


























We calculate 𝜎𝑢
2 by using the equation for variance: 

𝑉𝑎𝑟(𝜀𝑖) =  𝜎𝜀
2 =

∑ (𝑢𝑖,𝑇 − 𝐸(𝑢𝑖))
2𝑁

𝑇=1

𝑁 − 1
 

Rearranging equation 22 yields: 

𝛼𝑖,𝑇+1 − 𝛼𝑖,𝑇 = 𝑢𝑇~𝑁(0, 𝜎𝑢
2) 

And setting 𝐸(𝑢𝑖) = 0: 

𝜎𝑢
2 =

∑ (𝛼𝑖,𝑇+1 − 𝛼𝑖,𝑇)
2𝑁

𝑇=1

𝑁 − 1
 

Similarly for 𝜎𝑧
2: 

𝜎𝑧
2 =

∑ (𝛽𝑖,𝑇+1 − 𝛽𝑖,𝑇)
2𝑁

𝑇=1

𝑁 − 1
 

Once calculated, these error terms are assumed constant throughout the course of 

the model. 

5.2.2.2.2 Prior Estimate and its error Covariance 
 

Similar to Qk and Rk, we use the Market Model to calculate our initial (T=0) 

estimates for 𝑥̂0
− and 𝑃0

−. 𝑥̂0
− is estimated by simply taking the Market Model 

alpha and Beta at time T=0, as the state transition equation assumes a random 

walk. 

 

𝑃0
− is estimated by taking the variance and covariance of the alphas and betas over 

the Kalman intitial conditions time period: 

𝑃0
− =  (

𝜎𝛼
2 𝜎𝛼,𝛽

𝜎𝛼,𝛽 𝜎𝛽
2 ) 

 

Where:   

- 𝜎𝛼
2 =

∑ (𝛼𝑖,𝑇−𝐸(𝛼𝑖))
2

𝑁
𝑇=1

𝑁−1
 

- 𝜎𝛼
2 =

∑ (𝛽𝑖,𝑇−𝐸(𝛽𝑖))2𝑁
𝑇=1

𝑁−1
  

- 𝜎𝛼,𝛽 =
∑ (𝛼𝑖,𝑇−𝐸(𝛼𝑖))∗ (𝛽𝑖,𝑇−𝐸(𝛽𝑖))𝑁

𝑇=1

𝑁−1
  

 

These initial conditions are then inserted into the Kalman Filter Loop 

demonstrated in figure 1. As described in the theory section, once these initial 
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conditions have been established, the recursive nature of the Kalman filter allows 

for the loop to cycle indefinitely without any further additional external inputs.  

5.2.3 Error Calculation 
 

Both models will each generate a time series of alphas and betas. These will then 

be tested by using the observed market return to predict the anticipated security 

return. The difference between the predicted security return and observed security 

return will be used as the benchmark for the success of either model. 

𝐸𝑟𝑟𝑇,𝑀 = 𝑟𝑖,𝑇,𝑃𝑟𝑒𝑑,𝑀 − 𝑟𝑖,𝑇,𝑂𝑏𝑠  

Where:  

- 𝐸𝑟𝑟𝑇,𝑀= Error of model M at time T 

- 𝑟𝑖,𝑇,𝑃𝑟𝑒𝑑,𝑀 = Predicted security i return of model M at time T 

- 𝑟𝑖,𝑇,𝑂𝑏𝑠 = Observed security i return at time T 

𝑟𝑖,𝑇,𝑃𝑟𝑒𝑑 is calculated using the alpha and beta of each model at time T-1: 

𝑟𝑖,𝑇,𝑃𝑟𝑒𝑑,𝑀 =  𝛼𝑖,𝑇−1,𝑀 + 𝑟𝑚,𝑇 ∗ 𝛽𝑖,𝑇−1,𝑀 

Where :  

- 𝛼𝑖,𝑇,𝑀 = Alpha estimate for model M at time T-1 

- 𝛽𝑖,𝑇,𝑀 = Beta estimate for model M at time T-1    

The performance of each model will be determined by observing and comparing 

the Root Mean Squared Errors (RMSE), Mean Absolute Error (MAE) and Mean 

Error (ME).  

𝑅𝑀𝑆𝐸 =  √
∑ 𝐸𝑟𝑟𝑇

2𝑁
𝑇=1

𝑁
 

𝑀𝐴𝐸 =  
∑ 𝑎𝑏𝑠(𝐸𝑟𝑟𝑇)𝑁

𝑇=1

𝑁
 

𝑀𝐸 =  
∑ 𝐸𝑟𝑟𝑇

𝑁
𝑇=1

𝑁
 

 

For obvious reasons this report will focus mostly on RMSE and MAE, but ME 

will also be generated and considered in the analysis. 
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5.2.4 The Source Code 
 

All relevant calculations in this report have been generated using C++ code. 

