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Abstract

Correlations of equity returns have varied substantially over time and remain a source
of continuing policy debate. This paper studies stock market correlations in an equilib-
rium model with heterogeneous risk aversion. In the model, preference heterogeneity causes
variations in the volatility of aggregate risk aversion from good to bad states. At times of
high volatility in aggregate risk aversion, which is a common factor in returns, we see high
correlations. The model matches average industry return correlations and changes in corre-
lations from business cycle peaks to troughs and replicates the dynamics of expected excess
returns and standard deviations. Model implied aggregate risk aversion explains average
industry correlations, expected excess returns, standard deviations, and turnover volatility
in the data. We �nd supportive evidence for the model's prediction that industries with
low dividend-consumption correlation have low average return correlation but experience
disproportional increases in return correlations in recessions.

Keywords: Dynamics of Equity Return Correlations; Heterogeneous Risk Aversion;
Volatility of Aggregate Risk Aversion; Volatility of Turnover

JEL Classi�cation: G10; G11



1 Introduction

During recessions or �nancial crisis correlations rise even between seemingly unrelated assets.

Economists, regulators or the �nancial press frequently interpret such events as driven by

�contagion� and claim that there is �no place to hide.� We study correlations in a heteroge-

neous investor exchange economy to provide a rational consumption-based explanation. In

the language of the model, correlations rise in an economic downturn and decline in a boom.

Expected excess returns, standard deviations, and many other equilibrium quantities show

joint dynamics with correlations. These �ndings raise the question whether policy makers

can cure markets from excess correlations, volatility, and trade without shrinking �nancial

markets' ability to facilitate consumption risk sharing across investors over the business cycle.

Since correlations determine the extent of diversi�cation bene�ts it might be particularly

bad for investors if, as the data suggest, high correlations coincide with economic downturns.

We argue that such a view is too simplistic as stock return correlations are not the only drivers

of performance. Consistent with our view, Figure 1 shows that the average correlation of

US industry portfolios comoves with average stock return volatility and average expected

excess return. Further, variations in correlations, volatilities, and expected returns during

NBER contractions appear large and can, therefore, cause signi�cant portfolio rebalancing.

Indeed, the dynamics of turnover volatility in Figure 1 seem consistent with brisk portfolio

rebalancing during contractions. The contributions of this paper, that are most relevant to

investors, are to document and justify the dynamics of correlations and to tie correlations

theoretically and empirically to expected stock returns and volatilities, turnover volatility,

and the state of the economy.

In response to the empirical facts stated above and the questions that emerge from them,

we build an economy with many Lucas trees that is populated by consumers with heteroge-

neous risk aversion and external relative habit formation and show that it accounts for the

key empirical features in Figure 1. In the model, when consumption falls, consumers with low

risk aversion �nd it optimal to sell stocks to more risk averse consumers. Consequently, the



marginal consumer becomes more risk averse. This, in turn, leads to higher compensation

for risk and higher expected excess returns. In equilibrium, the volatility of risk aversion

rises when consumption falls. The volatility of aggregate risk aversion is driven by opti-

mal consumption risk sharing between heterogeneous consumers with constant relative risk

aversion. When consumption falls signi�cantly, small shocks to aggregate consumption lead

to large �uctuations in the distribution of consumption across consumers. When aggregate

risk aversion becomes more volatile, then the discount rate volatility rises; hence, we see an

increase in stock return volatilities. Intuitively, as the volatility of aggregate risk aversion

drives the discount rate of every stock, we see higher return correlations.

The consumption sharing rule is implemented by trade in the stock market and in a

risk-free security. Since trade is observable, it provides indirect information about consumer

heterogeneity, something that is di�cult to measure directly. To understand the heteroge-

neous risk aversion based origins of turnover volatility, we solve for the volatility, or quadratic

variation, of model implied portfolio policies as a measure of trading intensity. What we learn

from this exercise is that in the model turnover volatility is high during bad times and that

it correlates positively with stock return correlations.

To assess the models ability to quantitatively match the dynamics of stock return corre-

lations, we calibrate our model to ten industry portfolios. Further, to evaluate the hetero-

geneous risk aversion channel it is import to also aim at matching other key asset pricing

moments and their dynamics. Voilà, through the calibration, we learn that the model ac-

counts for the unconditional level of correlations together with the change in correlation

over the business cycle. Moreover, the model generates high comovement between stock

return correlations, volatilities, and expected excess returns as in the data. We also show

that a measure of habit, backed out from our calibration, explains average industry return

correlations, volatilities, and expected excess returns both inside the model and in the data.

In the data, industry portfolios exhibit a signi�cant cross-section of dividend-consumption

correlations. When we calibrate the model economy to also re�ect the cross-section of
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dividend-consumption correlations, we �nd interesting asymmetries in return correlations.

In good states, the dividend stream with the lowest dividend-consumption correlation pro-

duces lower average stock return correlations with other industries than the dividend stream

with the highest dividend-consumption correlation. In bad states, the di�erence washes out.

We test this cross-sectional prediction and �nd supportive evidence.

To have a quantitative impact, the heterogeneity in risk aversion across consumers has

to be quite large. Recently, Guiso, Sapienza, and Zingales (2013) provide survey based

evidence, validated with actual data on portfolio choices, that is consistent with signi�cant

heterogeneity in risk aversion, namely ranging from below 1 to above 10. Several other studies

also report signi�cant heterogeneity in risk aversion: Barsky, Juster, Kimball, and Shapiro

(1997) provide an estimate for risk aversion of 12.1 with a standard deviation of 16.6; Kimball,

Sahm, and Shapiro (2008) report 8.2 for the mean and 6.8 for the standard deviation of the

distribution of individual consumers' relative risk aversion. Still, our calibration succeeds

in reproducing the quantitative dynamics of equity price moments at the expense of a high

upper bound on risk aversion, namely 20.1 One potential resolution to this problem, within

the CRRA framework, would be to introduce an additional source of heterogeneity into the

model that correlates with preference heterogeneity, thereby allowing to reduce the required

heterogeneity in risk aversion. We leave this extension to future research.2

Our paper combines four strands of the literature: Cochrane, Longsta�, and Santa-Clara

(2008) and Martin (2013) study asset prices with multiple Lucas trees, where dividend growth

rates are i.i.d. over time. Menzly, Santos, and Veronesi (2004) directly model dividend shares

as stationary processes; hence, they avoid that one tree dominates in the long-run. We use

1Cvitanic and Malamud (2011) show that in complete markets, heterogeneous CRRA preferences always
aggregate to a decreasing relative risk aversion for the representative consumer. In this setting, the larger the
cross-sectional variance in risk aversion, the steeper is the aggregate risk aversion. Campbell and Cochrane
(1999), instead, use a steep aggregate risk aversion without any heterogeneity. To obtain a steep aggregate
risk aversion with a small cross-sectional variance in risk aversion requires that individual risk aversion is
steep, that is, one has to deviate from the CRRA assumption.

2In an earlier version of the paper, we allowed for heterogeneity in beliefs and time preferences in addition
to risk aversion. If the most risk averse investor is also relatively pessimistic about dividend growth (of all or
at least most trees), then the slope of the sharing rule steepens for a given degree of risk aversion heterogeneity
as when risk aversion heterogeneity is heightened.
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Menzly, Santos, and Veronesi (2004) dividend shares and match average industry and total

industry dividends and their relation to aggregate consumption.

The paper relates to works studying the role of heterogeneous risk aversion in frictionless

economies. Dumas (1989) studies risk sharing in a production economy with heterogeneous

risk aversion, Wang (1996) analyzes the dynamics of the real interest rate yields in a Lu-

cas economy, Bhamra and Uppal (2009) and Weinbaum (2009) examine the volatility of

stock returns, Bhamra and Uppal (2014) derive closed form solutions for asset prices in an

economy with heterogeneous preferences and beliefs, Cvitanic, Jouini, Malamud, and Napp

(2012) examine equilibrium properties of an economy with di�erences in preferences and

beliefs, Longsta� and Wang (2013) look at the role of leverage for asset prices. Chan and

Kogan (2002) study an economy with �Catching up with the Joneses� preferences and show

that such preferences lead to stationary asset price moments through a stationary wealth

distribution, Garleanu and Panageas (2015) solve an overlapping generation's model with

heterogeneous recursive preferences that also leads to a stationary wealth distribution.3 Zap-

atero and Xiouros (2010) solve for the consumption sharing rule in closed form and compare

the performance of the heterogeneous risk aversion model to Campbell and Cochrane (1999).

Common for these papers is that they focus on the aggregate stock market, and hence do

not model multiple Lucas trees. We extend this literature by studying correlations that

require a cross-section of Lucas trees, by emphasizing the role of the volatility of aggregate

risk aversion, and by focusing on the joint implications of heterogeneous risk aversion on

correlations, expected excess returns, standard deviations, and turnover volatility.

Our research also relates to the literature that theoretically study stock return corre-

lations. Dumas, Harvey, and Ruiz (2003) match the level of international correlations in

a representative consumer framework. Thus, there is no excess correlation puzzle. Chue

(2005) employs the Campbell and Cochrane (1999) model to also study international eq-

uity correlations. Chue (2005) shows that the diversi�cation bene�ts tend to be higher in

3Cvitanic and Malamud (2011) and Yan (2008) study the survival of agents, among other things, with
heterogeneous risk aversion when there is no stationary wealth distribution.
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times when stock return correlations are high as the representative consumer values diver-

si�cation more in bad times. Aydemir (2008) extends the model in Chue (2005) to contrast

correlations with perfect and imperfect risk sharing. Ribeiro and Veronesi (2002) analyze

fundamental country processes that are jointly a�ected by an unobservable global business

cycle factor. Time variation in correlations of asset returns arises from the learning activity

of the representative consumer. Buraschi, Trojani, and Vedolin (2014) study the correla-

tion risk premium in a model with heterogeneous beliefs and multiple consumption goods.

Pavlova and Rigobon (2008) study stock prices, exchange rates, and the correlations of stock

prices with multiple consumption goods. In their model, spill-over e�ects arise because of

binding portfolio constraints. Finally, Kyle and Xiong (2001) study the role of convergence

traders on stock return correlations. In addition to proposing an alternative channel for

return correlation dynamics, namely heterogeneous risk aversion, our work di�ers from the

above papers as we quantitatively calibrate our model to unconditional and conditional asset

pricing moments. Moreover, our paper highlights the tight connection between stock return

correlations and volatilities, expected excess returns, and turnover volatility.

Although there is a large body of empirical literature on time variation in return corre-

lations,4 there is less recognition that time variation in correlations might have implications

for other moments of equity returns. Notable exceptions include Lamoureux and Lastrapes

(1990) who argue that trading volume has signi�cant explanatory power for equity standard

deviations; Tauchen and Pitts (1983) and Gallant, Rossi, and Tauchen (1992) show that

trading volume has a positive relation with volatility;5 Longin and Solnik (1995), Moskowitz

(2003), and Goetzmann, Li, and Rouwenhorst (2005) argue that correlations or covariances

and standard deviations move together. Our paper sheds new light on the �ndings in this

strand and related strands of the empirical literature by providing one possible theoretical

4See Bollerslev, Engle, and Woolridge (1988), Erb, Harvey, and Viskanta (1994), Ang and Chen (2001),
Longin and Solnik (2001), Ledoit, Santa-Clara, and Wolf (2003), Moskowitz (2003), Barberis, Shleifer, and
Wurgler (2005), Goetzmann, Li, and Rouwenhorst (2005), and Chordia, Goyal, and Tong (2011).

