})a; = I'ya; = \;a; (A.5)
where a; and \;, i« = 1,...,n are the eigenvectors and eigenvalues of I'x and A is
the (n x n) orthogonal matrix with the normalized eigenvectors a;, i = 1,...,n, in

its columns. Then, it follows that
I'xA=AA (A.6)
with A the diagonal matrix with the eigenvalues A\;, « = 1,...,n. It follows that

AlrxA = A, FX = AAA/
The factors f,,; are computed as

f0=Ax (A.7)
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and the kth factor as
f]ﬁt = Akxt (A8)

where Aj, is the matrix of the first k column of A and A'A = I, A A, = I
Therefore, we can compute
Xy = Apfi (A.9)

which can proxy the true x;;. Let now assume that x; is generated by a VAR(1)

model:
Xy = Puxy 1 + €xt €xt ~ 0.0.d.N(0,%,) (A.10)

By pre-multiplying for A, , we have:
Apxy = ADuxi1 4 Apexy (A.11)

Fixing ep ¢ = A;ﬂex,t and from (A7)
£, = A Ouxi_y + €py (A.12)

Then, we introduce a such as

A Dy = a, A, (A.13)
Let multiply for A
A DAL = a, AL A = ay (A.14)
since A;Ak = I;. Then,
fkﬂg = a;ffk,t_1 + €ft = A;C(I)xAkfk,t—l + €kt (A15)

By pre-multiplying for Ay and recalling Xp; = Aifi;, we find the VAR(1)
representation:
Xit = ApApPuXpi-1 + ApApexy (A.16)

A.3 Proof of the result in Theorem [
Let X;14¢ denote the best linear forecast under the DGP, that is

Xppat = Y Vorjer, (A17)

J=0
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then by applying the infinite MA representation of f} .+, we obtain

Xk t+s — Akfk,t—l—s = Z Ak\I]k,jA;gAknt—l—s—j (A-18)
§=0
From the decomposition
Xits = Xig,t+s|t = €tts|t T €k t+s|t (A.19)

where €its|t = Xts — Xtts|ts €k ttslt = Xets|t — Xk, t+st, 1 follows that

MSE(s) =E ((et+s|t + €ty sft) (€cpslt + ek,t+s|t)/)

=E (et—l-s\te:t-i-s\t) +E (ek,t+5|te;~c,t+8\t)

s—1
/ / /
E <§ :@X7j€t+s—j€t+s—j\PX7j> +E (ek,t+s\tek,t+s|t)

=0

—_

Ss—

! /
U Sy + E (€ ths)t€hrys1)

<.
Il
o

A.4 Proof of the result in Theorem
Decompose the MSE as follows

MSE,(s)=E ((Xt+s - Xmﬂf—l—s\t)(xt—l—s - Xm,t+s|t)/) (A.20)

=E ((Xt-i-s - XZ‘+5)(Xt+s - XZ‘+5)') +E ((X;-s - Xm,t+8|t)(xr+s - Xm,t+s|t),)

where X,y = PXpyisqp = P°x,.  Assume E(ntﬂx’mt) = E((xmt+1 —
DX )%, ;) = 0, as in [Liitkepohl (2005), p. 34, then

® = E(xpm, X} 1 )E(Xmyo1X),, ) =115, (A.21)

Recall that E(ng 111}, ,,,) = Xk, then
=T =Tl T =Ty — T T, (A.22)
where I'j, = E (fk,tf,’w_l) = diag{(71.1,---,71)'} is the first order autocovariance

matrix and T, = E (f,,f{,) the covariance matrix. By using Eq. [A21] and [A.22
with & = n, we conclude that, the second term of the decomposition in Eq. [A.20)
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can be written as

[y

n

(B (06—~ ncsr)) = 3 O(a- Wh)(A 2)
_ i(af. %1)

j=1

»