Figure 2 demonstrated the system hierarchy for the source code.  

 

Figure 2 System hierarchy for the source code 

 

A very brief overview of each file will be provided, for further information please 

consult the attached source code files
1
: 

- Model_generator.cpp: The main function of the model generator 

- Data_handling.cpp: Responsible for reading the 

Historical_Data_csv.csv file, extracting the required data and 

calculating the required returns, list of dates, list of security names… 

- Data_store_model.cpp: Responsible for generating the result time 

series, calls Capm_model.cpp and Kalman_filter.cpp to generate 

Kalman and Market Model alpha’s and beta’s. Once the result time 

series have been generated, the results are exported to a csv file 

(further information in the next section). 

                                                 
1
 Or email me on Kai.E.Strandmoe@student.bi.no 

0998968GRA 19502



- Capm_model.cpp: Responsible for generating alpha and beta estimates 

using the Market Model. 

- Kalman_filter.cpp: Responsible for generating alpha and beta estimates 

using the Kalman Filtering model.  

5.2.5 Program Structure 
 

 

Figure 3 File Layout of Program 
 

The file layout of the program is demonstrated in figure 3. The program is run by 

simply navigating to the directory where the program was unzipped and launching 

the .exe file (by typing in “main.exe” if in a Windows OS or by typing 

“./main.exe” if in a Linux OS).  

The settings folders contains a single file labelled “settings.txt”. This file sets the 

required inputs for the model generator and currently features four input 

parameters: 

- CAPM Model Length: Which sets the amount of datapoints to be used 

when calculating Market Model Alphas and Betas. Note that the units 

are the same as the units set in the “Data Frequency” parameter. 

- Kalman Model Estimates Length: Sets the amount of data points to be 

used when calculating the prior estimates for the Kalman Model 

- Alpha Factor: Sets the Alpha factor for the state transition matrix of the 

Kalman Model. Further information is provided in the results and 

analysis section 

- Data Frequency: Determines whether daily, weekly or monthly data is 

to be used. 1 stand for daily, 2 stands for weekly and 3 stands for 

monthly. Default is set to 3. 

The Database folder is meant to hold the Bloomberg exported CSV file labelled 

“historical_Data_csv.csv” which holds the raw end of day price data for all the 

relevant stocks to be analyzed. 
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The Results folder is where the results of the modelling program are exported to. 

It will feature a file labelled “main_results.csv” which holds the relevant summary 

statistics. Additionally it will export an “ASSETNAME results.csv” file for each of 

the securities to be analyzed featuring summary statistics of that particular 

security and a table containing a timeseries of market return, asset return, Market 

Model alphas and betas, Kalman Filter alphas and betas and their respective 

errors, absolute errors and squared errors. 

 

Please note that due to time constraints the program is very user unfriendly and 

any alterations to the database file or settings file need to exactly follow the 

template provided in order to function correctly
2
.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                 
2
 Contact me on Kai.E.Strandmoe@student.bi.no if any problems occur 
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6 Results and Analysis 

6.1 The basic three year historical lookback period  
 

In order to investigate the merits of each model, the residual errors of each model 

will be compared using RMSE, and occasionally MAE. Instead of comparing 

each asset individually, the merits of each model as a whole will be tested using 

the average errors of each of the assets using the following formula: 

𝑅𝑀𝑆𝐸𝑎𝑣𝑒 =
∑ 𝑅𝑀𝑆𝐸𝑖

𝑁
𝑖=1

𝑁
 

Where: 

- 𝑅𝑀𝑆𝐸𝑖 = RMSE of asset i 

- Number of assets in the model.  

We start of the analysis by calculating the Market Model alphas and betas using 

36 data points of monthly returns. This is the standard approach to the Market 

Model and CAPM and corresponds to three years historical data. Similarly, we 

will start with 36 data points when calculating the prior estimates for the Kalman 

Model. 