5It is well known in the market microstructure literature that volatility is associated with trading volume.
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foundation for the joint cyclicality.6 Further, our empirical results relate correlations, ex-

pected excess returns, standard deviations, and the volatility of turnover to each other and

to the business cycle in a way that cannot be read o� the extant empirical literature.

2 The Economy

This section introduces a continuous-time exchange economy with in�nite horizon, in which

N risky securities and one locally risk-free security are traded.

2.1 Aggregate Consumption and Dividends

Aggregate consumption follows the process:

dC(t) = C(t) (µCdt+ σCdZC(t)) , (1)

where µC is the mean consumption growth, the scalar σC > 0 denotes the consumption

volatility, and ZC is a Brownian motion. Aggregate consumption consists of the sum of the

dividends paid out by the risky securities. Stationary dividend share processes evolve, as in

Menzly, Santos, and Veronesi (2004), according to

dsi(t) = κ (si − si(t)) dt+ si(t)σsi(t)
>dZs(t), (2)

where σsi(t) = vi −
N∑
k=1

sk(t)vk,
N∑
k=1

skvk = 0, for i = 1, ..., N, k = 1, ..., N,

where si(t) =
δi(t)

C(t)
, and where C(t) =

N∑
i=1

δi(t), for i = 1, ..., N.

In Equation 2, κ is the speed of mean reversion which we assume is the same for all div-

idend shares, si ∈ [0, 1) denotes security i's average long-run consumption share, σsi is

6Fama and French (1989) and Ferson and Harvey (1991) show that expected excess returns increase during
economic contractions and peak near business cycle troughs. Harrison and Zhang (1999) and Campbell and
Diebold (2009) also show that expected excess returns are countercyclical. Schwert (1989) and Hamilton
and Lin (1996) argue that stock market volatility is higher in recessions than in booms.
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a N -dimensional vector of volatilities, Zs = (Zs,1, . . . , Zs,N) is a N -dimensional vector of

Brownian motions, vi denotes a N -dimensional vector of constants, and δ denotes dividends.

We de�ne the N + 1 dimensional Brownian motion Z = (ZC , Zs,1, . . . , Zs,N), by stacking

the Brownian motion that drives aggregate consumption together with the N -dimensional

Brownian motion, Zs, that drives the dividend shares.7

2.2 Endogenous Asset Correlations - An Illustration

In this subsection, we discuss a general mechanism that generates endogenous correlation

between asset return volatilities and correlations and their expected returns when dividends

evolve as in Section 2.1. To make our case, we study two dividend strips with the same

maturity and assume symmetry, i.e., νi,i = ν, νi,k = ν̄ for k 6= i, and s̄i = s̄l.
8

Consider a stochastic discount factor with dynamics

dξ(t)

ξ(t)
= −r (ω(t)) dt− θ (ω(t)) dZC(t), where dω(t) = µ (ω(t)) dt+ σ (ω(t)) dZC(t), (3)

where ξ(0) = 1, r is the short rate, θ denotes the market price of risk, ω is a univariate state

variable, µ and σ are given functions that guarantee a strong solution for the state variable

in Equation (3), and r (ω) and θ (ω) are twice continuously di�erentiable to ensure that the

price-dividend ratio of the claim to aggregate consumption at any time τ is a function of

the state variable ω only. The state variable ω is driven by the same shock as consumption

growth. We assume that σ (ω) > 0 for all ω and refer to ω as procyclical since locally it

is perfectly correlated with shocks to consumption growth. Throughout this subsection, we

interpret ω as a measure for the state of the economy, where ω is low in a bad state.

The stochastic discount factor in Equation (3) prices any claim in the economy. Consider

7Z is de�ned on a �ltered probability space (Ω,F , P, {Ft}), which is de�ned over [0,∞), where Ω is the
state space, F denotes the σ-algebra, P represents the probability measure, and the information structure
F(.) is generated by the natural �ltration.

8This assumption can be replaced by the assumption that the conditional volatility of the dividend shares
are the same at time t, i.e., σ>

siσsi = σ>
sl
σsl in Proposition 1.
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the price of a dividend strip from a Lucas tree i, δi, at time t < τ is

P τ
i (t) = Et

[
ξ(τ)

ξ(t)
δi (τ)

]
= P τ

C(t)
(
s̄i
(
1− e−κ(τ−t)

)
+ e−κ(τ−t)si(t)

)
, (4)

where P τ
C is the price of the claim on (stripped) aggregate consumption at time τ . The

dynamics of the claim to (stripped) aggregate consumption is

dP τ
C(t)

P τ
C(t)

= drτC(t) = µP τC (t)dt+ σP τC (t)dZC(t), where σP τC (t) = σC +
∂log (pτC(t))

∂ω
σ (ω(t)) .

(5)

The return volatility, σP τC , in Equation (5) is a�ected by the exogenous consumption volatility

and the endogenous term
∂log(pτC)

∂ω
σ (ω). As in Mele (2007), the endogenous term is the

stochastic discount factor induced component of return volatility.

Applying Ito's lemma to Equation (4) and using Equation (5) and (2), we obtain

dP τ
i (t)

P τ
i (t)

= drτi (t) = µP τi (t)dt+ σP τi (t)>dZ(t), (6)

where σP τi (t) =
(
σP τC (t), gτi (si(t), t)σsi(t)

)
, gτi (si(t), t) =

e−κ(τ−t)si(t)

s̄i (1− e−κ(τ−t)) + e−κ(τ−t)si(t)
.

Consider the correlation between the return on dividend strip i and l with maturity τ

ρτi,l(t) =
σP τi (t)>σP τl (t)∥∥σP τi (t)

∥∥∥∥σP τl (t)
∥∥ , where

∥∥σP τi (t)
∥∥ =

√
σP τi (t)>σP τi (t). (7)

The proposition below relates the variance of the market to the correlation between the

dividend strips.

Proposition 1. Let τ <∞ and si(t) = sl(t), then we have the following

sign

(
∂σP τC (ω)2

∂ω

)
= sign

(
∂ρτi,l (ω, s)

∂ω

)
. (8)

Proposition 1 shows that the endogenous variance of the claim to the aggregate consump-
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tion stream and the correlation between dividend strip i and l move in the same direction

when the state variable ω changes. Therefore, the volatility and the correlation show a

positive relation. This result is not driven by the correlation between fundamentals as the

correlation between the dividend strips does not depend on the state variable ω. Hence, the

relation between return volatility and return correlation is purely endogenous.

If
∂σPτ

C
(ω)2

∂ω
< 0, then volatility is high in bad states of the economy.9 If, in addition,

∂θ(ω)
∂ω

< 0, i.e., the market prices of risk are high in bad states, then expected excess returns,

volatilities, and correlations are jointly countercyclical. However, a countercyclical market

price of risk is not su�cient to generate countercyclical correlations. For instance, assume

that ω follows an Ornstein-Uhlenbeck process and the market price of risk is linear in ω, i.e.,

we have essentially a�ne market prices of risk as in Du�ee (2002). Then, the volatility of

the aggregate consumption claim is constant and correlations do not depend on ω.

Therefore, what kind of general equilibrium model gives rise to a discount factor that

replicates the dynamics in Figure 1? In the remainder of the section, we present such

an equilibrium model with consumers that exhibit heterogeneous risk aversion; the model

generates high correlations, standard deviations and expected excess returns in the bad state.

Further, in the next section we show that the model quantitatively matches the data.

2.3 Consumers

Consumers derive utility over consumption through external habit preferences10

Uj (C,X) = E0

[∫ ∞
0

e−ρtuj(Cj(t), X(t))dt

]
, (9)

where uj (Cj(t), X(t)) =
1

1− γj
Cj(t)

1−γjX(t)γj−η, ρ > 0, η ≤ min (γj) = γL,

9Mele (2007) derives conditions for when volatility (of the claim to aggregate consumption) is counter-
cyclical. A popular model that saties�es those conditions is Campbell and Cochrane (1999). If volatility is
countercyclical, then Proposition 1 also implies countercyclical correlations between dividend strips.

10See Abel (1990), Chan and Kogan (2002), Zapatero and Xiouros (2010), and Bhamra and Uppal (2014).
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and where u represents the instantaneous utility function, Cj stands for individual consump-

tion rates, X denotes the external economy-wide living standard, and γ measures the local

curvature of u, i.e., the relative risk aversion parameter. Consumers either have low, j = L,

or high risk aversion, j = H. The parameter η, which is common to all consumers, is set to

ensure that the habit level is perceived as a negative externality by consumers.11

The economy-wide living standard evolves, as in Chan and Kogan (2002), according to

x(t) = x(0)e−λt + λ

∫ t

0

e−λ(t−u) log(C(u))du, where x(t) = log(X(t)). (10)

In Equation 10, λ governs the dependency of x on past aggregate consumption. With these

assumptions, external relative habit, ω = c− x, measures the state of the economy. By Ito's

lemma,

dω(t) = λ (ω − ω(t)) dt+ σCdZC(t), where ω =
µC − 1

2
σ2
C

λ
. (11)

Variations of ω around ω allow to de�ne good (bad) times.

2.4 Equilibrium

Conditional on endowments and preferences, equilibrium is a collection of allocations and

prices such that individuals' consumption are optimal and markets clear. Complete markets

allow to solve for the central planner problem in state by state and time by time form12

u(C(t), X(t), t) = max
CL(t),CH(t)

 ae−ρt 1
1−γL

CL(t)1−γLX(t)γL−η

+ (1− a) e−ρt 1
1−γH

CH(t)1−γHX(t)γH−η

 (12)

11External habit preferences are �neutral� to growth, i.e., consumers feel equally happy or unhappy when
their consumption growth rate is high or low as consumption and habit level are cointegrated. This neutrality
might be seen as a counterintuitive property of preferences. However, such a feature of preferences is consis-
tent with trends of well-being over time, Blanch�ower and Oswald (2004), and with the observation that mea-
sures of happiness such as �Happy� from the General Social Survey (GSS), www3.norc.org/GSS+Website/,
appear stationary and do not trend up in lockstep with consumption.

12A su�cient condition for the market to be complete is that the stock price di�usion matrix is invertible for
almost all states and times. For general results on completeness in continuous time economies see Anderson
and Raimondo (2008) and Hugonnier, Malamud, and Trubowitz (2010).
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s.t. CL(t) + CH(t) = C(t),

where a denotes the weight on consumer type L in the objective of the aggregate consumer.

Heterogeneous consumers optimally share consumption risk. It is well know in the liter-

ature that the shape of the sharing rule depends on the degree of preference heterogeneity

and the weight on consumers in the objective function of the aggregate consumer.

Proposition 2. Pareto optimal consumption allocations are given by

CL(t) = f(t)C(t) and CH(t) = (1− f(t))C(t), (13)

where f(t) = fL (ω(t)) =

(
a

1− a

) 1
γL

e

(
γH
γL
−1
)
ω(t)

(1− f(t))
γH
γL , fH (ω(t)) = 1− f(t).

Proposition 2 shows that the consumption share, f , only depends on ω. Moreover, f

converges to zero when ω approaches minus in�nity and to one when it approaches in�nity.