Z

>
I

2s
7,1

Za —Z i

J

A.5 Proof of the result in Theorem [3

From the properties of the factors given in Section Bl it follows that @
E(fxff ) E(frefl, )" = Dpal ! and Xy, = E((fp— Prfis 1) (B — Pufrs 1)) =
r,—-Tr k,lfglf 11 and the factor mean forecasting error can be written as

s—1

E((ft+s - ft+s\t>(ft+s fzt+s|t Z Wy, jzk\llk]

7=0
- Z Dpa D) (T — Dia D T ) (Tea TR 7Y

S

:Pk+Z(Fk,1Fg1)J"1F;1((Fk L e a1t St S 1 W01 A WA WY i D
=1 i—0
=T — (Traly ) Dl T (Trea D)~ )’
=Th — (Cealy ) Te ) D H(Cea T ) ' Tn)’
=T — (Tl ) Te((Teal 1)?)

It follows that

s—1
B((Apfirs — Apfipspe) (Arfips — Arfipap)) = ) Aplp ;S0 AL
7=0
= Ay (Dp — (CpeaTy ) Tr(Tealy %) A
By applying the trace operator one obtains

tr (A (Tr — (Cealy ) Te(Traly ) 4;) = tr Tk — Traly ) Te(Traln)™)
k

=3 A —tr ((Craly ) Tr(Teal ") -
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since A} Ay = I).. Considering that for k =n

s—1

> A=t (Coa Dy ) Tl )™) =) Wy B0

7=0
and using the decomposition in Th. [I]
tr(MSEx(s)) = tr (E (exssi€hirar)) + > A =t (Faa T ) Tn(Tna T 1)) -
j=1

Finally, since Z] 1 J = Z?Zl Aj and applying the decomposition in Th. we
obtain the inequality:

tr (E (ekvt+5‘te;€,t+s|t)) —tr (IE (em t+8‘te;n t+5|t))

2%1

S tr ((Fn,lrgl)srn(( n, IF

if and only if tr(MSE(s)) < tr(MSE,,(s)).

27



Table 1: Bloomberg data

Japan Exch. rates
Var. Meas. Var. Meas.
Exports m/m EUJP Change Ratio
Imports m/m EUUS Change Ratio
Unemployment %
CPI a/a
CPI core a/a
PPI a/a

Industrial production a/a
Industrial machinery a/a
PMI manufactoring level
Private consumption m/m

Real income m/m
Retail sales m/m
Consumer confidence level
2 years yield %
3 years yield %
5 years yield %
7 years yield %
10 years yield %
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Table 2: Bloomberg data

US EU

Var. Meas. Var. Meas.
Exports m/m Exports m/m
Imports m/m Imports m/m
Employment % Unemployment %
Employment (agriculture)  thous HCPI a/a
Employment (private sector) thous CPI core a/a
Average wages m/m PPI a/a
PCE a/a Industrial production a/a
PCE core a/a Construction m/m
PPI a/a PMI manufactoring level
PPI core a/a ESI level
Industrial production level Leading indicator level
Industrial orders m/m Retail sales m/m
Industrial orders (durables) m/m 2 years yield %
Industrial orders m/m 3 years yield %
(durables excl. transports)
Stocks m/m 5 years yield %
Capacity % T years yield %
ISM (manufacturing) level 10 years yield %
New buildings m/m
Construction spending m/m
Existing home sales m/m
New home sales m/m
Government spending m/m
Real income m/m
Conference Board index level
Michigan index level
2 years yield %
3 years yield %
5 years yield %
7 years yield %
10 years yield %
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Figure 1: Scoring rule performance, f(s), measured as the frequency (vertical axis)
of a true positives and false negatives signals, over different horizons s = 1,...,12
(horizontal axis). Left: first experiments set with o = 0.2 (solid), 0 = 0.7 (dashed)
and 0? = 3. Right: second experiments set with o = 0.01 (solid), a = 0.5 (dashed),