 

Table 2 Error Comparison for Market Model and Kalman Filter Model Alphas and Betas 

Table 2 demonstrates that there is virtually no difference in MAE and RMSE 

between the Market Model (labelled CAPM) and the Kalman model. Note that 

two securities have been omitted from the table to there not being enough 

Security CAPM ME Kalman ME CAPM MAE Kalman MAE CAPM RMSE  Kalman RMSE

AAPL US Equity 0.38% 0.63% 6.06% 6.02% 8.40% 8.29%

MSFT US Equity -0.30% -0.21% 4.38% 4.40% 5.81% 5.86%

AMZN US Equity -0.94% -0.67% 7.33% 7.02% 9.84% 9.44%

JPM US Equity 0.20% 0.20% 4.98% 4.91% 7.15% 7.19%

BRK/B US Equity 0.12% 0.13% 3.11% 3.15% 4.51% 4.61%

GOOGL US Equity -0.14% -0.01% 4.33% 4.34% 5.94% 6.03%

XOM US Equity 0.00% 0.19% 3.33% 3.28% 4.24% 4.13%

JNJ US Equity 0.06% 0.11% 2.59% 2.58% 3.31% 3.28%

BAC US Equity 0.79% 0.64% 7.86% 7.76% 12.06% 12.02%

INTC US Equity -0.42% -0.38% 4.64% 4.68% 5.86% 5.89%

UNH US Equity 0.40% 0.64% 4.98% 5.09% 7.01% 7.11%

V US Equity 0.05% 0.38% 2.86% 3.09% 3.89% 4.00%

WFC US Equity 0.68% 0.49% 4.93% 4.89% 7.71% 7.50%

CVX US Equity 0.00% 0.17% 3.79% 3.70% 4.70% 4.68%

HD US Equity -0.07% -0.06% 3.68% 3.67% 5.01% 5.04%

T US Equity -0.13% -0.43% 3.71% 3.72% 4.91% 4.94%

PFE US Equity -0.06% -0.13% 3.53% 3.54% 4.46% 4.43%

CSCO US Equity -0.33% -0.30% 4.49% 4.58% 6.08% 6.12%

Average 0.02% 0.08% 4.48% 4.47% 6.16% 6.14%
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datapoints. These securities are Facebook, Inc Common Stock (FB US Equity) 

and Alphabet Inc. (GOOG US Equity). 

 

One interesting point to note however is that despite the similar error values, the 

actual alphas and betas values of both models are strikingly different at times. 

Figure 4 and 5 demonstrate this effect. Overall both values are highly correlated 

as expected.  

 

 

Figure 4 Market Model and Kalman Model Alpha Values for  Exxon Mobile Corporation (XOM US 

Equity) from 2-Feb-2006 to 1-Jun-2018 
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Figure 5 Market Model and Kalman Model Beta Values for Exxon Mobile Corporation (XOM US 

Equity) from 2-Feb-2006 to 1-Jun-2018 

 

6.2 Lookback period analysis 
 

In this section we will divert from the traditional three year lookback period for 

CAPM calculations and Kalman prior estimations and observe the effect on model 

performance.  

Figure 7 demonstrates that the Kalman lookback period does not matter much 

with regards to the RMSE values. This is as expected however, as the Kalman 

filter is supposed to eventually converge to its equilibrium regardless of the initial 

prior estimates. 

 Figure 6 however demonstrates that the CAPM length does seem to matter 

somewhat. Mainstream literature focuses on 36 data points for CAPM as its 

values simply become too volatile if too few data points are taken. Decreasing the 

CAPM lookback period therefore makes the Market Model alphas and betas more 

volatile which in term enhance the error terms of the Kalman Model. Large error 

terms decreases the impact of the Kalman loop as as a result decreases the 

accuracy of the Kalman model. The trend line equations in figure 6 and 7 
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demonstrate that reducing the CAPM lookback period has an effect that is five 

times more pronounced than changing the Kalman lookback period.  

 

 

 

Figure 6 Average RMSE for selected assets keeping Kalman length constant at 35 data points 

 

 

 

 
Figure 7 Average RMSE for selected assets keeping CAPM length constant at 35 data points 
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6.3 State transition analysis 
 

Rewrite equation 20 as new equation.  

One very interesting aspect of the Kalman filter not yet explored is that it features 

a state transition matrix. The vast majority of financial theory stipulates that non-

zero alpha should be a temporary phenomenon as the market is expected to 

smoothen out any outperforming stocks. We could therefor try to improve upon 

the existing model by replacing the random walk of the alpha state transition 

matrix (Equation 19) with an AR(1) model of varying factor loading:  

𝛼𝑖,𝑇+1 = 𝐹𝐿𝛼 ∗ 𝛼𝑖,𝑇 + 𝑢𝑇 

Where: 

- 𝐹𝐿𝛼 = Alpha factor loading of the state transition equation. 