Therefore, the least risk averse consumer, γL, dominates in very good states of nature, while

the most risk averse consumer, γH , dominates in bad states. The solution of the sharing

rule requires solving a nonlinear algebraic equation which reduces to a polynomial if the

ratio of coe�cients of relative risk aversions is a natural number. The next proposition,

borrowed from Proposition 1 in Bhamra and Uppal (2014), shows an explicit expression for

the consumption share as an in�nite series using the Lagrange inversion theorem.

Proposition 3. The consumption share of the consumer with high risk aversion, fH , is

fH(t) =


∑∞

n=1
(−1)n+1

n

(n γL
γH
n−1

)
A(t)

− n
γH for A(t) > Q

1−
∑∞

n=1
(−1)n+1

n

(n γH
γL

n−1

)
A(t)

n
γL for A(t) < Q

(14)

where

Q =
γγHL
γγHH

(
γH
γL
− 1

)γH−γL
, A(t) =

(
a

1− a

)
eω(t)(γH−γL) (15)

for z ∈ C, k ∈ N, and where
(
z
k

)
is the generalized binomial coe�cient.
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It is well know in the literature that aggregate risk aversion is de�ned as the consumption

share weighted harmonic average of individual consumers' risk aversion.

Proposition 4. The coe�cient of relative risk aversion and the relative prudence of the

aggregate consumer are given by

R (t) =
1

f(t) 1
γL

+ (1− f(t)) 1
γH

and (16)

P(t) = (1 + γL)

(
R(t)

γL

)2

f(t) + (1 + γH)

(
R(t)

γH

)2

(1− f(t)).

The above proposition shows that R is bounded in between γL and γH and that it is high

in bad states and low in good states. Aggregate relative prudence, however, is not bounded

in between the prudence of the two consumers inhabiting the economy.13

The next proposition characterizes the di�usion coe�cient of aggregate risk aversion.

Proposition 5. The di�usion coe�cient of aggregate risk aversion is given by

σR(t) = R(t) (1 +R(t)− P(t))σC . (17)

We stress that P considerably drives the volatility of aggregate risk aversion. The volatil-

ity of risk aversion remains constant as the economy evolves when the aggregate relative pru-

dence equals 1 +R, that is, it equals the relative prudence obtained with standard CRRA.

However, this can happen only when one consumer type populates the economy.

Equilibrium quantities depend directly, or indirectly via aggregate risk aversion, on con-

sumptions shares and external relative habit as in the model of Chan and Kogan (2002).

Proposition 6. In equilibrium, the risk-free rate and the market price of risk are

rf (t) = ρ+ ηλω(t) +R (t) (µC − λω(t))− 1

2
R (t)P(t)σ2

C and θ(t) = R (t)σC . (18)

13See Wang (1996) for a discussion of the consequences of this result for the risk-free interest rate.
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Although there are N + 1 sources of risk in the economy, the market price of risk is one

dimensional as there is only one source of uncertainty driving aggregate consumption.

The next proposition characterizes the aggregate wealth-consumption ratio, the expected

return of aggregate wealth, and its conditional volatility.

Proposition 7. Let PC denote the price of the claim to aggregate consumption:

PC(t)

C(t)
= pC(t) = pC(ω(t)) = Et

[∫ ∞
t

e−
∫ u
t K1(ω(s))ds−

∫ u
t K2(ω(s))dZC(s)du

]
, (19)

where K1 (ω) = rf (ω) +
1

2
(R (ω) + 1) σ2

C − µC and K2 (ω) = (R (ω)− 1)σC .

The cumulative return on the consumption claim, rc, is described by the process

drC(t) =
dPC(t) + C(t)dt

PC(t)
= µPC (t)dt+ σPC (t)dZC(t), (20)

where the expected return is

µPC (t) = rf (t) + θ(t)σPC (t), (21)

and the di�usion coe�cients is

σPC (t) = σC

(
1 +

p′C (ω(t))

pC(t)

)
, where p′C (ω(t)) =

∂pC(ω(t))

∂ω(t)
. (22)

The return volatility, σPC , in Equation (22) is a�ected by the exogenous consumption

volatility and the endogenous term
p′C(ω)

pC
. The endogenous term is the stochastic discount

factor induced component of return volatility.

The next proposition characterizes the price of a claim to a dividend stream, the expected

return of the dividend claim, and its di�usion coe�cient.
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Proposition 8. Let Pi denote the price of the claim to dividend stream i = 1, . . . , N :

Pi(t) = C(t) (s̄ipC(t) + (si(t)− s̄i) p̂C(t)) , (23)

where p̂C(t) = p̂C(ω(t)) = Et

[∫ ∞
t

e−
∫ u
t (κ+K1(ω(s)))ds−

∫ u
t K2(ω(s))dZC(s)du

]
.

Cumulative returns, ri, are described by the processes

dri(t) =
dPi(t) + δi(t)dt

Pi(t)
= µPi(t)dt+ σPi(t)

>dZ(t), (24)

where expected returns are

µPi(t) = rf (t) + θ(t)

(
1 +

1

Pi(t)
(s̄ip

′
C (ω(t)) + (si(t)− s̄i) p̂′C (ω(t)))

)
σC , (25)

and di�usion coe�cients are

σPi(t) =

((
1 +

1

Pi(t)
(s̄ip

′
C (ω(t)) + (si(t)− s̄i) p̂′C (ω(t)))

)
σC ,

C(t)p̂C(t)

Pi(t)
si(t)σsi(t)

)
.

(26)

The return volatility of a claim to a dividend stream has a common part (before the

comma), which has an exogenous and an endogenous or stochastic discount factor induced

component, and an idiosyncratic part (after the comma).

The next proposition characterizes wealth allocations and portfolio policies.

Proposition 9. Equilibrium wealth allocations, Y = (YL, YH), are

Yj(t) = C(t)fj(t)yj(t), (27)

where yj(t) = yj(ω(t)) = Et

[∫ ∞
t

e−
∫ u
t K1(ω(s))ds−

∫ u
t K2(ω(s))dZC(s)

fj(u)

fj(t)
du

]
.
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The dollar amount invested in stock i = 1, . . . , N by investor j is

πj,i(t) = Wi(t)
1

σPC (t)

(
R(t)σC
γj

+
y′j (ω(t))

yj(t)

)
Yj(t), where Wi(t) =

Pi(t)

PC(t)
. (28)

The equilibrium portfolio of consumer j decomposes into the local mean-variance optimal

portfolio Wi
RσC
σPC γj

Yj and the hedging term Wi
y′j(ω)

σPC yj
Yj, where the relative fraction invested in

each share is given by the market weight Wi. Hence, the portfolios of the two consumers

have the same composition of risky assets, but di�er in the composition between the risk-free

asset and the market portfolio, i.e, two-fund separation holds:

Corollary 1. In equilibrium, consumers's portfolios exhibit two-fund separation.

Since trading volume or turnover in continuous-time economies is in�nite, we employ the

quadratic variation or volatility of portfolio policies, characterized in the next proposition,

as a measure of trading intensity.14

Proposition 10. Equilibrium quadratic variations of portfolio policies in stock i are15

RQVi (t) =
πj,i(t)

Pi(t)

√(
σπj,i(t)− σPi(t)

)> (
σπj,i(t)− σPi(t)

)
. (29)

3 Calibration and Empirical Analysis

In this section, we calibrate the model to 10 industry portfolios. We construct our sample

at monthly frequency from the CRSP �les for the period January 1927 to December 2009.

We employ all �rms, surviving and non-surviving, that appear on CRSP and sort �rms

into portfolios using the industry classi�cations from Kenneth French. For each industry

14Grossman and Zhou (1996) and Longsta� and Wang (2013), among others, also employ the quadratic
variation of portfolio policies to measure trading intensity.

15Changing the asset structure in the economy changes the level of RQV . However, as long as assets
(trees) pay out dividends and the economy stays dynamically complete, the (cyclical) dynamics of RQV due
to heterogeneous risk aversion remain una�ected by the asset structure. For our purposes, only the dynamics
of RQV matter as we cannot quantitatively compare RQV to turnover volatility. There would be no trade
and consequently no RQV , however, if assets pay out the optimal consumption.
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portfolio, we calculate total dividends and market weighted returns. Dividends are adjusted

for in�ation using the consumer price index and for population growth using population

estimates from the U.S. Census Bureau. Stock returns are adjusted for realized in�ation.

Aggregate per capita real consumption data, available only at annual frequency, for the

period 1927 to 2009 are from Robert Shiller's website. We compute the level of the real

risk-free rate, for the period January 1927 to December 2009, from monthly nominal risk-

free rates obtained from Kenneth French's website by adjusting for realized in�ation. To be

conservative, we compute the volatility of the real risk-free rate from the estimated quarterly

real yields in Chernov and Mueller (2012) merged with quarterly TIPS data. The merged

time-series ranges from the �rst quarter of 1971 to the fourth quarter of 2009.16

In Panel A of Table 1, we report the preference parameters. To illustrate the role played

by preference heterogeneity in explaining the dynamics of stock return correlations and other

asset pricing moments, we consider two di�erent calibrations of the model: One calibration

with homogeneous risk aversion and one with heterogeneous risk aversion. We choose the

persistence of the habit level, λ, to match the persistence of the price-dividend ratio in the

data. The risk aversion pair, 0.5 and 20, together with the utility weight, a, are set to match

unconditional asset pricing moments and changes of these moments over the business cycle.

Speci�cally, both calibrations of the model target the unconditional average correlation and

the conditional average correlations. The subjective discount factor, ρ, is chosen to match the

level of the risk-free rate. Panel B in Table 1 reports the consumption and dividend share

parameters. To match that total dividend growth is more volatile than, and imperfectly

correlated with, per capita real consumption growth, we include another dividend stream in

addition to the ten industries.17 We set the dividend share of the eleventh tree to match

the average dividend to consumption ratio over the period January 1927 to December 2009.

16The data used in Chernov and Mueller (2012) are available at per-
sonal.lse.ac.uk/muellerp/RealYieldAOT5.xls. The TIPS data are constructed in Gürkaynak, Sack,
and Wright (2010) and are available at www.federalreserve.gov/pubs/feds/2006/200628/200628abs.html.

17Aggregate consumption is then the sum of the eleven Lucas trees. Below we report moments of equilib-
rium quantities such as correlations based on the ten �industry trees.�
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As we are interested in the average return correlation between the ten industry portfolios,

it is convenient to set homogeneous parameters for industry dividends.18 In Panel C of

Table 1, we report the mean and volatility of aggregate consumption growth and industry

dividend growth together with the average correlation between industry dividend growth.

To be conservative, we set the correlation between consumption growth and total industry

dividend growth of the 10 industries at 0.25, which is close to the value of 0.2 in Campbell

and Cochrane (1999). Panel C shows that the model replicates the consumption and average

industry data.

3.1 Unconditional Asset Pricing

Table 2 shows unconditional asset pricing moments of the calibrated models. We see that

the heterogeneous (0.710) and the homogeneous (0.704) consumer economies match the

unconditional correlation of stock returns (0.719). The heterogeneous consumer economy

produces a standard deviation of 0.171 for the stock return, which is only slightly lower

than the empirical counterpart (0.190), and 0.010 for the level of the risk-free rate, which

is only slightly higher than the empirical counterpart (0.006). The homogeneous consumer

economy produces a standard deviation for the stock return that is slightly lower than the

heterogeneous consumer economy and a level of the risk-free rate that is slightly higher than

in the heterogeneous consumer economy. The volatility of the two-year risk-free rate is 2.2%

in the heterogeneous consumer economy and 2.7% in the homogeneous consumer economy.