2 4 6 8 10 12

and o = 0.7 and o2 = 3.
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Data‘ T n n" k V f FM MSE MAR MSE

SW | 170 144 4 17 0.807 0.337 0.097 0.094
NM | 290 120 5 17 0.745 0.827 0.039 0.034
B 290 68 12 17 0.807 0.870 0.021 0.017

Table 3: Comparison between FM and MAR models on three datasets: SW, NM
and BL. T: number of observations; n: number of series; n*: number of forecasted
variables; k: number of factors; V: proportion of variance explained by factors; f:
frequency of correctly predicted model orderings (true positives and false negatives);
MSE: average mean square error.
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Figure 4: The 25 sets of 12-step-ahead forecasts (red lines) for the EU (a) and Japan
(b) inflation (left) and interest rate (right) for the BL by applying FM (first line)

and MAR (second line) models.
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Figure 5: Estimates of the MSE in Th. (solid line) and 5% and 95% quantiles,
for the FM (first column) and MAR (second column) models. Ex-ante scoring
rule performance (third column) measured as the frequency (vertical axis) of a true
positive signal f(s), over different horizons s = 1, ..., 12 (horizontal axis). Top: SW
dataset. Middle: NM dataset. Bottom: BL dataset.
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Figure 6: FM performance on the Bloomberg dataset when increasing the number
of factors included. Proportion of variance (solid red line, left axis); adjusted R?
(stars line, left axis) over number of factors considered (horizontal axis); average
MSE (black line); and horizon-specific MSEs (gray lines).

36



TTS TTnemnlavment Rate
08

F1T TTnemnlavment Rate

IP TTnemnlavment Rate

0.7

0.8

0.7

0.8

0.7

0.032

0.03

N
=

0.6 0.6 0.6 0.028
\ e
05f 05 % 05 0.026
04 0.4 0.4 0.024
03 03 03} Jo0.022
C
0.2 & 0.2 0.2 0.02
0.1 C 0.1 0.1 0.018
1 3 5 7 9 11 13 15 17 1 3 5 7 9 11 13 15 1 1 3 5 7 9 11 13 15 7
US Personal Consumption EU Harmonized Index JP CPI-All Ttems
Fxnenditures of Clansnimer Price
08 08 08 01
0.7 0.7 0.7
0.08

0.6 0.6 0.6
05 0.5 05 0.06
0.4 0.4 oaf, 004
0.3 0.3 03 / N

0.02
0.2 0.2 0.2 o=
0.1 0.1 [ —— e

1 3 5 7 9 11 13 15 1 1 3 5 7 9 11 13 15 1 1 3 5 7 9 11 13 15 17

US Industrial Production EU Industrial Production JP Industrial Production

0.8 ' 0.8 0.8 0.02
0.7 - 0.7 0.7
06 06 06 0.015
0.5 " osf 05
el A 0.01
0.4 / \\\ 04l 0.4
———— T S
03/ 03\ 03 0.005
0.2 0.2 0.2
0.1 | 0.1 0.1 0
1 3 5 7 9 11 13 15 17 1 3 5 7 9 11 13 15 1 1 3 5 7 9 11 13 15 17
US 2-Years EU 2-Years JP 2-Years
Treasury Bills Governative Bonds Governative Bonds
0.8 | 0.8 0.015
0.7 0.7
06 ' 06,
| 0.01
05 o5fh
/ | |
04% 041 o
V4 v )\, 0.005
03f A — 03
0.2 N—_—— 0.2 0.2
0.1 ! 0.1 P 0
1 3 5 7 9 11 13 15 17 1 3 5 7 9 11 13 15 1 1 3 5 7 9 11 13 15 17

37

Figure 7: FM performance on the Bloomberg dataset when increasing the number
of factors included. Proportion of variance (solid red line, left axis); adjusted R?
(stars line, left axis) over number of factors considered (horizontal axis); average
MSE (black line); and horizon-specific MSEs (gray lines).
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