Conventional market hypothesis expects this value to between 0 and 1 

 

Figure 8 Average RMSE for selected assets with varying Alpha Factor 

 

Figure 9 Average MAE for selected assets with varying Alpha Factor 
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Observing figure 8 we can observe see a decreasing RMSE trend for a decreasing 

alpha factor loading. The effect seems to plateau at around 0.93. Observing figure 

4, which demonstrates a similar effect using MAE shows a very small local 

minima at an alpha factor loading of 0.93. Figures 8 and 9 demonstrate the 

benefits of investigating the state transition matrix of the Kalman Model.  

6.4 Data Frequency Analysis 
 

The CAPM model traditionally uses monthly return data due to the fact that any 

shorter time period produces values that are too noisy. One of the predominant 

reasons for using the Kalman filter, both in financial as well as in other scientific 

and engineering applications, is that it is meant to filter out noise more effectively. 

The Kalman filter could therefore potentially allow for daily or weekly data to be 

analyzed.  

 

The model will use a CAPM lookback period of 150 data points for the daily 

returns, roughly equating to half a year worth of data. The prior alpha, beta and 

error estimates of the Kalman filter are then calculated using 50 Market model 

data points. 

 

The weekly data CAPM lookback period will in turn use 52 data points, roughly 

equating to a year worth of data. The prior alpha, beta and error estimates of the 

Kalman filter are then calculated using 26 Market model data points, roughly 

equating to half a year worth of data. 

 

Table 3 Average Errors for selected assets for daily, weekly and monthly data frequency 

 

Unfortunately, table 1 demonstrates that there is virtually no difference between 

the error terms of both models for daily and weekly data. We can conclude that the 

daily and weekly data points are simply too noisy to yield any meaningful 

difference for the Kalman model in its current state.  

 

Frequency  CAPM MEA  Kalman MEA  CAPM RMSE  Kalman RMSE

Daily 0.93% 0.92% 1.50% 1.49%

Weekly 2.08% 2.08% 3.10% 3.10%

Monthly 4.48% 4.47% 6.16% 6.14%
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6.5 Final Observations 
 

 

Figure 10 Market Model and Kalman Model Alpha Values for  Microsoft Corporation (MSFT US 

Equity) from 2-Feb-2006 to 1-Jun-2018 

 

 

Figure 11 Market Model and Kalman Model Beta Values for  Microsoft Corporation (MSFT US 

Equity) from 2-Feb-2006 to 1-Jun-2018 
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A point briefly touched in the first part of this section is that despite the relatively 

similar error values, the Market model and Kalman model yield strikingly 

different alphas and betas at certain time periods. This observation holds true for 

all securities analyzed in this report and another example is demonstrated in 

figures 10 and 11. This effect is more pronounced during times of crisis, as all 

figures 4, 5, 10, 11 show the biggest divergence during the flash crash of 2011.  
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7 Conclusion and Potential Improvements 
 

Investigating the merits of using a Kalman Filter in equity Beta and Alpha 

estimation across four areas has on one occasion yielded a noticeable error 

improvement but overall the performance of the model when compared to the 

traditional CAPM model was modest at best. This report has therefore not 

conclusively demonstrated the merits of the Kalman model in alpha and beta 

estimation, however it has demonstrated to be a promising area of further 

research. The potential of varying the state transition matrix is an area that proved 

particularly promising and a more in-depth analysis of alpha and beta auto-

regressive models (asset or sector-specific) has the potential to significantly 

improve the Kalman model. For example, the beta state transition equation could 

be replaced with a different mean-reverting equation: 

𝛽𝑖,𝑇+1 = 𝜇 + 𝐹𝐿𝛼 ∗ 𝛽𝑖,𝑇 + 𝑧𝑇 

Where: 

- 𝜇 = the long term beta equilibrium value of asset i.  

 

Overall, all areas investigated in this report could benefit from further 

investigation, including the optimal lookback periods for the CAPM model. The 

CAPM lookback period changes the performance of the Kalman model because it 

affects prior error estimates (Qk and Rk). Alternative ways of estimating these 

errors could therefore improve the overall model. One particularly interesting area 

in this regard is to allow for the error terms to periodically update. In the current 

Kalman model the error estimates are estimated at the beginning of the model, and 

then assumed to be constant throughout the entire forecast period (usually running 

between 11 and 12 years). These errors are however likely to change over that 

long time horizon and periodically updating the estimates might make the model 

more accurate.   

 

The report has not only demonstrated the case for further academic investigation, 

the different alpha and beta values during times of crisis indicates that the model 

would be an interesting area of research for alternative portfolio strategies.   
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