The volatility of the two-year real yield, based on data ranging from 1971 to 2009, is 1.6%.

Both the heterogeneous and the homogeneous consumer economies produce a too low

equity premium. This is not surprising given that the unconditional relative aggregate risk

aversion in the heterogeneous economy is 5.14, while in the homogeneous economy it is 5.

Yet, with a larger cross-sectional heterogeneity in risk aversion,19 the model can also match

18Formally, we set s̄i = s̄l for i, l = 1, . . . , 10. The matrices νi are set such that the volatility of the
dividend shares and the correlation between industry dividend shares are the same for the 10 industries.

19To match the decreasing or countercyclical aggregate risk aversion in Campbell and Cochrane (1999)
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the equity premium.

3.2 Inspecting the Mechanism

We inspect the heterogeneous risk aversion mechanism within the calibrated model in four

steps. Throughout this subsection, we plot equilibrium quantities as a function of ω over the

range of 0 to 0.4, which corresponds to 6.8 standard deviations in ω.

3.2.1 Consumption Allocations and Aggregate Risk Aversion

The top-left plot in Figure 2 shows the consumption share of the consumer with high risk

aversion as a function of ω. We see that in bad states, when ω is low, the consumer with

high risk aversion consumes a large fraction of total consumption. This is a standard results

in economies with heterogeneity in risk aversion, known since Dumas (1989). The reason

for this is that the consumer with low risk aversion takes on more consumption risk than

the consumer with high risk aversion. Hence, after negative shocks, the consumption of the

consumer with low risk aversion falls proportionally more than that of the consumer with

high risk aversion. The equilibrium consumption allocations also explain the variation in

the aggregate risk aversion. The top-middle-right plot shows the aggregate risk aversion, R,

as a function of ω. We see that the aggregate risk aversion is higher in the bad state than

in the good state. Further, from the top-right plot we see that for most of the state space

the standard deviation of the risk aversion is decreasing in ω, that is, shocks to aggregate

consumption have a larger impact on the variation in risk aversion in bad states than in

good states.

3.2.2 Quadratic Variation of Portfolio Policies and Trading

Since investors are heterogeneous they trade with each other. First, we discuss how the

quadratic variation in portfolios vary as the state of the economy changes. Second, we

requires a larger cross-section in risk aversion than we use. If individual relative risk aversion is decreasing,
then a steeply decreasing aggregate risk aversion with a small cross-section in risk aversion is obtainable.
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discuss di�erences in the portfolios across the two consumers.

The bottom-right plot in Figure 2 shows the relative quadratic variation for the portfolio

of the consumer with high risk aversion. The relative quadratic variation measures the

rate of change in the portfolio positions in the market portfolio. We see that the relative

quadratic variation shows a similar shape as the volatility of aggregate risk aversion, that is,

the relative quadratic variation is high when the volatility of aggregate risk aversion is high.

The right plot in Figure 3 shows the fraction of wealth invested in the aggregate stock

market by consumer with high risk aversion.20 First, the consumer with high risk aversion

invests less than her total wealth in the risky asset. Consequently, it must be that the

consumer with low risk aversion borrows from the more risk averse consumer to lever up

in the stock market. Second, from the �gure, we see the fraction of wealth invested in the

risky asset decreases in ω, that is, in bad states of the economy the consumer with high risk

aversion invest a larger fraction in the risky asset than in the good state of the economy. This

can be understood from a general equilibrium view; since the consumer with low risk aversion

has a more volatile consumption pro�le, the economy is dominated by the consumer with

high risk aversion in the bad state. Therefore, most of the wealth is held by the consumer

with high risk aversion, which can be seen from the top-middle-left plot in Figure 2, and

her portfolio share in the risky asset approaches one. In very good states, the opposite is

true; the wealth share of the consumer with low risk aversion approaches one and, hence, his

portfolio share in the risky asset converges to one.

3.2.3 Dynamics of Stock Return Correlations

A consequence of the increased aggregate risk aversion in the bad state is that the market

price of risk for consumption shocks is higher in bad states relative to good states. This e�ect

partly explains the higher expected excess return on the market portfolio in bad states than

20As Corollary 1 shows, two-fund separation holds true in our economy. Hence, the composition of the
risky assets are the same for both consumers. Consequently, it is su�cient to study the investment in the
aggregate market portfolio.
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in good states, as can be seen from the bottom-middle-right plot in Figure 2. A consequence

of the increased standard deviation of aggregate risk aversion in the bad state is that in times

when the variation in the aggregate risk aversion is high, the market price of risk is volatile,

and this translates into higher volatility of discount rates in the economy. Therefore, stock

returns are more volatile in bad states, as can be seen from the bottom-middle-left plot in

Figure 2. Since the market price of consumption risk is a common factor for all stocks, the

increased variation in stocks are driven by the higher volatility of aggregate risk aversion,

which is a common factor. Hence, correlations between stock returns increase in the bad

state relative to the good state, which is shown in the bottom-left plot.

To sum up, expected excess returns and standard deviations of the market portfolio,

average industry correlations, and market wide turnover volatilities all increase in the bad

state through an increase in the standard deviation of aggregate risk aversion.

3.2.4 The Role of Habit Formation

With habit formation, the wealth distribution of heterogeneous consumers in the model is

stationary as illustrated in Chan and Kogan (2002). This is a desirable feature; in addition,

the model with habit formation has similar asset pricing properties as an equivalent model

without habit formation. In contrast, a homogeneous consumer economy with habit forma-

tion produces asset pricing moments that di�er signi�cantly from a homogeneous consumer

economy without habit formation. To show these e�ects in the model, we compare the main

calibration to an equivalent economy without habit formation. For comparison, we keep the

risk aversion pairs (γL,γH), the Pareto weight (a), and the consumption and dividend param-

eters �xed at the same values as in our main calibration. Figure 4 shows the average stock

return correlation, the standard deviation of the market, and the expected excess return on

the market for our main calibration with and without habit formation for the heterogeneous

and the homogeneous consumer economy. In the economy without habit formation, we use

ωt = log (Ct) to describe the state of the economy.
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From Figure 4, we see in the homogeneous consumer economy without habit formation

that the conditional (average) correlations, the conditional standard deviation of the return

on the market portfolio, and the expected excess return on the market portfolio do not vary

with ω. In the homogeneous consumer economy with habit formation the risk-free rate is

high in bad states through a low ω and low in good states through a high ω. Further,

in good states of the economy the volatility is higher. This variation in the volatility is

driven entirely by the variation in the risk-free rate. In good times, when interest rates are

low, the duration of the claim to aggregate consumption is high and, therefore, the price

is more exposed to variations in the risk-free rate.21 The largest di�erence between the

economies with and without habit formation is that all equilibrium asset pricing moments

are signi�cantly elevated in the economy with habit formation.

In the heterogeneous consumer economy with habit formation the equilibrium asset pric-

ing moments are also elevated in the economy with habit formation. The di�erence, however,

seems small. For instance, in the steady-state, the di�erence between the correlation with

and without habit formation is 0.09. More importantly, the variation in the average stock

return correlation, the standard deviation of the market, and the expected excess return on

the market due to variations in the state of the economy are very similar. Therefore, habit

formation does not drive the variation in asset pricing moments of our calibrated economy.

3.3 Conditional Correlations

We now bridge the calibrated model with the data. Using return data for the 10 industry

portfolios, we estimate a multivariate GARCH (DVEC(1,1)). This gives us a time-series for

average conditional correlations and standard deviations. As a proxy for expected excess

returns, we compute 3-year ahead average returns.22 The time series of average correlations

(top-left plot), expected excess returns (top-right plot), and market return standard devia-

tions (bottom-left plot) are shown in Figure 1 together with the NBER business cycle dates

21The yield volatility is constant as it has the same structural form as a Vasicek interest rate model.
22Results are robust to using 1 or 5 year ahead average returns.
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(gray shaded areas). We see that there is a tendency for correlations, standard deviations,

and expected excess returns to increase during recessions. To examine the model's ability to

capture the dynamic properties of correlations, standard deviations, and expected returns,

we simulate 100 paths of 996 months of prices from the model. On each path, we estimate

conditional correlations, standard deviations, and expected excess returns as in the data by

estimating a multivariate GARCH (DVEC(1,1)) and by computing 3-year ahead average

returns. We run regressions of average correlations (Av. CORR), average 3-year ahead ex-

cess market returns (Av. EXR), and average standard deviations (Av. STDV) on external

relative habit, ω, for returns from the data and the simulation. To calculate external relative

habit in the data, we employ consumption data, also from Robert Shiller's website, from

1889 to 2009. We assume that ω is in its steady state in 1889. Then, we back out ω from the

data using the Euler discretization of its dynamics, where shocks are calculated as deviations

of the log-consumption growth from its unconditional mean. Since the consumption data

are at annual frequency, we interpolate ω to get a monthly series.

In Panel A of Table 3, we report the correlations between Av. CORR, Av. STDV,

and Av. EXR in the data and the model. We see that the model correlations are close to

the corresponding values in the data. Therefore, the model captures the joint correlations

between these endogenous variables. Table 3 also shows the results from the data and

model based regressions, where we use the state variable ω as explanatory variable. All

regressions show the expected negative sign with highly signi�cant coe�cient estimates in

Panel B. For the model regressions, we report in Panel C the mean, 5%, 25%, 50%, 75%

and 95% percentiles of the regression coe�cients. The mean estimate for the correlations is

higher and the mean estimate for standard deviations and expected excess returns are lower

than the corresponding values in the data. For correlations and standard deviations, the

parameter estimates from the data fall within the interquartile range of the simulated data.

For expected excess returns, the parameter estimate is slightly outside of the interquartile

range of the simulated data; however, since we are not matching the equity premium we
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would expect a lower slope coe�cient in the model than in the data.

An alternative way to categorize the state the of the economy is to use a cut-o� between

good and bad states. In the data, the most natural candidate to de�ne a bad state is to

use NBER dated recessions. Hence, we compute the average industry return correlation,

standard deviation, risk-free rate, and expected excess return conditional on the NBER

business cycle indicator. We compare the model to the data by calculating the unconditional

recession probability based on the NBER business cycle dates in the data, i.e., over the

sample period January 1927 to December 2009 with a total of 996 months. Based on 211

recession months, the unconditional recession probability is 21%. To �nd a corresponding

probability in the model, we simulate the distribution of ω from the calibrated model to

back out a threshold for ω. In our calibration, this threshold value is 0.103. The average

recession length in the data is about 14 months while in the model ω stays on average for

12.5 months below the threshold. The �rst order autocorrelation of the BCI in the data

and the threshold variable in the model are also similar with values of 0.9126 and 0.8980,

respectively.

Table 4 shows the results from this exercise. We see that the homogeneous consumer econ-

omy fails to replicate the changes in correlations, standard deviations, and excess returns over

the �business cycle.� This follows from the fact that in the homogeneous consumer economy

the market price of risk is constant and volatility is procyclical. In contrast, the heteroge-

neous consumer economy is capable of simultaneously reproducing changes in correlations,

standard deviations, and expected excess returns from good to bad states. In addition, in

the heterogeneous consumer economy the volatility of the risk-free rate evolves countercycli-

cally and the data support this prediction.23 Taken together, these results suggest that the

heterogeneous consumer economy outperforms the homogeneous consumer economy by a

wide margin and that it replicates the dynamics of equity return correlations and standard

23The GARCH(1,1) volatility of the risk-free rate shows the following correlations with industry stock
market correlations (0.42), expected excess returns (0.18), standard deviations (0.41), quadratic variations
of industry turnover (0.68), and calibrated external relative habit (−0.29).
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deviations.

3.4 Cross-Section of Dividend-Consumption Correlations

In this subsection, we explore cross-sectional heterogeneity in the dividend-consumption cor-

relation. In the data, there is considerable heterogeneity across the correlations of industry

dividend growth rates and consumption growth. Speci�cally, from Table 5, we see that

dividend-consumption correlations range from −0.01 (Telecom) to 0.53 (Manufacturing).

To study the implications of the cross-sectional heterogeneity in dividend-consumption cor-

relations, we adjust the baseline calibration by allowing dividend shares to correlate with

aggregate consumption shocks. Speci�cally, we set dividend consumption correlations for

industry one to ten in the range −0.1033 to 0.38. The cross-sectional dispersion in dividend-

consumption correlations are similar to the data, but on average slightly lower to re�ect an

average total dividend-consumption correlation of 0.25.

To examine the cross-sectional relation, we run three sets of regressions in the model and

the data: i) average correlation of industry i with the nine other industries on ω, ii) standard

deviation of industry i on ω, and iii) excess return over the next three years of industry i

on ω. From Panel A in Table 5, we see that on average industries with low (high) dividend-

consumption correlation exhibit return correlations with higher (lower) sensitivity to ω and

standard deviations and expected excess returns that have lower (higher) sensitivity to ω.

To compare the data with the model, we simulate 100 paths of 996 months from the model.

The results are reported in the lower panel in Table 5. From the table we see that, just

as in the data, the industry with the lowest dividend-consumption correlation also shows

the strongest (negative) relation with ω, and that as the dividend-consumption correlation

increases the absolute magnitude of the slope coe�cient declines. For standard deviations

and expected excess returns we see, as in the data, the reverse relation. However, for

standard deviations the results are small. To test if the di�erence in dividend-consumption

correlation drives the cross-section, we regress the slope coe�cients of the ten industries
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on the dividend-consumption correlations. The results are presented in Panel B of Table

6. From the table, we see that slope coe�cients for correlations, standard deviations, and

expected excess returns all have the same sign as in the data. In the data, all three regressions

are signi�cant. For the model regressions, we see that the slope coe�cients are lower than

in the data.

The intuition for the asymmetry in correlations is that for the dividend stream with

low correlation with aggregate consumption or the discount factor, most of the variation in

good times is explained by the dividend volatility. In bad times, the volatility of aggregate

risk aversion increases signi�cantly and for all stocks most of the variation is attributable

to the common component or the volatility of aggregate risk aversion. The increase in

volatility in the bad states is mainly through the volatility of risk aversion and not through

covariance between the dividends and the discount factor for the stock with low dividend-

consumption correlation. For the stock with high dividend-consumption correlation, the

increase in volatility is due to the discount factor and higher covariance between dividends

and the discount factor. Consequently, the increase in bad states is higher than for the

dividend stream with low dividend-consumption correlation. The expected excess return is

mostly driven by the higher volatility of stock returns.

3.5 Volatility of Trading Volume

We now turn to the relation between correlations and trading activity. As illustrated in

Figure 2, the intensity of trade is high when correlation is high. Moreover, this also coincides

with high volatility and high expected excess returns. As a measure of trading intensity we

calculate a GARCH(1,1) of the log changes of turnover in the market portfolio. The volatility

of turnover is our empirical counterpart to the quadratic variation of the portfolio policies

in Equation (29). The correlation between the volatility of turnover and average industry

correlation, market standard deviations, and expected excess returns are 0.52, 0.39, and 0.16,

respectively. Regressing turnover volatility on the backed out habit yields −0.6031 for the
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coe�cient estimate with a Newey-West corrected t-statistics of −6.5560 (using 18 lags) and

adjusted R-squared of 0.1946. These estimates are in line with our results in Table 3 and

are an important additional piece of evidence in support of the model.

4 Conclusions

In the data, stock return correlations are high in bad states of nature such as NBER dated

recessions. In addition, stock return standard deviations, expected excess returns, and the

volatility of turnover are also high in recessions. In response, we show in a dynamic con-

sumption based economy with heterogeneous risk aversion, stationary wealth distribution,

and stationary dividend shares that return correlations and volatilities, expected excess re-

turns, and trade volatilities move jointly as a function of the habit based state variable. In

the model, the variations in the equilibrium quantities are due to consumption risk sharing,

which consumers implement by dynamically trading in stocks. The model quantitatively

matches the unconditional level of correlations and reproduces changes in correlations from

good to bad states.
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A Proofs

Proof of Proposition 1

The di�usion coe�cient of the price of dividend strip i = 1, . . . , N is

σP τi (t) =
(
σP τC (t), gτ (si(t), t)σsi(t)

)
. (A.1)
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Throughout this proof, we suppress dependency on the dividend shares because we are only

interested in the dependency to the aggregate state. De�ne the following quantities

VC(ω) = σP τC (ω)2, and Vi,l = gτi (t)gτl (t)σsi(t)
>σsl(t). (A.2)

The correlation between dividend strip i and l is

ρτi,l (ω) =
VC(ω) + Vi,l√

VC (ω) + Vi,i
√
VC (ω) + Vl,l

. (A.3)

We are interested in how the correlation between dividend strip i and l changes with respect

to the aggregate state, ω, hence we look at the derivative of the correlation in Equation (A.3)

∂ρτi,l (ω)

∂ω
=

1− ρτi,l (ω) 1
2

(√
VC(ω)+Vl,l√
VC(ω)+Vi,i

+

√
VC(ω)+Vi,i√
VC(ω)+Vl,l

)
√
VC (ω) + Vi,i

√
VC (ω) + Vl,l

 ∂VC (ω)

∂ω
. (A.4)

We have sign
(
∂VC(ω)
∂ω

)
= sign

(
∂ρτi,l(ω)

∂ω

)
if

1−ρτi,l(ω)
1
2

(√
VC (ω)+Vl,l√
VC (ω)+Vi,i

+

√
VC (ω)+Vi,i√
VC (ω)+Vl,l

)
√
VC(ω)+Vi,i

√
VC(ω)+Vl,l

> 0, which is

true if Vi,i = Vl,l. This is the condition in Proposition 1.

Proof of Proposition 2

The proposition follows form solving the central planner problem in Equation (12). Details

can be found in the Internet Appendix.

Proof of Proposition 3

See Bhamra and Uppal (2014) for a proof.

Proof of Proposition 4

A derivation can be found in the Internet Appendix.

Proof of Proposition 5
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The coe�cient of relative risk aversion of the aggregate consumer is

R(t) = A(t)C(t), where A(t) =

(
1

AL(t)
+

1

AH(t)

)−1
, Aj(t) = −uj,CC(Cj(t), X(t), t)

uj,C(Cj(t), X(t), t)
.

(A.5)

Applying Ito's lemma to R(t) = A(t)C(t) yields

dR(t) = [.]dt+

(
C(t)

∂A(t)

∂ω
σC(t) +A(t)C(t)σC(t)

)>
dZC(t) (A.6)

= [.]dt+R(t) (1 +R(t)− P(t))σC(t)>dZC(t) = [.]dt+ σR(t)>dZC(t).

Proof of Proposition 6

A derivation can be found in the Internet Appendix.

Proof of Proposition 7

This follows from PC(t) = C(t)pC(t) and an application of Ito's lemma.

Proof of Proposition 8

The stock price i is

Pi(t) = Et

[∫ ∞
t

ξ(u)

ξ(t)
δi(u)du

]
= Et

[∫ ∞
t

ξ(u)

ξ(t)
C(u)si(u)du

]
(A.7)

= C(t)

∫ ∞
t

Et

[
ξ(u)

ξ(t)

C(u)

C(t)

]
Et [si(u)] du

= C(t)

∫ ∞
t

Et

[
ξ(u)

ξ(t)

C(u)

C(t)

] (
s̄i + (si(t)− s̄i) e−κu

)
du

= C(t) (s̄ipC(t) + (si(t)− s̄i) p̂C(t)) .

Note that

Et

[
ξ(u)

ξ(t)

C(u)

C(t)

]
= Et

[
e−

∫ u
t (rf (v)+ 1

2
θ(v)2)dv−

∫ u
t θ(v)dZc(v)e

∫ u
t (µC− 1

2
σ2
C)dv+

∫ u
t σCdZC(v)

]
. (A.8)

Inserting Equation (A.8) into Equation (A.7) we get Equation (23). A similar approach can

be used to �nd p̂C(t). To calculate the di�usion coe�cient apply Ito's lemma to Equation

33



(A.7).

Proof of Proposition 9

The wealth, Yj(t), of agent j = L,H is

Yj(t) = Et

[∫ ∞
t

ξu
ξt
Cj(u)du

]
= Et

[∫ ∞
t

ξu
ξt
C(u)fj(u)du

]
= C(t)fj(t)Et

[∫ ∞
t

ξu
ξt

C(u)fj(u)

C(t)fj(t)
du

]
= C(t)fj(t)Et

[∫ ∞
t

e−
∫ u
t K1(ω(s))ds−

∫ u
t K2(ω(s))dZC(s)

fj(u)

fj(t)
du

]
. (A.9)

By Ito's lemma, the dynamics of the wealth of agent j is

dYj(t) = [.]dt+ Yj(t)

(
R(t)

γj
+
y′j (ω(t))

yj(t)

)
σCdZC(t). (A.10)

Let πj,i(t) be the dollar amount invested by agent j = L,H in stock i = 1, . . . , N . The

dynamics of the wealth can also be calculated as

dYj(t) = [.]dt+
N∑
i=1

πj,i(t)σPi(t)
>dZ(t). (A.11)

Comparing the di�usion coe�cients in Equation (A.10) and (A.11) we must have that the

portfolio that �nances the optimal consumption stream satis�es

N∑
i=1

πj,i(t)

(
1 +

1

Pi(t)
(s̄ip

′
C (ω(t)) + (si(t)− s̄i) p̂′C (ω(t)))

)
σC = Yj(t)

(
R(t)

γj
+
y′j (ω(t))

yj(t)

)
σC

(A.12)

and
N∑
i=1

πj,i
C(t)p̂C(t)

Pi(t)
si(t)σsi(t) = 0, (A.13)

where 0 is an N -dimensional vector of zeros. The optimal wealth only loads on the aggregate

consumption shock and, therefore, an optimal portfolio must be a portfolio where all the

shocks to the dividend shares are diversi�ed away. This is achieved by holding the market
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portfolio. To see this, let πj,i = Aj
Pi(t)
PC(t)

, where Aj is a proportionality factor, depending on

ω, to be determined. Insert this into Equation (A.13)

N∑
i=1

Aj
Pi(t)

PC(t)

C(t)p̂C(t)

Pi(t)
si(t)σsi(t) = 0 (A.14)

N∑
i=1

Aj
C(t)p̂C(t)

PC(t)
si(t)σsi(t) = 0

Aj

N∑
i=1

si(t)σsi(t) = 0.

Equation (A.14) is satis�ed by πj,i = Aj
Pi(t)
PC(t)

because
∑N

i=1 si(t)σsi(t) = 0 by the construction

of the dividend shares. To determine Aj, insert πj,i = Aj
Pi(t)
PC(t)

into Equation (A.12)

Aj

N∑
i=1

Pi(t)

PC(t)

(
1 +

1

Pi(t)
(s̄ip

′
C (ω(t)) + (si(t)− s̄i) p̂′C (ω(t)))

)
σC = Yj(t)

(
R(t)

γj
+
y′j (ω(t))

yj(t)

)
σC .

Manipulation leads to:

AjσPC (t) = Yj(t)

(
R(t)

γj
+
y′j (ω(t))

yj(t)

)
σC

Aj =
σC

σPC (t)
Yj(t)

(
R(t)

γj
+
y′j (ω(t))

yj(t)

)
. (A.15)

Inserting Equation (A.15) into πj,i = Aj
Pi(t)
PC(t)

and de�ningWi(t) = Pi(t)
PC(t)

completes the proof.

Proof of Proposition 10

Applying Ito's lemma to Equation (28) yields the dynamics of the portfolio policies

dπj(t)

πj(t)
= µπj(t)dt+ σπj(t)

>dZ(t). (A.16)

The di�usion of the fraction of stock i held by consumer j is given by
πj,i(t)

Pi(t)
σπj,i

Pi

(t), where

σπj,i
Si

(t) = σπj,i(t)− σPi(t). (A.17)
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Market clearing implies
πL,i(t)

Pi(t)
+

πH,i(t)

Pi(t)
= 1 and applying Ito's lemma to both sides leads to

πL,i(t)

Pi(t)
σπL,i

Pi

(t) +
πH,i(t)

Pi(t)
σπH,i

Pi

(t) = 0. (A.18)

Finally, the relative quadratic variation, RQV , measures trade volatility in stock i

RQVi (t) =

√(
πj,i(t)

Pi(t)

)2

σπj,i
Pi

(t)>σπj,i
Pi

(t). (A.19)

Table 1: Calibration � Parameters. This table summarizes preference parameters for
a heterogeneous aggregate consumer and a homogeneous consumers economy (Panel A),
consumption and dividend parameters (Panel B), and population adjusted moments of real
consumption, real total industry dividends, and real average industry dividends (Panel C)
for the period January 1927 to December 2009 and the corresponding moments in the model
economies. Setting the utility weight a = 0.09 is equivalent to a steady state wealth share of
0.08. Model moments are calculated by simulating 10 000 paths of 996 months of data and
taking the average over all paths.

Panel A: Preference Parameters
γL γH a ρ η λ

Heterogeneous 0.5 20 0.09 0.015 0.5 0.13
Homogeneous 5 5 1 0.005 1 0.13
Panel B: Consumption and Dividend Parameters

µC σC
Aggregate consumption 0.02 0.03

κ s̄i νi,i νi,k νi,11
Industry dividend shares (i, k = 1, . . . , 10) 0.01 0.0055 0.1209 -0.0522 -0.0995

κ s̄11 ν11,11 ν11,k
11'th tree dividend share 0.01 0.9450 0.0058 -0.0238
Panel C: Consumption and Dividend Moments

Data Model
Mean consumption growth 0.020 0.020
Standard deviation of consumption growth 0.030 0.030
Mean aggregate dividend growth 0.023 0.020
Standard deviation of aggregate dividend growth 0.135 0.120
Average industry dividend correlation 0.260 0.230
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Table 2: Calibration � Asset Pricing Moments. This table summarizes real moments
of the market portfolio, average industry portfolio, risk-free rate, and price-dividend ratio of
the market for the period January 1927 to December 2009 and corresponding moments from
a heterogeneous and a homogeneous consumer model calibration. The volatility of the real
risk-free rate is for the period Q1 1971 to Q4 2009. Returns are annualized from monthly
frequency. ACF(1) denotes the �rst-order autocorrelation coe�cient. Model moments are
calculated by averaging across 10 000 paths of 996 months.

Data Model
Heterogeneous Homogeneous

Expected excess return of the market portfolio 0.079 0.028 0.021
Standard deviation of the market portfolio 0.190 0.171 0.156
Average industry correlation 0.719 0.710 0.704
Risk-free rate 0.006 0.010 0.013
Standard deviation of risk-free rate 0.016 0.022 0.027
ACF(1) of log price-dividend ratio of the market portfolio 0.874 0.837 0.855
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Table 3: Calibration � Regressions. Panel A reports the correlation between average of
industry return correlations (Av. CORR), 3-year ahead expected excess returns (Av. EXR),
and standard deviations (Av. STDV). Panel B summarizes OLS regression results (intercept,
coe�cient estimate and adjusted R-squared) of model implied external relative habit as
explanatory variable for Av. CORR, Av. EXR, and Av. STDV. Newey-West corrected t-
statistics with 18 lags are in parentheses. Correlations and standard deviations are estimated
using a DVEC(1,1) model. Model implied external relative habit is linearly interpolated
from the heterogeneous consumer model calibration employing annual consumption data
from Robert Shiller's web page. The regressions in the data columns use 996 monthly
observations with data ranging from January 1927 to December 2009. The regressions in
the model are based on the parameters in Table 1. We simulate 100 paths, each with 996
monthly observations. For every path we calculate the average correlations, 3-year ahead
expected excess returns and standard deviations. The reported results are averages over the
100 sample paths. Panel C shows the distribution of regression coe�cients in the model: the
mean, 5%, 25%, 50%, 75% and 95% percentiles.

Panel A: Joint Correlations
Av. CORR - Av. STDV Av. CORR - Av. EXR Av. STDV - Av. EXR
Data Model Data Model Data Model

Correlations 0.5836 0.6932 0.3202 0.2454 0.1554 0.1753

Panel B: Regressions
Av. CORR Av. EXR Av. STDV

Data Model Data Model Data Model
Intercept 0.7649 0.7515 0.1847 0.0657 0.2939 0.2439

(28.8627) (57.4574) (6.7508) (2.5818) (9.0453) (29.1254)
Habit -0.4574 -0.7940 -0.6960 -0.3714 -0.6048 -0.4885

(-2.8642) (-9.0296) (-4.3450) (-2.3491) (-3.2582) (-8.9621)
Adjusted R-squared 0.1317 0.3901 0.1221 0.0736 0.3954 0.5046

Panel C: Distribution of Regression Coe�cients
Data Model

Slope Estimate S.E. Mean 5% 25% 50% 75% 95%
βCORR -0.4574 0.1597 -0.7940 -1.6624 -1.0623 -0.6707 -0.4526 -0.2207
βEXR -0.6960 0.1602 -0.3714 -0.9445 -0.5393 -0.3489 -0.1610 0.1028
βSTDV -0.6048 0.1856 -0.4885 -0.9240 -0.6687 -0.4924 -0.2859 -0.1346
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Table 4: Calibration � Asset Pricing Moments over the Business Cycle. This
table summarizes unconditional and conditional (booms and recessions) moments of three
year ahead excess return and standard deviation of the market portfolio, average industry
portfolio correlation, and risk-free rate for the period January 1927 to December 2009 and
corresponding moments from a heterogeneous and a homogeneous consumer model calibra-
tion. Returns are annualized from monthly frequency. In the data, recessions are de�ned
by NBER recession dates. In the calibrated model, recessions have the same unconditional
probability as in the data. Model moments are calculated by averaging across 10 000 paths
of 996 months.

Data Model
Heterogeneous Homogeneous

Expected Excess Return of Market

Average 0.079 0.028 0.021
Boom 0.071 0.018 0.021
Recession 0.110 0.063 0.021
Recession minus boom 0.039 0.045 -0.000
Standard Deviation of Market

Average 0.190 0.171 0.156
Boom 0.156 0.149 0.156
Recession 0.280 0.251 0.155
Recession minus boom 0.124 0.101 -0.001
Average Industry Correlation

Average 0.719 0.710 0.704
Boom 0.655 0.675 0.706
Recession 0.812 0.846 0.698
Recession minus boom 0.157 0.171 -0.007
Risk-Free Rate

Average 0.006 0.010 0.014
Boom -0.001 0.001 0.003
Recession 0.031 0.043 0.052
Recession minus boom 0.032 0.042 0.048
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Table 6: Cross-Section II. This table summarizes OLS regression results of the slope
coe�cients βcorr, βstdev and βexr from Table 5 on the dividend-consumption correlations,
ρδ,C . Newey-West corrected t-statistics with 18 lags are in parentheses. The regressions in
the data columns use 996 monthly observations with data ranging from January 1927 to
December 2009. The regressions in the model are based on the parameters in Table 1. We
simulate 100 paths, each with 996 monthly observations. For every path we calculate the
average correlations, 3-year ahead expected excess returns and standard deviations. The
reported results are averages over the 100 sample paths.

Correlations Stdevs Exr
Data Model Data Model Data Model

Intercept -0.604 -0.7648 -0.331 -0.4775 -0.318 -0.5852
(-12.708) (-56.0615) (-3.152) (-71.7257) (-1.294) (-67.2861)

Slope 0.453 0.2606 -0.846 -0.0306 -1.689 -0.5852
(3.666) (4.7018) (-3.000) (-0.9194) (-2.292) (-4.8202)

R2 0.220 0.7103 0.356 0.0582 0.352 0.6258
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This Internet Appendix provides additional results that are left out of the main text of the

paper. The appendix is organized as follows: Section 1 presents proofs of the propositions in

the main text of the paper. Section 2 performs an extensive principal component analysis and

shows that ratio habits explain the �rst principal component in the time series of correlations

and other asset pricing related time series. Section 3 shows the performance of the log price-

dividend ratio as explanatory variable instead of ratio habits. Next, Section 4 presents

regressions analysis that shows that model implied ratio habit or aggregate risk aversion

predicts excess returns in-sample and out-of-sample. Finally, Section 5 presents regression

analysis with portfolios sorted on size, book-to-market, and momentum instead of industry

sorted portfolios.

1 Proofs of Propositions

Proof of Proposition 2

We solve for equilibrium using the martingale approach (see Cox and Huang (1989) and

Karatzas, Lehoczky, and Shreve (1987)). Each investor solves the static optimization problem

max
Cj

E

[∫ ∞
0

e−ρt
1

1− γj
Cj(t)

1−γjX(t)γj−ηdt

]
(1)

s.t.

E

[∫ ∞
0

ξ(t)Cj(t)dt

]
≤ fY,j(0)E

[∫ T

0

ξ(t)C(t)dt

]
, (2)

where fY,j(0) =
Yj(0)

YL(0)+YH(0)
is the initial wealth fraction of investor type j. Necessary and

su�cient conditions for optimality are

Cj(t) =
(
yje

ρtX(t)η−γjξ(t)
)− 1

γj , (3)

where yj > 0 is such that

E

[∫ ∞
0

ξ(t)
(
yje

ρtX(t)η−γjξ(t)
)− 1

γj dt

]
= fY,j(0)E

[∫ ∞
0

ξ(t)C(t)dt

]
, (4)

i.e., that the budget condition holds with equality. To solve for equilibrium, it is convenient

to introduce an aggregate investor

u(C(t), X(t), t) = max
CL(t),CH(t)

{
ae−ρt 1

1−γL
CL(t)

1−γLX(t)γj−η

+(1− a) e−ρt 1
1−γH

CH(t)
1−γHX(t)γj−η

}
(5)



s.t.

CL(t) + CH(t) = C(t). (6)

From the �rst-order conditions (FOC) of the aggregate investor's problem we have

ae−ρt
(
CL(t)

X(t)

)−γL
X(t)−η = (1− a) e−ρt

(
CH(t)

X(t)

)−γH
X(t)−η. (7)

De�ning the consumption share f(t) = CL(t)
C(t)

of L investors and imposing market clearing,

Equation 6, we can rewrite Equation 7 as

f(t) =

(
a

1− a

) 1
γL

e

(
γH
γL
−1

)
ω(t)

(1− f(t))
γH
γL . (8)

Proof of Proposition 4

First note that the utility function of the aggregate investor is de�ned through Equation 5.

The coe�cient of relative risk aversion is

R(t) = −uCC(C(t), X(t), t)

uC(C(t), X(t), t)
C(t), (9)

where uC and uCC denote the �rst and second partial derivative with respect to aggregate

consumption, respectively. To calculate R, we need to compute the partial derivatives of the

aggregate investor's utility function. To this end, note that from the FOC of the aggregate

investor problem we have that

a uL,C(CL, X(t), t) = (1− a) uH,C(CH , X(t), t). (10)

Consequently, we have that

uC(C(t), X(t), t) = a uL,C(CL, X(t), t)
∂CL
∂C

+ (1− a) uH,C(CH , X(t), t)
∂CH
∂C

= a uL,C(CL, X(t), t)

(
∂CL
∂C

+
∂CH
∂C

)
= a uL,C(CL, X(t), t), (11)

where the second equality follows from Equation 10 and the third equality follows from dif-

ferentiating both sides of the market clearing condition in Equation 6. Next we calculate the

2



second derivative of the aggregate investor's utility function

uCC(C(t), X(t), t) = a uL,CC(CL, X(t), t)
∂CL
∂C

. (12)

De�ne the absolute risk aversion of investor type j as

Aj(t) = −
uj,CC(Cj(t), X(t), t)

uj,C(Cj(t), X(t), t)
. (13)

We have that

A(t) = −uCC(C(t), X(t), t)

uC(C(t), X(t), t)

= −a uL,CC(CL(t), X(t), t)

a uL,C(CL(t), X(t), t)

∂CL
∂C

= AL(t)
∂CL
∂C

. (14)

Thus, we also have that ∂CL
∂C

= A(t)
AL(t)

. Similarly, we get that ∂CH
∂C

= A(t)
AH(t)

. Using the fact that
∂CL
∂C

+ ∂CH
∂C

= 1, we obtain

A(t)
AL(t)

+
A(t)
AH(t)

= 1, (15)

or

A(t) =
(

1

AL(t)
+

1

AH(t)

)−1
. (16)

Using R(t) = A(t)C(t) together with Equation 16, we �nd

R(t) = A(t)C(t)

=

(
1

AL(t)
+

1

AH(t)

)−1
C(t)

=

(
CL

C(t)γL
+

CH
C(t)γH

)−1
=

(
1

γL
f(t) +

1

γH
(1− f(t))

)−1
. (17)

The absolute prudence of the representative investor, PA(t), is

PA(t) = −uCCC(C(t), X(t), t)

uCC(C(t), X(t), t)
. (18)
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Similarly, we de�ne the absolute prudence of investor j as

PAj (t) = −
uj,CCC(Cj(t), X(t), t)

uj,CC(Cj(t), X(t), t)
. (19)

To evaluate Equation 18, we need to calculate uCCC(C(t), X(t), t)

uCCC(C(t), X(t), t) =
∂2 (a uL,C(CL(t), X(t), t))

∂C2

=
∂ (a uL,CC(CL(t), X(t), t)) ∂CL(t)

∂C

∂C

= a uL,CCC(CL(t), X(t), t)

(
∂CL(t)

∂C

)2

+a uL,CC(CL(t), X(t), t)
∂2CL(t)

∂C2
. (20)

Similarly, we calculate

uCCC(C(t), X(t), t) = (1− a) uH,CCC(CH(t), X(t), t)

(
∂CH(t)

∂C

)2

+a uH,CC(CH(t), X(t), t)
∂2CH(t)

∂C2
. (21)

Using Equation 20 and Equation 21, allow to compute

∂CL(t)

∂C
PA(t) = −∂

2CL(t)

∂C2
+ PAL (t)

(
∂CL(t)

∂C

)2

(22)

and
∂CH(t)

∂C
PA(t) = −∂

2CH(t)

∂C2
+ PAH(t)

(
∂CH(t)

∂C

)2

. (23)

Adding up Equations 22 and 23 and noting that ∂2CL(t)
∂C2 + ∂2CH(t)

∂C2 = 0, we get

PA(t) = PAL (t)
(
A(t)
AL(t)

)2

+ PAH(t)
(
A(t)
AH(t)

)2

. (24)

The relative prudence of the representative investor is

P(t) = PA(t)C(t)

= (1 + γL)

(
R(t)
γL

)2

f(t) + (1 + γH)

(
R(t)
γH

)2

(1− f(t)). (25)
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Proposition IA-1

Consumers' consumption dynamics evolve according to

dCj(t) = Cj(t)
(
µCj(t)dt+ σCj(t)dZC(t)

)
, (26)

where µCj(t) =

(
R(t)
γj

)
µC(t) +

(
1− R(t)

γj

)
λω(t)

+
1

2

[
(1 + γj)

(
R(t)
γj

)
− P(t)

](
R(t)
γj

)
σ2
C ,

σCj(t) =

(
R(t)
γj

)
σC .

Proof of Proposition IA-1

First, note that the individual consumption is only a function of aggregate consumption C

and the habit level X. By Ito's lemma we have

dCj(t) =
∂Cj(t)

∂C
dC(t) +

∂Cj(t)

∂X
dX(t) +

1

2

∂2Cj(t)

∂C2
(dC(t))2 . (27)

To evaluate Equation 27, we need the partial derivatives
∂Cj(t)

∂C
,
∂Cj(t)

∂X
and

∂2Cj(t)

∂C2 . From the

proof of Proposition 2 we have that

∂Cj(t)

∂C
=
A(t)
Aj(t)

, (28)

and
∂2Cj(t)

∂C2
= PAj (t)

(
A(t)
Aj(t)

)2

− PA(t)
(
A(t)
Aj(t)

)
. (29)

Next, we compute

∂CL(t)

∂X
=

∂f(t)C(t)

∂X

= C(t)
∂f(t)

∂X
+ f(t)

∂C(t)

∂X

= C(t)
∂f(t)

∂ω

∂ω

∂X

= −CL(t)
(
R(t)
γL
− 1

)
1

X(t)
, (30)

where in the above we have used the fact that ∂ω
∂X

= − 1
X(t)

and ∂f(t)
∂ω

= f(t)
(
R(t)
γL
− 1
)
.

Similarly, we get that
∂CH(t)

∂X
= −CH(t)

(
R(t)
γH
− 1

)
1

X(t)
. (31)
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Inserting the partial derivatives together with the dynamics of C and X into Equation (27)

yields the proposition.

Proof of Proposition 6

The expression for the state price density follows from the standard result that the state price

density is proportional to the marginal utility of the representative investor

ξ(t) =
uC(C(t), X(t), t)

uC(C(0), X(0), 0)
. (32)

The dynamics of the state price density follow, Du�e (2001),

dξ(t)

ξ(t)
− (r(t)dt+ θ(t)dZC(t)) . (33)

Next, applying Ito's lemma to uC(C(t), X(t), t) we obtain

duC(C(t), X(t), t) = uCt(C(t), X(t), t)dt+ uCC(C(t), X(t), t)dC(t) + uCX(C(t), X(t), t)dX(t)

+
1

2
uCCC(C(t), X(t), t) (dC(t))2

= (uCC(C(t), X(t), t)C(t)µC(t) + uCX(C(t), X(t), t)X(t)λω(t)) dt

+

(
1

2
uCCC(C(t), X(t), t)C(t)2σ2

C + uCt(C(t), X(t), t)

)
dt

+uCC(C(t), X(t), t)C(t)σCdZC(t). (34)

To evaluate Equation 34, we need in addition to uCC(C(t), X(t), t) also expressions for

uCt(C(t), X(t), t) and uCX(C(t), X(t), t). First note that

uCt(C(t), X(t), t) = −ρuC(C(t), X(t), t). (35)

Next, we calculate uCX(C(t), X(t), t) as follows

uCX(C(t), X(t), t) =
∂a uL,C(CL(t), X(t), t)

∂X
= (γL − η) a uL,C(CL(t), X(t), t)X(t)−1

+γL
C(t)

CL(t)
f ′(t)a uL,C(CL(t), X(t), t)X(t)−1

=

(
γL − η + γL

C(t)

CL(t)

[
A(t)
AL(t)

− f(t)
])

a uL,C(CL(t), X(t), t)X(t)−1

= (R(t)− η)uC(C(t), X(t), t)X(t)−1. (36)
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Since f(t) = f (ω(t)), its derivative is given by f ′(t) = df(ω(t))
dω

. Next, we use the fact that
∂CL(t)
∂C(t)

= ∂f(t)C(t)
∂C(t)

= f(t) + C(t)f ′(t) ∂ω(t)
∂C(t)

= f(t) + f ′(t) together with ∂CL(t)
∂C(t)

= A(t)
AL(t)

. Now,

note that we have that

uCCC(C(t), X(t), t) = uC(C(t), X(t), t)R(t)P(t) 1

C(t)2
. (37)

Inserting Equations 12, 35, 36 and 37 together with the corresponding dynamics of C(t) and

X(t) into Equation 34 we get

duC(C(t), X(t), t)

uC(C(t), X(t), t)
= −

(
ρ+ ηλω(t) +R (t) (µC − λω(t))−

1

2
R (t)P(t)σ2

C

)
dt

−R(t)σCdZC(t). (38)

Finally, matching the drift and di�usion coe�cients in Equation 33 with Equation 38 we

obtain

r(t) = ρ+ ηλω(t) +R (t) (µC − λω(t))−
1

2
R (t)P(t)σ2

C (39)

θ(t) = R(t)σC . (40)

2 Empirics � Principal Component Analysis

We calculate the �rst principal component of the forty-�ve correlation series (PCA CORR),

the ten series of 3-year ahead excess returns (PCA EXR), the ten series of standard deviations

(PCA STD) and the ten series of quadratic variations of turnover (PCA QV) separately. To

calculate the �rst principal component of all the series, we compute the average of the four

sets of series to reduce the impact of the forty-�ve correlation series and obtain from the

averages the �rst principal component (PCA TOTAL). First, we regress the �rst principal

component of these four series onto model implied external relative habit. Second, we regress

the �rst principal component from all the series, PCA TOTAL, onto model implied external

relative habit.1

Table 1 shows the results from these principal component regressions. All regression co-

e�cients show negative sign consistent with a heterogeneous consumer version of the model.

1The �rst principal component explains 54%, 86%, 87% and 71% of the variation in the 45 correlation
coe�cients, 10 standard deviations, 10 quadratic variations of turnover and 10 three years ahead excess
returns. The �rst principal component explains 51% of the variation of the averages of the four series.
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Further, all coe�cient estimates for external relative habit show highly signi�cant Newey-

West corrected t-statistics. The adjusted R-squared range from 14.06% to 40.95%. Our

results regarding excess returns are essentially unchanged if we correct the nominal short

rate with expected in�ation instead of realized in�ation.2 Overall, we conclude that signs of

the coe�cients as well as the explanatory power of the regressions support our theory.

3 Empirics � Log Price-Dividend Ratio Regressions

In our model the log price-dividend ratio is increasing in ω, i.e., the relation represents a

one-to-one mapping. Indeed, the log price-dividend ratio leads to comparable results for the

principal component analysis, Table 2, as well as for regressions that explain the averages of

the series we study, Table 3.

4 Predicting Excess Returns In-Sample and Out-of-Sample

Model implied relative consumption forecasts excess returns in-sample and out-of-sample.

Because relative consumption does not include the level of market prices, it is unlikely to

produce spurious results. In the sense that relative consumption forecasts excess returns in

the model, it is a natural predictor of stock market returns.3

The relation between the excess return on the market portfolio and relative consumption

is

Corrt(Et(dRM(t)− r(t)), ω(t)) < 0, (41)

which is negative for most of the distribution of ω. Hence, on average, the model implies

a negative relation between expected excess returns and relative consumption. A discrete

time formulation implies the following slope coe�cient in a predictive regression

βt =
Covt(Et(RM,t+1 − rt), ωt)

V art(ωt)
, (42)

which is negative whenever Equation 41 is negative. Therefore, the model predicts on average

negative relations between relative consumption and expected excess return of the market

portfolio as well as other portfolios.

The �rst three rows of Table 4 show the coe�cient estimate, Newey-West corrected t-

statistics and the adjusted R-squared for in-sample regressions using relative consumption

2Model implied external relative habit and the real short rate show statistically signi�cant negative
relation.

3Cooper and Priestley (2009) argue that it is important to link predictability to economic fundamentals.
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from the heterogeneous investor economy as the predictive variable. The table contains 3

sets of regressions: 1 year excesses returns, 3 year excess returns and 5 year excess returns

with each set containing regressions for 10 industries using Kenneth French's industry clas-

si�cation and the market excess return. Regressions include a constant with data ranging

from 1927 to 2009. The predictive impact of relative consumption is statistically signi�cant

at least at the 10 percent level except for the following sectors: Non-Durables (�ve year

horizon), Energy (one and �ve year horizons), and Health and Utils for all horizons. Im-

portantly, all coe�cients appear with negative sign favoring the model with heterogeneity in

risk aversion. The adjusted R-squared statistics indicate that regressions with signi�cant co-

e�cients explain at least 2.8 percent of the variation in excess industry and market returns.

Overall, adjusted R-squared statistics �rst increase when the prediction horizon increases, 3

year versus 1 year, but decrease when the prediction horizon is 5 years.

Next, we ask whether predictive regressions perform also out-of-sample by making nested

forecast comparisons. The comparisons are between a model which includes only the constant

and a model which includes a constant and relative consumption as a predictor. Theil's U, in

the fourth row for each prediction horizon in Table 4, is the ratio of the root-mean-squared

forecast errors for the unrestricted and restricted models. A number larger than one for

Theil's U indicates that the restricted model (with only a constant) has a lower root-mean-

squared error than the model with relative consumption as an explanatory variable. The

root-mean-squared error of the regressions which include relative consumption are always

lower than the regressions with a constant, except for Non-Durables (three and �ve year

horizons) and Health and Utilities for all horizons. Another standard out-of-sample test

is the MSE-F statistic which tests the null hypothesis that the MSE for the unrestricted

model forecasts is less than the MSE for the restricted model forecasts. The test statistics at

critical p-values 1%, 5% and 10% are 3.467, 1.636 and 0.819, respectively. The �fth row for

each prediction horizon in Table 4 shows the test statistics from our data. The ENC-NEW

statistic, in the 6th row for each prediction horizon, tests the null hypothesis that restricted

model forecasts encompass the unrestricted model forecasts. The test statistics at critical

p-values 1%, 5% and 10% are 2.566, 1.334 and 0.842, respectively. At the 10% level, we

obtain a picture very similar to the previous results.

5 Empirics � Alternative Portfolio Sorts

In the main body of the paper we calibrate the model to ten industry portfolios. According

to our model, stock market correlations, standard deviations and expected returns as well

as quadratic variation of portfolio policies have negative relation with ω. This negative

9



relation, however, is independent of portfolio sorts. Therefore, we repeat the regression from

the main text of the paper and the predictive regression in Section 4, but use alternative

portfolio sorts. In particular, we consider ten portfolios sorted on size, book-to-market and

momentum, respectively. The Tables 5 - 10 con�rm the prediction of our model and, thus,

show that our empirical results in the main text of the paper are not an artifact of industry

sorted portfolios.
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Table 1: Empirics � Principal Component Analysis. This table summarizes OLS
regression results (intercept, coe�cient estimate and adjusted R-squared) of model implied
external relative habit as explanatory variable for the �rst principal component of indus-
try market correlations (PCA CORR), 3-year ahead expected excess returns (PCA EXR),
standard deviations (PCA STDV), quadratic variations of industry turnover (PCA QV),
and the �rst principal component of the four means of the respective series (PCA TOTAL).
Newey-West corrected t-statistics are in parentheses. Industry market correlations and stan-
dard deviations are calculated using a DVEC(1,1) model. Quadratic variations of industry
turnover are estimated by a GARCH(1,1) model based on log changes in turnover. Model
implied external relative habit is linearly interpolated from the heterogeneous consumer
model calibration employing annual consumption data from Robert Shiller's web page. The
regressions use 996 monthly observations with data ranging from January 1927 to December
2009.

PCA CORR PCA EXR PCA STDV PCA QV PCA TOTAL

Intercept 0.5387 0.3617 0.3232 0.4423 0.1687
(2.9547) (3.6869) (3.0444) (6.7586) (4.7019)

Model implied external habit, ω -3.3680 -2.2556 -2.0205 -2.7656 -1.0524
(-3.0384) (-4.0211) (-3.3327) (-7.9762) (-4.8871)

Adjusted R-squared 0.1406 0.1501 0.4095 0.2392 0.2719
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Table 2: Empirics with the Log Price-Dividend Ratio � Principal Component

Analysis. This table summarizes OLS regression results (intercept, coe�cient estimate and
adjusted R-squared) of model implied log Price-Dividend ratio (pd) as explanatory variable
of the �rst principal component of industry market correlations (PCA CORR), 3-year ahead
expected excess returns (PCA EXR), standard deviations (PCA STDV), quadratic variations
of industry turnover (PCA QV), and the �rst principal component of the four means of
the respective series (PCA TOTAL). Newey-West corrected t-statistics are in parentheses.
Industry market correlations and standard deviations are calculated using a DVEC(1,1)
model. Quadratic variations of industry turnover are estimated by a GARCH(1,1) model
based on log changes in turnover. The regressions use 996 monthly observations with data
ranging from January 1927 to December 2009.

PCA CORR PCA EXR PCA STDV PCA QV PCA TOTAL

Intercept 2.3299 0.8976 0.3122 1.5327 0.5088
(8.1551) (5.3126) (2.3408) (13.0112) (8.7718)

pd-ratio -0.70161 -0.27175 -0.094015 -0.46155 -0.15404
(-8.1361) (-5.3423) (-2.5066) (-14.1999) (-8.7895)

Adjusted R-squared 0.41733 0.14183 0.059489 0.45431 0.37974

Table 3: Empirics with the Log Price-Dividend Ratio � Averages. This table sum-
marizes OLS regression results (intercept, coe�cient estimate and adjusted R-squared) of
model implied log Price-Dividend ratio (pd) as explanatory variable of the average of in-
dustry market correlations (Av. CORR), 3-year ahead expected excess returns (Av. EXR),
standard deviations (Av. STDV), and quadratic variations of industry turnover (Av. QV).
Newey-West corrected t-statistics are in parentheses. Industry market correlations and stan-
dard deviations are calculated using a DVEC(1,1) model. Quadratic variations of industry
turnover is estimated by a GARCH(1,1) model based on log changes in turnover. The re-
gressions use 996 monthly observations with data ranging from January 1927 to December
2009.

Av. CORR Av. EXR Av. STDV Av. QV

Intercept 1.007 0.3739 0.29082 0.59651

(25.3129) (6.6404) (7.1048) (18.2762)

pd-ratio -0.094924 -0.089417 -0.028203 -0.11399

(-7.9479) (-5.1959) (-2.4477) (-12.6464)

Adjusted R-squared 0.38805 0.14389 0.057661 0.47446
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Table 5: Size Sorted Portfolios � Averages. This table summarizes OLS regression
results (intercept, coe�cient estimate and adjusted R-squared) of relative consumption as
explanatory variable of the average of ten size sorted portfolio correlations (Av. CORR),
3-year ahead expected excess returns (Av. EXR), and standard deviations (Av. STDV).
Newey-West corrected t-statistics are in parentheses. Size sorted correlations and standard
deviations are calculated using a DVEC(1,1) model. Relative consumption is linearly inter-
polated from the heterogeneous investor model calibration employing annual consumption
data from Robert Shiller's web page. The regressions use 996 monthly observations with
data ranging from January 1927 to December 2009.

Av. CORR Av. EXR Av. STDV

Intercept 0.92608 0.17465 0.3775
(134.7149) (7.4878) (9.2808)

Relative consumption, ω -0.083886 -0.6404 -0.92581
(-2.057) (-4.7258) (-3.957)

Adjusted R-squared 0.038919 0.10923 0.44339

Table 6: BM Sorted Portfolios � Averages. This table summarizes OLS regression
results (intercept, coe�cient estimate and adjusted R-squared) of relative consumption as
explanatory variable of the average of ten book-to-market sorted portfolio correlations (Av.
CORR), 3-year ahead expected excess returns (Av. EXR), and standard deviations (Av.
STDV). Newey-West corrected t-statistics are in parentheses. Book-to-market sorted corre-
lations and standard deviations are calculated using a DVEC(1,1) model. Relative consump-
tion is linearly interpolated from the heterogeneous investor model calibration employing
annual consumption data from Robert Shiller's web page. The regressions use 996 monthly
observations with data ranging from January 1927 to December 2009.

Av. CORR Av. EXR Av. STDV

Intercept 0.89778 0.28147 0.37096
(82.2972) (4.2825) (9.1625)

Relative consumption, ω -0.19937 -0.91342 -0.96231
(-3.1788) (-2.5318) (-4.1551)

Adjusted R-squared 0.10979 0.096109 0.49111
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Table 7: Momentum Sorted Portfolios � Averages. This table summarizes OLS re-
gression results (intercept, coe�cient estimate and adjusted R-squared) of relative consump-
tion as explanatory variable of the average of ten momentum sorted portfolio correlations
(Av. CORR), 3-year ahead expected excess returns (Av. EXR), and standard deviations (Av.
STDV). Newey-West corrected t-statistics are in parentheses. Momentum sorted correlations
and standard deviations are calculated using a DVEC(1,1) model. Relative consumption is
linearly interpolated from the heterogeneous investor model calibration employing annual
consumption data from Robert Shiller's web page. The regressions use 996 monthly obser-
vations with data ranging from January 1927 to December 2009.

Av. CORR Av. EXR Av. STDV

Intercept 0.8573 0.21641 0.3113
(60.3286) (4.8501) (8.0865)

Relative consumption, ω -0.18107 -0.40609 -0.63045
(-2.135) (-1.6217) (-2.9175)

Adjusted R-squared 0.052038 0.029092 0.28267
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